

RATAN TATA LIBRARY 


Cl- No. S 2> 2_ 

Ac. No. q Datcj^f reIea$c,foj: loan 

This book should be returned on or before the 3ate ^ist stamped 
below. An overdue charge of 0.5 nP. will be charged for each 
day the book is kept overtime. 







FRANCIS B. HILDEBRAND 

Associate Professor of Mathematics 
Massachusetts Institute of Technology 


Advanced Calculus 
for Applications 


PRENTICE-HALL, INC. 


Englewood Cliffs , New Jersey 



PRENTICE-HALL MATHEMATICS SERIES 

Dr. Albert A. Uennett, Editor 


PRENTICE-HALL INTERNATIONAL, INC. 
London • Tokyo • Sydney • Paris 
PRENTICE-HALL OF CANADA, LTD. 
PRENTICE-HALL DE MEXICO, S. A. 


Fourth printing.January, 1964 


A revision of Advanced Calculus for Engineers 

by F. B. Hildebrand 

© 1948, 1949, 1962 
by PRENTICE-HALL, Inc., 
Englewood Cliffs, New Jersey 

All rights reserved. No 
part of this book may be 
reproduced in any form, by 
mimeograph or any other 
means, without permission 
in writing from the pub¬ 
lisher. Printed in the 
United States of America. 
Library of Congress Cata¬ 
log Card Number 62-17425 
01116—C 




Preface 


The purpose of this text is to present an integrated treatment of a 
number of those topics in mathematics which can be made to depend only 
upon a sound course in elementary calculus, and which are of common 
importance in many fields of application. 

An attempt is made to deal with thg various topics in such a way that 
a student who may not proceed into the more profound areas of mathe¬ 
matics may still obtain an intelligent working knowledge of a substantial 
number of useful mathematical methods, together with an appropriate 
awareness of the foundations, interrelations, and limitations of these 
methods. At the same time, it is hoped that a student who is to progress, 
say, into a rigorous course in mathematical analysis will be provided, in ad¬ 
dition, with increased incentive and motivation in that direction, as, for 
example, when he is confronted by the phrase “It can be shown” within 
the derivation of a useful concrete result, or when he is led to sense that a 
certain new concept is a fertile one and is deserving of being expanded and 
made more precise. 

The book is a revision of Advanced Calculus for Engineers , published 
in 1949, incorporating not only a number of minor changes for the pur¬ 
pose of increased clarity or precision, but also some added textual material, 
as well as a very substantial number of additional problems. 

The first four chapters are concerned chiefly with ordinary differential 
equations, including analytical, operational, and numerical methods of 
solution, and with special functions generated as solutions of such equa¬ 
tions. In particular, the material of the first chapter can be considered as 
either a systematic review or an initial introduction to the elementary con¬ 
cepts and techniques, associated with linear equations and with special 
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solvable types of nonlinear equations, which are needed in subsequent 
chapters. The fifth chapter deals with boundary-value problems governed 
by ordinary differential equations, with the associated characteristic func¬ 
tions, and with series and integral representations of arbitrary functions in 
terms of these functions. 

Chapter 6 develops the useful ideas and tools of vector analysis; Chap¬ 
ter 7 provides brief introductions to some special topics in higher-dimen¬ 
sional calculus which are rather frequently needed in applications. The 
treatment here occasionally consists essentially of indicating the plausibility 
and practical significance of a result and stating conditions under which its 
validity is rigorously established in listed references. 

In Chaptef 8, certain basic concepts associated with the simpler types 
of partial differential equations are introduced, after which, in Chapter 9, 
full use is made of most of the tools developed in earlier chapters for the 
purpose of formulating and solving a variety of typical problems governed 
by the partial differential equations of mathematical physics. 

The concluding chapter deals with topics in the theory of analytic func¬ 
tions of a complex variable, including residue calculus, conformal mapping, 
and applications. Although certain developments in preceding chapters 
could be made more elegant and more complete if they were made to de¬ 
pend upon this treatment, introduced at an earlier stage, it is felt that, in 
some cases, the knowledge based on a brief initial study of analytic func¬ 
tions may not be sufficiently firm to support significantly dependent treat¬ 
ments of the other topics, but that such knowledge then may better serve 
to clarify the other topics when subsequently provided. However, since 
most of the treatments of Chapter 10, as well as most of those of Chapters 
6 and 7, are independent of the content of preceding chapters, material 
from these chapters can indeed be introduced at an earlier stage in a given 
course, at the discretion of the instructor. It has been considered reasonable 
to assume knowledge of certain elementary properties of complex numbers 
in the earlier chapters, even though the solution of the equation jc 4 4- 1 = 0 
then may occasion a personal review on the part of the reader. 

Extensive sets of problems are included at the end of each chapter, 
grouped in correspondence with the respective sections with which they 
are associated. In addition to more-or-less routine exercises, there are 
numerous annotated problems which are intended to guide the reader in 
developing results or techniques which extend or complement treatments 
in the text, or in dealing with a particularly challenging application. Such 
problems may serve as focal points for extended discussions or for the 
introduction of additional (or alternative) material into a chapter, permit¬ 
ting the text to serve somewhat more flexibly in courses of varied types. 
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Answers to all problems are either incorporated into the statement of the 
problem or listed at the end of the book. 

The author is particularly indebted to Professor E. Reissner for valuable 
collaboration in the preliminary stages of the preparation of the original 
edition and for many ideas which contributed to whatever useful novelty 
some of the treatments may possess, to Professor G. B. Thomas for helpful 
suggestions and criticisgis, and to Miss Ruth Goodwin for assistance in the 
preparation of the original manuscript. 


F. B. Hildebrand 
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CHAPTER I 


Ordinary Differential Equations 


1.1. Introduction. A differential equation is an equation relating two or 
more variables in terms of derivatives or differentials. Thus, the simplest 
differential equation is of the form 

^ =/w, a) 

dx 

where f(x ) is a given function of the independent variable x. The solution is 
obtained immediately by integration, in the form 

y = /*/(*) dx + C, (2) 

where a convenient lower limit is assumed in the integral, and Cis an arbitrary 
constant . Whether or not it happens that the integral can be expressed in terms 
of simple functions is incidental, in the sense that we define a solution of a 
differential equation to be any functional relation, not involving derivatives or 
integrals of unknown functions , which implies the differential equation. 
Similarly, in an equation of the form 

F(x) G(y) dx + f{x) g(y) dy = 0, (3) 

we may separate the variables and obtain a solution by integration in the form 



Usually we desire to obtain the most general solution of the differential 
equation; that is, we require all functional relations which imply the equation. 
In the general case it is often difficult to determine when all such relations have 
indeed been obtained. Fortunately, however, this difficulty does not exist in 
the case of so-called linear differential equations, which are of most frequent 
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occurrence in applications and which are to be of principal interest in what 
follows. 

A differential equation of the form 

a 0 (x) ~r\ + «i(x) 7 - 7 ? \ +-f 1 W 7 + «»(*) y = f(x) (5) 

dx n dx n 1 dx 

is said to be a linear differential equation of order n. The distinguishing 
characteristic of such an equation is the absence of products or nonlinear 
functions of the dependent variable (unknown function) y and its derivatives, 
the highest derivative present being of order n. The coefficients a 0 (x ) 9 ..., a n (x) 
may be arbitrarily specified functions of the independent variable x. 

For a linear equation of the first order, 

a 0 (x) — + fli(x) y = f(x), 
dx 

it is shown in Section 1.4 that if both sides of the equation are multiplied by a 
certain determinable function of x (an “integrating factor”), the equation can 
always be put in the simpler form 

7- W x ) ^ = F (x), 


where p(x) and F(x) are simply expressible in terms of a 0 , a l9 and f 9 and hence 
can then be solved directly by integration. 

Although no such simple general method exists for solving linear equations 
of higher order, there are two types of such equations which are of particular 
importance in applications and which can be completely solved by direct 
methods. These two cases are considered in Sections 1.5 and 1.6. In addition, 
this chapter presents certain techniques that are available for treatment of 
more general linear equations. 

Many of the basically useful properties of linear differential equations do 
not hold for nonlinear equations, such as 


J- = X + /, 

dx 


g + my-O, 



e 


X 


A few special types of solvable nonlinear equations are dealt with briefly in 
Section 1.12. 

The equations to be considered in this chapter are known as ordinary 
differential equations, as distinguished from partial differential equations, 
which involve partial derivatives with respect to two of more independent 
variables. Equations of the latter type are treated in subsequent chapters. 

Before proceeding to the study of linear ordinary differential equations, we 
next briefly introduce the notion of linear dependence, which is basic in this 
work. 
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1.2. Linear dependence. By a linear combination of n functions i/^x), 
u 2 ( x),..., u n (x ) is meant an expression of the form 


W*) + C 2 u 2 (x) + • • • + C n u n (x) = 2 c k u k(x), ( 6 ) 

k = l 

where the c’s are constants. When at least one c is not zero, the linear 
combination is termed nontrivial. The functions u v u 2y ... 9 u n are then said to 
be linearly independent over a given interval (say a ^ x ^ b) if over that 
interval no one of the functions can be expressed as a linear combination of 
the others, or, equivalently, if no nontrivial linear combination of the functions 
is identically zero over the interval considered. Otherwise, the functions are 
said to be linearly dependent. 

As an example, the functions cos 2x, cos 2 x, and 1 are linearly dependent 
over any interval because of the identity 

cos lx — 2 cos 2 x + 1 £= 0 . 

It follows from the definition that two functions are linearly dependent 
over an interval if and only if one function is a constant multiple of the other 
over that interval. The necessity of the specification of the interval in the 
general case is illustrated by a consideration of the two functions x and |x|. 
In the interval x > 0 there follows x — |x| 0, whereas in the interval x < 0 

we have x + |x| s= 0. Thus the two functions are linearly dependent over any 
continuous interval not including the point x = 0; but they are linearly in¬ 
dependent over any interval including x == 0 , since no single linear combination 
of the two functions is identically zero over such an interval. 

Although in practice the linear dependence or independence of a set of 
functions generally can be established by inspection, the following result is of 
some importance in theoretical discussions. We assume that each of a set of n 
functions u v u 2 ,... 9 u n possesses n finite derivatives at all points of an interval 
I. Then, if a set of constants exists such that 


c±u x + c 2 u 2 +-h c n u n = 0 

for all values of x in /, these same constants also satisfy the identities 


C 1 j r c 2 “T 

dx dx 


+ c n ^= 0 , 
dx 


d 2 ih d 2 u 9 

e '*t + *4* + 


+ c ^" = 0 
+ n dx 2 


d "-Hi, 

Cl -- 

dx "" 1 


+ c. 


d ” -1 


«2 


An- X, 


dx" 


+ "‘ + C n 


dx " -1 


* = 0 . 
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Thus the n constants must satisfy n homogeneous linear equations. However, 
such a set of equations can possess nontrivial solutions only if its coefficient 
determinant vanishes. Thus it follows that if the functions u l9 u 2i ..., u n are 


linearly dependent in an 

interval /, 

then the 

determinant 





u 2 

“n 



du x 

du 2 . 

du n 

W(u i, « 2 ,.. 

• .«„) = 

dx 

dx 

dx 



d n ~ X Ui 

d n ~ l u , 

d n ~ 1 u n 



dx n ~ 1 

dx”' 1 

dx n - 1 


vanishes identically in /. This determinant appears frequently in theoretical 
work and is called the Wronskian (or Wronskian determinant) of the functions. 
Thus we see that if the Wronskian of u l9 u 2 ,... ,u n is not identically zero in /, 
then the functions are linearly independent in I. 

To illustrate, since the value of the determinant 

1 x x 2 x 3 ••• x w 

0 1! 2x 3x 2 ••• nx 71 ' 1 

0 0 2! 6x ■ • • n{n - \)x n ~ 2 

^(1, x, x 2 ,..., x B ) = Q 0 0 3! _ !)(„ _ 2)x”- 3 


10 0 0 0 ••• n! 

is merely the product of the nonvanishing constants appearing in the principal 
diagonal and hence cannot vanish, it follows that the functions appearing in 
the first row are linearly independent (over any interval). 

Unfortunately, the converse of the preceding theorem is not true. That is, 
the vanishing of the Wronskian is necessary but not sufficient for linear depend¬ 
ence of a set of functions. For an example establishing the insufficiency, see 
Problem 7. 

1.3. Complete solutions of linear equations. The most general linear differ¬ 
ential equation of the nth order can be written in the form 

+ • • • + £ + «-(*) ? = M*). (8) 

Here it is assumed that both sides of the equation have been divided by the 
coefficient of the highest derivative. We will speak of this form as the standard 
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form of the equation. This equation is frequently written in the abbreviated 
form 

L y — Kx), (9) 

where L here represents the linear differential operator 

L - £• + .“ iW £^ + -" + i +(10) 

The problem of solving Equation (8) consists of determining the most 
general expression for y which, if substituted into the left-hand side of (8), or if 
operated on by (10), gives the prescribed right-hand side h(x). When a relation¬ 
ship of the form y — u(x) implies Equation (8), it is conventional to say that' 
either the relation y = u(x ) or the function u(x) is a solution of that equation. 

If all the coefficients a^x), ..., a n (x) were zero, the solution of Equation 
(8) would be accomplished directly by n successive integrations, each integra¬ 
tion introducing an independent constant of integration. Thus it might be 
expected that the general solution of (8) also would contain n independent 
arbitrary constants. As a matter of fact, it is known that in any interval I in 
which the coefficients are continuous , there exists a continuous solution to 
Equation (8) involving exactly n independent arbitrary constants; furthermore , 
there are no solutions of Equation (8) valid in I which cannot be obtained by 
specializing the constants in any such solution. 

It should be noticed that this is a property peculiar to linear differential 
equations. To illustrate, the nonlinear differential equation 

(dA 2 _ 2 dl + 4y = 4 x-i ( 11 ) 

\dxJ dx 

is of first order. A solution containing one arbitrary constant is of the form 

y = X - (x - cf, (12) 

as can be verified by direct substitution. However, this is not the most general 
solution, since the function y — x also satisfies the differential equation but 
cannot be obtained by specializing the arbitrary constant in the solution given. 
The additional solution y = x is called a singular solution. Such solutions can 
occur only in the solution of nonlinear differential equations. 

We consider first the result of replacing the function h{x) by zero in 
Equation (8). The resulting differential equation, L y = 0, is said to be homo¬ 
geneous, since each term in the equation then involves the first power of y or 
of one of its derivatives. In this case, from the linearity of the equation, it is 
easily seen that any linear combination of individual solutions is also a solution. 
Thus, if n linearly independent solutions u ± (x), u 2 (x ),..., u n (x ) of the asso¬ 
ciated homogeneous equation 


Ly H = 0 


( 13 ) 
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are known, the general solution of Equation (13) is of the form 

n 

yn(x) = tWx) + c 2 u 2 (x) H-+ c n u„(x ) =2 c k u k (x), (14) 

k = l 

where the c’s are the n required arbitrary constants. That is, all solutions of the 
homogeneous equation associated with (8) are obtained by suitably specializing 
the constants in Equation (14). • 


In this connection, it should be explained that we refer to a function as 
a solution of a differential equation in a given interval I if and only if that 
function satisfies the differential equation at all points of /. Thus, in the 
case of the homogeneous equation 



we say that the general solution is of the form y = c 1 + c 2 x. It may be 
argued that since the function^ = |*| is a linear function in any interval not 
including the point x = 0, its second derivative is zero and hence it is a 
“solution” which cannot be obtained by specializing c ± and c 2 . However, 
it is clear that the first derivative of this function does not exist at x = 0, 
and hence the second derivative also does not exist at that point. Conse¬ 
quently, since the left-hand side of the equation does not exist at x =0, the 
equation is not satisfied at this point, and y = \x\ cannot be said to be a 
solution in any interval including x — 0. In any interval not including 
x = 0, the function y = |jc| may be replaced by either or — x and 
hence is obtained from the general solution by setting c x = 0 and either 
c 2 = 1 or c 2 = — 1. 


Now suppose that one particular solution of Equation (8), say y = y P (x)> 
can be obtained by inspection or otherwise, so that 

Ly P = h(x). (15) 

Then the complete solution of Equation (8) is of the form 

n 

y = yH(x) + yp(x ) =2<W*) + yA x ), (16) 

k = l 

since this expression contains n independent arbitrary constants and satisfies 
the differential equation 

Ly — L(y H + yp) = Ly H + Ly P = A(x). (17) 

Thus it is seen that the process of solving an ordinary linear differential 
equation can be conveniently divided into two parts. First, n linearly in¬ 
dependent solutions of the associated homogeneous equation may be obtained; 



sec. 1.4 I The linear differential equation of first-order 


7 


then, if any one particular solution of the complete equation is found, the 
complete solution is given by Equation (16). 

It is frequently convenient to say, is a homogeneous solution of 

Ly — /?,” in abbreviation of the statement, “y = y H (x) is a solution of the 
associated homogeneous equation Ly = 0.” The term “complementary 
solution” also is used. 

It will be shown in Section 1.9 that if the general homogeneous solution of 
an Hth order linear equation is known, a particular solution can always be 
obtained by n integrations. In Sections 1.5 and 1.6 we consider important 
special cases in which the homogeneous solution is readily obtained. 


1.4. The linear differential equation of first order. The linear equation of 
first order is readily solved in general terms, without determining separately 
homogeneous and particular solutions. For this purpose, we attempt to deter¬ 
mine an integrating factor p(x ) such that the standard form 

J- + fli(x) y =T h(x) (18) 

dx 


is equivalent to the equation 


j-(py) = ph. 

dx 


(19) 


Since Equation (19) can be written in the form 

it follows that Equations (18) and (19) are equivalent if p satisfies the equation 


1 dp 
P dx 




and hence an integrating factor is 

p __ e /a 1 («)dae 


( 20 ) 


The solution of Equation (19) is obtained by integration: 

py = j phdx + C, 

so that the general solution of (18) is of the form 



where p is the integrating factor defined by Equation (20), and Cis an arbitrary 
constant. 
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Example 1. To solve the differential equation 
dy 


x -j- + (1 - x)y = xe x 9 
ax 


we first rewrite the equation in the standard form, 


d £ + (i _1 ) 


y e X 

An integrating factor is then 

p = g' ^ glog 2 3/ _ -yr g ^ 

no constant being added in the integration, since only a particular integrating 
factor is needed. The solution is then given by Equation (21), 
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A 


e x 

xdx + C —, 
x 


or 


/=-<* + C-. 


It may be noticed that the general homogeneous solution of Equation (18) 

C If 

is y H = — , whereas a particular solution is y P — - \ph dx. 

P P J 


1.5 . Linear differential equations with constant coefficients. The simplest 
and perhaps the most important differential equation of higher order is the 
linear equation, 

d n v d n ~ x v dv 

Ly = d? + ai j^ + ‘‘- + a "- i r x + a " y = h(x) ’ (22) 

in which the coefficients a k are constants. 

We first attempt to determine n linearly independent solutions of the 
corresponding homogeneous equation. The appearance of the equation sug¬ 
gests homogeneous solutions of the form e rx , where r is a constant, since all 
derivatives of e rx are constant multiples of the function itself, 

d m 

— e rx = r m e rx . 
dx m 

We then have 

L e™ = 0r w + a^- 1 + • • • + a n . x r + a n ) e rx . (23) 

This result shows that e rx is a solution of the homogeneous equation associated 
with Equation (22) if r is one of the n roots r l9 r 2 ,... ,r n of the characteristic 
equation , 


r n + <v" _1 H-h a n _ x r + a n = 0. 


(24) 
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It should be noticed that this equation is obtained from the associated homo- 

d k y 

geneous differential equation by formally replacing ~- by r k , with the conven¬ 
er; dx 

tion that = y. If the n roots of Equation (24) are distinct, exactly n 


independent solutions e TlX ,..., e TnX of the homogeneous equation are so 
obtained and the general homogeneous solution is 



Ci.e 


(25) 


However, if one or more of the roots is repeated, less than n independent 
solutions are obtained in this way. To find the missing solutions we may 
proceed as follows. Suppose that r = r x is a double root of Equation (24). 
Then Equation (23) is of the form 


L e rx = (r — r x ) 2 (r — r 3 ) • • • (r — r n ) e rx 


and it follows that not only the right-hand member itself but also its (partial) 
derivative with respect to r must vanish when r — r v The same must then be 
true for the left-hand member. Thus we conclude that in this case we have both 


L\e rx \=r t — Le TlX — 0 

and L\L (e rx )\ = Lx e r ' x = 0, 

L Or Jr-r x 

so that the part of the homogeneous solution corresponding to a double root r x 
can be written in the form 

Cl e r i x + c 2 x e r i x = e r i x (c 1 + c 2 x). 

By a simple extension of this argument, it can be shown that the part of the 
homogeneous solution corresponding to an m -fold root r x is of the form 

e r ' x (c 1 + c 2 x + c 3 x 2 +-h 

Hence, to each of the n roots of Equation (24), repeated roots being counted 
separately, there is a corresponding known homogeneous solution, and the 
general homogeneous solution is determined as a linear combination of these 
n solutions. 


Example 2. For the equation 

d ^y _ n 

dx 3 dx ’ 

the characteristic equation is r 3 — r = r(r + l)(r — 1) = 0, from which there 
follows r = 0, ± 1. The general solution is then 

y = + c 2 e x + c z e~ x . 
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Example 3. For the differential equation 


*y _ 5 _ 

dx 3 dx 2 


d 2 y dy 
* + 8 -f - 4y = 0, 




the characteristic equation is (r — l)(r — 2) 2 = 0, from which there follows 
r — 1,2,2. The general solution is then 

y = 4- <? 2x (c 2 4- C 3 x). # 


If Equation (24) has imaginary roots and if the coefficients of Equation (24) 
are real, the roots must occur in conjugate pairs. Thus, if r x = a + ib is one root, 
a second root must be r 2 = a — ib. The part of the solution corresponding to 
these two roots can be written in the form 

A e {a + ib)x + B e {a ~ ib)x = e ax (A e ibx + B e ~ ibx ). 

In order that this expression be real, the constants A and B must be imaginary. 
By making use of Euler's formula ,* 

e ie = cos 0 + i sin 6, (26) 

we find that the solution becomes 


e ax [A(cos bx + i sin bx) + 2?(cos bx — i sin bx)\ 
and hence can be written in the more convenient form, 

cos bx + c 2 sin bx ), 

where and c 2 are new arbitrary constants replacing (A + B) and i(A — B), 
respectively. Thus real values of c x and c 2 correspond to values of A and B 
which are conjugate complex. Similarly, if a ± ib are m-fold roots, the corre¬ 
sponding 2m terms in the homogeneous solution can be written in the real 
form, 

e a *[(<i + c 2 x : H-b V m - X ) cos bx 

+ Om+i + c m+2 x H-1- c 2m x m - 1 ) sin bx]. 


Example 4. The equation 


dx t+ dx 


+ 5y =0 


has the characteristic equation r 2 + 2r 4- 5 = 0, from which r = —1 ±2 1 ; 
hence 

y = e~ x (c x cos lx 4- c 2 sin 2x). 

* Familiarity with this important relation, and with the elementary algebra of 
complex numbers, is assumed. Such topics are reviewed in the preliminary sections 
of the last chapter. 



sec. 1.5 I Linear differential equations , constant coefficients 


11 


Example 5. The equation 


d*y 

dx* + dx 2 


+ j=0 


has the characteristic equation (r 2 + l) 2 =0, from which r = ±i, ±i; hence 
y = (c i + c%x) cos x 4- (c 3 4- c 4 x) sin jc. 


General methods for obtaining a particular solution of the complete non- 
homogeneous Equation (22) are given in Sections 1.7 and 1.9. A shorter 
method which can be applied in many practical cases is that of undetermined 
coefficients . This method may be used when the right-hand side of Equation 
( 22 ) involves only terms of the form x m , where m is an integer, terms of the 
form sin qx, cos qx, and e px , and/or products of two or more such functions. 
The reason for the success of the method is the fact that each of these functions, 
or any product of a finite number of these functions, has only a finite number 
of linearly independent derivatives. 

If we define the family of a function /(jc) as the set of linearly independent 
functions of which the function /(jc) and its derivatives with respect to * are 
linear combinations, the following families may be listed: 


Term 

Family 

X m 

X m , Jc m -\ x m ~ 2 , .. . , JC 2 , JC, 1 

sin qx 

sin qx, cos qx 

cos qx 

sin qx, cos qx 

e px 

e px 


The family of a function consisting of a product of n terms of this type is 
readily seen to consist of all possible products of n factors, in which one factor 
in each product is taken from the family of each factor in the parent function. 
Thus, it may be verified that the family of jc 2 sin 3x is composed of two-factor 
products of terms in the families {x 2 , jc, 1 } and {sin 3jc, cos 3jc}, one term from 
each family appearing in each product: 

{jc 2 sin 3jc, jc sin 3jc, sin 3jc, x 2 cos 3x, jc cos 3jc, cos 3jc}. 

The method of undetermined coefficients may now be outlined as follows. 
It is assumed that the general homogeneous solution of the differential equation 
has already been obtained, and that any cosh or sinh functions occurring in it, 
or in the right-hand member h{ jc), are replaced by equivalent linear combina¬ 
tions of exponential functions. 

(1) Construct the family of each term (or product) of which A(jc) is a linear 
combination. 

(2) If any family has a member which is a homogeneous solution of the 
differential equation, replace that family by a new family in which each member 
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of the original family is multiplied by x , or by the lowest integral power of x 
for which no member of the new family is a homogeneous solution. Only 
members of the offending family are so modified. It should also be noticed, 
for example, that the presence of e x or sin x in the homogeneous solution does 
not require modification of a family containing the product e x sin x unless that 
product itself is also a homogeneous solution. 

(3) Assume as a particular solution a linear combyiation of all members 
of the resultant families, with undetermined literal coefficients of combination, 
and determine these coefficients by requiring that the differential equation be 
identically satisfied by this assumed solution. 

It will be found that in all cases the number of coefficients to be determined 
will equal the number of linearly independent functions whose coefficients 
must be matched, and that the resultant equations always have a solution. 
The detailed proof of this general statement is rather lengthy and is omitted. 
A special case is treated, for the purpose of illustration, at the end of Section 
1.7. 

It should be emphasized that this procedure does not generally apply unless 
the differential equation has constant coefficients and has a right-hand member 
possessing a finite family. 

Example 6 . Consider the differential equation 
cPy dy 

-y- =2x + 1 - 4 cos jc + 2e x . 
cbr dx 

The general homogeneous solution is 

yH = c i + c + c * e ~ x - 

The families of the terms x , 1, cos x , and e x on the right-hand side of the equation 
are, respectively, 

{*, 1 }, { 1 }, {cos *, sin *}, {*?*}. 

The second family is contained in the first, and is discarded. Since the first family 
has the representative 1 in the homogeneous solution, it is replaced by the family 
{x 2 , x}. Similarly, the last family is replaced by e x }. A particular solution is then 
assumed in the form 

y P = Ax 2 + Bx + C cos x + D sin x + Ex e?. 

When y is replaced by y Pi the differential equation becomes 

—2 Ax — B — 2D cos x + 2C sin x + 2E e* = 2x + 1 — 4 cos x + 2e x . 

By equating the coefficients of jc, 1, cos x , sin x, and e x i there follows 
A = -1, B = -1, D —2, C= 0, E = 1. 

A particular solution thus is 

y P = — x 2 - x + 2 sin jc + jc *®, 
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and the general solution is 

y = c x + eg* + c z e~ x — x 2 — x + 2 sin x + x e*. 


1.6. The equidimensional linear differential equation. An equation of the 
form 


Ly = x n —=- + i^x” 
' dx n 


dx n ~ l 


+ b n . lX ^ + b n y = h(x), (27) 


where the V s are constants, has the property that each term on the left is 
unchanged when x is replaced by cx, where c is a nonzero constant. Thus the 
physical dimension of x is irrevelant in each term on the left and, if the V s are 
dimensionless, each term on the left has the dimensions of y. For this reason 
we shall refer to this equation as the equidimensional linear equation. The 
equation is also variously called “Euler’s equation,” “Cauchy’s equation,” 
and the “homogeneous linear equation,” although each of these terms also 
has other connotations. 

One method of solving this equation consists of introducing a new in¬ 
dependent variable z by the substitution 


* = e\ z = log x. (28) 

There then follows 

— — — A. — J. A. 

dx dx dz e z dz ’ 

and hence 



Thus, in particular, we obtain 


x dy _ dy 

dx dz 


A _ 

d 2 y 

dy_ _ d_l 

A A 

dx 2 

dz 2 

dz dz \ 

dz / 


d 3 y 

3^ + 2 

dy 

dsf 

= dz 3 

dz 2 

dz 

= 

= A(A 

dz \dz 

-Hi 

-z)y, 


and, in general, it is found that 

dx m dz\dz ) \dz / 


(±- m+ (29) 


The transformed equation thus becomes linear with constant coefficients, and 
y then can be determined in terms of z by the methods of the preceding section 




14 


Ordinary differential equations / chap . 1 


if the new right-hand member is zero or if it has a finite family (with respect to 
z-differentiation). The final result is obtained by replacing z by log x. 


Example 7. To solve the differential equation 

+*-*+*• 

we make use of Equations (28) and (29) to obtain the transformed equation 

gf- 3 £ + w + . 

The solution is found, by the methods of Section 1.5, to be 
y = c x e z + c 2 e 2z + z e 2z + 1, 
or, returning to the variable x , 

y = c x x + C2X 2 4- x 2 log x ■+■ 1. 


If the right-hand member is zero, there is a more convenient alternative 
procedure which consists of directly assuming a homogeneous solution of the 
form 

y H = 

corresponding to the assumption y H = e rz in the transformed equation. By 
making use of the relationship 

x n — = r(r - 1) • • • (r - m + 1) x r , 
dx m 

there follows, with the notation of Equation (27), 

Lx r = {[Kr-l)---(r-n + l)] 

+ *i[r(r - 1) • • • (r - « + 2)] +-f b n _ x r + b n ) x r . 

Hence x r is a homogeneous solution if r satisfies the characteristic equation 

[Hr — 1) • • • (r — n + 1)] + bjfir - 1) • • • (r - n + 2)] 

+ • • • + b n _ x r + b n = 0. (30) 

This equation can be obtained from the left-hand side of Equation (27) by 
d m y 

formally replacing x m by the m-factor product 
r{r — 1) • • • (r — m + 1). 

Let the n roots of Equation (30) be denoted by r v r 2 ,, r n . If these roots 
are distinct, the general homogeneous solution is of the form 

n 

yH = ^_c k x rk . 

k = l 


( 31 ) 
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In analogy with the results of the preceding section, we find that the second 
homogeneous solution corresponding to a double root r x is 

and the part of the homogeneous solution corresponding to an m-fold root is 

* ri fo + c 2 Aog x + c 3 (log x) 2 H-h c m (log x ) m “ 1 ]. 

Further, to a conjugate pair of imaginary roots r = a ± ib there corresponds 
the solution 

x a [q cos ( b log x) + c 2 sin ( b log x)]. 

The extension to the case of repeated imaginary roots is obvious. 

Except in those cases in which the right-hand member is a linear combina¬ 
tion of powers of x (and in certain other cases of little practical interest), 
particular solutions of nonhomogeneous equations of type (27) usually cannot 
be obtained by the method of undetermined coefficients. However, it is readily 
shown by using the substitution (28) that aT particular solution corresponding 
to a right-hand member of the form x 8 is given by y P = Ax *, where A is a 
constant to be determined by substitution, unless jc 8 is a homogeneous solu¬ 
tion. If x 8 is a homogeneous solution, the trial particular solution should be of 
the form y P = Ax 8 (log x) k 9 where k is the smallest positive integer for which 
this expression is not a homogeneous solution. In other cases, particular 
solutions can be obtained by the method of Section 1.9. 

Example 8. For the equation 

*2 

of Example 7, the characteristic equation (30) becomes 

r(r - 1) - 2r + 2 = r 2 - 3r + 2 - 0, 
from which r = 1,2. The homogeneous solution is thus 

y H =-- c x x 4- Cgx 2 . 

Since x 2 is a homogeneous solution, we assume a solution y P = Ax 2 log x corre¬ 
sponding to the right-hand term x 2 and a solution y P = B corresponding to the 
constant term, and hence write 

y P — Ax 2 log* 4- B. 

Substitution into the given differential equation gives A = 2? = 1, and the complete 
solution is 


y = c^x + Cg* 2 + x 2 log * + 1. 
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1.7. Properties of linear operators. We now consider more critically 
certain properties of linear differential operators of the general form 

L = a 0 (*) ^ + • • • + a n -i(*) + *■(*)• ( 32 ) 

An expression of this sort has no intrinsic meaning by itself, but when it is 
followed by a function u(x), the result L u is defined to € be a new function of x 
defined by the relationship 


_ / d” d "- 1 

Lu = I a Q -h -: 

\°dx n 1 dx "- 1 


l n-x~,—V a* 

dx 


d n u d n 1 u du 

m a °d^ + 0l d^ + ' ’' + ^Tx + °' U ' 

We speak of L u as the result of operating on u by the operator L . 

Further, if L x and L 2 are two linear operators, we write L^u to indicate 

the operation that is, the result of operating on L x u by L 2 , and similarly 

for three or more successive operations. The abbreviations L 2 u = LLu, 

L z u = LLLu, and so on are frequently used. In particular, if the operator 

d . . „ 

-r- is written as D, 
dx 




there follows 


jt, b, _ _ il, 

dx\dx/ dx 2 dx\dx 2 J dx 3 


and in general D n 


. Thus Equation (32) can be written in the equivalent 


L= a 0 (x) D n + a^x) D" 1 + • • • + a n _!(x) D -f <J„(x) 


=2 «»-*« 


The operations L 2 L x u and f 1 L 2 w should be carefully distinguished from 
each other, since the two operations are not, in general, equivalent. To illus- 
d d 

trate, let L x = — and L 2 = x —. Then 


d (du\ d 2 u 

l ‘ l "‘ = x 7xU =x 1?’ 

T T d ( du\ d 2 u du 

l ‘ l *‘ = 7 A x tJ- x 7? + 7;- 
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If the order in which the operators L x and L 2 are applied is immaterial, that 
is, if L x L 2 u = L 2 L x u 9 the two operators are said to be commutative. Similarly, 
we say that a set of operators is commutative if each pair of operators in the 
set is commutative. 

It is clear that any two operators of the form D m and D n are commutative; 
so also are two operators of the form a m D m and a n D n 9 where a m and a n are 
constant. From this fapt it follows easily that the set of linear operators with 
constant coefficients is commutative . 

The commutativity of two linear equidimensional operators, for which 
a k {x) = b k x k 9 is seen to depend upon the commutativity of any two operators 
d m d n 

of the form L x = b m x m and L 2 = b n x n — . But with the substitution (28), 

Equation (29) shows that L x and L 2 become linear operators with constant 
coefficients, and hence are commutative. Thus it follows that the set of equi¬ 
dimensional linear operators is commutative. 

It may be remarked, however, that commutativity is the exception rather 
than the rule. Thus, for example, the above illustration shows that linear 
operators with constant coefficients and homogeneous linear operators are not 
in general commutative with each other. 

The distributive property of linear operators, 

(c x L x + c 2 L 2 +-h c n L n ) u = c x L x u + c 2 L 2 u +-b c n L n u 9 (35) 

as well as the distributive property of linear operations, 

L(c x u x + c 2 u 2 H-b c n u n ) = c x L u x + c 2 Lu 2 + -b c n L u n9 (36) 

of which use has already been made, is easily established. 

In many cases it is possible to factor a linear operator into the product of n 
linear factors. If the factors are commutative, the result of factoring is unique, 
the order in which the factors are written being arbitrary. Otherwise, the com¬ 
ponent factors will differ in form according to the position they occupy in the 
product. 

To illustrate, the operator D 2 — 3D + 2 can be factored uniquely in the 
forms ( D — 2)(£> — 1) = (£> — 1)(Z) — 2). However, the operator xD 2 + D 
factors in two ways, into the products ( D)(xD) and (xD + 1)(D). By this 
statement we mean, of course, that 

( D)(xD) u = (xD + 1)(Z>) u = (:xD 2 + D) u 
for any twiqe-differentiable u. 

Use is frequently made of the factoring process in solving linear differential 
equations. Thus, in the case of the homogeneous linear equation with constant 
coefficients, the operator 

L = D n + a x D n ~~ 1 H-+ a n _ x D + a n 
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can be factored uniquely into the linear factors, 

L = (D — r^)(D — r 2 ) • • • (Z) — r n ), 

where r 1# r 2 ,..., r n are roots of the formal equation L = 0. Thus the equation 
Ly H = 0 becomes 

(Z> - /iXZ* - rg) • • • (D - r n )y H = 0, 

where each operator operates on the expression to its e right. Hence the com¬ 
plete expression will be zero if the result of the first operation is zero. Since any 
one of the n operators can be written immediately before y 9 it follows that a 
solution of any one of the tt equations 

(D - r k )y H = 0 {k = 1, 2,..., ri) 

is a solution of L y H = 0. But these equations are equivalent to 

- r k y J£ = 0 (fc = 1, 2,.. ., n) 
dx 

and are readily solved to give the solutions 

yH = c k e rkX (k = 1,2,... 

By superimposing these solutions, the general homogeneous solution is ob¬ 
tained in the case where the roots are distinct, in accordance with the results of 
Section 1.5. The part of the solution corresponding to /w-fold roots can be 
obtained as the solution of (D — r^ m y H = 0. 

Analogous procedures can be applied in other cases. In particular, the 
general solution of any linear differential equation with constant coefficients 
and arbitrary right-hand side can be obtained by a method illustrated by the 
following example. 


Example 9. To solve the differential equation 

we write the equation in the operational form 

(D - 2 )(D - 1 )y =/(*). 


Writing next 


yi = (.D - l)y. 


the differential equation becomes 


dyi 


{D - 2)y 1 =/(*) or - 2y x =/(*). 
first order and is solved, by using 

y x = e 2 * | f(x) dx + c^. 


This linear equation is of first order and is solved, by using the results of Section 1.4, 
in the form 



sec . 1.8 I Simultaneous linear differential equations 


19 


Next, replacing y 1 by (D — l)y, we obtain a second first-order equation. 


with solution 



+ c x e 2x . 


y = J [J e~ 2x f(x) dxj dx + 


Similarly, it can be shown that the linear equidimensional operator of 
Equation (27) can be factored into the commutative factors 

(x D — r x )(x D — r 2 ) • • • (x D — rj, 

where r v r 2 ,..., r n are the roots of the characteristic equation (30). In this 

d m 

connection it should be noticed that the operators x m ~ and 
equivalent. 


dx” 


( 4 )' 


are not 


The notion of operators is useful in establishing the general validity of 
the method of undetermined coefficients described in Section 1.5. To illus¬ 
trate the argument, we here consider an equation of the form L y — 
a cos qx, where L is a linear differential operator with constant coefficients. 
Since the operator D 2 -f q 2 annihilates the right-hand member, it follows 
that all solutions of the given equation are included in the general solution 
of the equation ( D 2 + q 2 )L y = 0. However, if D 2 + q 2 is not a factor of L, 
then the general solution of this equation is 

y = yH + ^ cos qx + B sin qx, 

where y ~ y H is the general solution of Ly = 0. If D 2 + q 2 is an 
unrepeated factor of L, then y H will contain cos qx and sin qx, so that 
A cos qx + B sin qx then must be replaced by Ax cos qx + Bx sin qx, 
and so forth, in accordance with the rules set down in Section 1.5. 


1.8. Simultaneous linear differential equations. Frequently two or more 
unknown functions are related to a single independent variable by an equal 
number of linear differential equations. Thus, in the case of two unknown 
functions x and y and the independent variable t 9 we may have a pair of 
simultaneous equations of the form 

Lix + L& = h^t)} 

, (37a, b) 

L 3 x + L^y = h 2 (t)) 

where the V s are linear differential operators in t. The unknown functions x 
and y are tp be determined as functions of t. 

When the operators involved are commutative, all unknown functions 
except one can be successively eliminated from the given set of equations, to 
give a new set of linear differential equations each involving only one unknown 
function. We illustrate this procedure in the case of Equations (37a,b). 



20 


Ordinary differential equations / chap • 1 


If Equation (37a) is operated on by Z, 4 and (37b) by —L 2 , anc * if the 
resultant equations are added, there follows 

(^ 4^1 + (^ 4^2 L 2 L,^)y ~ ^ 4^1 

or, if L 2 and L 4 are commutative, 

(Z/ 4 Z-i L 2 L 3 )x = LJ 11 L> 2 ^ 2 * (38a) 

$ 

Similarly, to eliminate a: we operate on Equation (37a) by —L 3 and on (37b) 
by L v If L x and L 3 are also commutative, we then obtain, by addition, 

( L\L± L z L 2 )y = £i /*2 

Finally, if L 4 ,L 4 and L 2 ,L 3 are commutative, the operators of x and y in the 
last equations are identical, and we have 

(L 4 L 4 - L 2 L 3 )y = L x h 2 - L 3 h v (38b) 


Equations (38a) and (38b) can be written formally in the determinantal 
form 


Ax = 

where A is the operator 


hi 

K 


L 2 

u 


A = 



Li L 2 
L 3 L 4 



(39a,b) 

(40) 


if it is understood that in each term of the expansion of the right-hand sides of 
Equations (39a,b) the operator is to be written before the function operated 
upon. The formal analogy with Cramer's rule for solving linear equations by 
determinants should be noticed. 

Since the same operator affects x and y in Equations (39a,b), it is seen that 
the homogeneous solutions of these equations are linear combinations of the 
same functions, the number n of independent constants in each linear combina¬ 
tion being equal to the degree of the operator A. Thus, the solutions of 
Equations (39a,b) will contain In independent constants. 

At this stage of the solution a certain amount of care must be taken. It is 
clear that since Equations (37a,b) imply (39a,b), all solutions of the original 
simultaneous equations are contained in the solutions of the final equations. 
However, since differentiation is generally involved in obtaining (39) from (37), 
the converse is not generally true, in the sense that the solutions of (39a,b) 
may satisfy (37a,b) only if certain relationships exist among the In constants. 
These relationships may be determined by substituting the solutions of (39) 
into (37a,b) and requiring that the resultant equations be identities. However, 
if the coefficients are constants , and if in one of Equations (37a,b) the two 
operators involved have no common factors, the relationships are completely 
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determined by substitution into that single equation (see Problem 25). If x P 
and y P satisfy Equations (37), only the added x H and y n need be so checked. 
An alternate procedure consists of solving only one of Equations (39a,b) for 
one unknown function and of then substituting this result into whichever of 
(37a,b) is more convenient for the subsequent determination of the second 
unknown function. The expressions so obtained are then introduced into the 
remaining one of Equations (37a,b), to determine possible restrictions on the 
arbitrary constants. 

The extension of this procedure to cases in which more than two unknown 
functions are present leads to results again completely analogous to the state¬ 
ment of Cramer’s rule. Thus, assuming that all operators involved are commu¬ 
tative with each other, the solutions of the equations 


L x x + L 2 y + L 2 z = hff), 

L 4 * + L b y + LqZ = h 2 (t) f 
L 7 x + L 8 y + L 9 z-= hff) 

are also solutions of three linear differential equations each involving only one 
dependent variable, one of which can be written formally as 


where 




L, 

L 7 


K 

K 


^6 

^9 



U 

^8 


^3 

^9 


if in each term of the expansion of the first determinant the function is written 
after the operators. If the operator A is of order n , the solutions of the three 
equations so obtained involve 3 n arbitrary constants, and possible restriction 
on these constants must be obtained by substitution into the original equations. 
This procedure may be quite laborious if several unknown functions are 
present. A method of solving such sets of equations with reduced labor in 
certain problems, in cases when the operators have constant coefficients, is 
given in Chapter 2. 

It may be stated that if all operators involved are commutative, the total 
number of independent constants present in the solution of a set of linear differen¬ 
tial equations is equal to the order of the operator A. This order cannot exceed 
the sum of the orders of the several equations and in certain cases may be less 
than this number. 
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To illustrate the preceding method, we solve the equations 

d 2 x . 

1?- X ~ 2y = t 

- 2y - 3x = 1 
dt 2 

In operational form, these equations become 

(D 2 -\)x-2y = t 
-3x + (D 2 - 2)y = 1 

Equation (40) gives 

| (D 2 — 1) -2 

-3 (D 2 - 2) 

and Equations (39a,b) then become 
t -2 


A = 


= D i - 3D 2 - 4, 


(D 4 - 3D 2 - 4 )x = 
and 

( D 4 - 3D 2 - 4)y = 


1 (D 2 -2) 

(D 2 - 1) t 
-3 1 


= (D 2 - 2)t + 2 = 2 - 2f 
= (D 2 - 1)1 + 3r = 3r — 1. 


(41a,b) 


(42a) 

(42b) 


We notice that the characteristic equation for both x and y is obtained by 
formally replacing D by r in the expression for A = 0, 

r 4 _ 3r 2 _ 4 = o, 

from which r = ±2, ±i. Hence we obtain 


x H = qe 2 ' + c z e~ 2t + c 3 cos t + c 4 sin t, 

y H = d x e 2t + d z e~ 2t + d z cos t + d 4 sin t. 

Particular solutions of Equations (42a,b) are readily found by inspection 
or by the method of undetermined coefficients, 

x P = it- i y P = i- It. 

To determine the relationships which must exist among the c’s and d’s, we 
may first verify that x P and y P satisfy Equations (41a,b) as well as (42a,b). 
Hence we then introduce the expressions for x H and y H into the left-hand 
sides of Equations (41 a,b) and require the results to be identically zero. Using 
first Equation (41a), we find the conditions 


d\ — fc^ d 2 — 2 c i> d z — — c 3 , d 4 — c 4 . 
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The same conditions are obtained by using Equation (41b) (see Problem 25). 
Thus only four of the eight constants are truly arbitrary. Retaining the four c’s, 
we write 

x H = c x e 2t + c 2 e~ 2t + c s cos / + c 4 sin t , 
y H = f (<^ 2 * + c 2 e~ 2t ) - (c 3 cos f + c 4 sin /), 
and the final solutions are 

x = c x e 2t + c 2 e~ 2t + c 3 cos t + c 4 sin t + it — £, 
y = I (c^ 2 * + c 2 £r 2 0 — (c 3 cos r + c 4 sin 0 — It + i- 

It may be seen that Equation (42a) could be obtained directly , in this case, 
by solving (41a )fory and substituting the result into (41b). In more complicated 
cases the present procedure is generally preferable. 

If the expression for x H were introduced into the left-hand side of Equation 
(41a) and the right-hand side were replaced by zero, an expression for y H 
would be found directly, in this case, in terms of the constants of x H . Substitu¬ 
tion of these results into the left-hand side of Equation (41b) would thenshow 
that no further restrictions on the constants were necessary. If Equation (41b) 
were used to determine in terms of x H , the two new constants introduced 
would be determined in terms of the c’s by substitution into (41a). 

The solutions of Equations (41a,b) can also be obtained by a slightly 
different but equivalent method which is of some practical interest. Since the 
coefficients in both linear equations are constants, it can be assumed initially 
that homogeneous solutions exist of the form 

*h = y J{ = d k e r “ l . 

By introducing these assumptions into Equations (41a,b) and replacing the 
right-hand sides by zeros, there follows 

( r k - IK - 2 d k = 0, 

-3c* + (r* - 2)d k = 0. 

In order that nontrivial solutions of these equations exist, it is necessary that 
the determinant of the coefficients of c k and d k vanish, giving the characteristic 
equation obtained previously. If r k satisfies this equation, the coefficient d k can 
be expressed in terms of c k by either of the two equations. Thus, using the first 
equation, we have 



For the roots r = ±2 there follows d k = | c k , whereas for r = ±/ there follows 
d k == — c k . These results are easily shown to lead, by superposition, to the 
previously obtained homogeneous solutions. 
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In order to obtain particular solutions directly from Equations (41a,b), 
the method of undetermined coefficients can be applied if all terms on the 
right-hand sides of the equations are taken into account in constructing the 
families. Thus, from Equation (41a) we have the family {/, 1} and from (41b) 
the family {1}, which is contained in the former family. Since there is no 
representative in either homogeneous solution, we assume particular solutions 
of the form 

xp ~ At yp — Cl -f- D. 

Substitution into Equations (41a,b) gives 

-(A + 2 C)t - {B + 2D) = t, 

-—(3/4 + 2 C)t - (3 B + 2D) = 1. 

In order that these be identities, we must have 

—A — 2C = 1, B + 2D = 0, 3/4 + 2C = 0, -3B - 2D = 1 
from which there follows 


A = l B=-l C=-l D = h 

in accordance with the previously obtained results. 

In order to illustrate a special situation, we consider also the set 

dx , . t 

2 — — 3x + y = 4e* 
at 

x + 2^ -3y = 0 
dt 


(43) 


If Equations (39) and (40) are applied to these equations, there follows 


d 2 x 

d 2l 

dt 2 

from which one obtains 


3 — + 2x = -e* 
dt 

3— + 2y = —e* 
dt 


x n = CjC 24 + C 2 e l 1 
y n = d^ 21 + d z e* j 

and 

x P = t e l \ 
y P = t e* J 


(44) 


(45) 

(46) 


But here it happens that x P and y P do not satisfy the original Equations (43). 
Thus it is necessary to substitute the sums x H + x P and y H + y P into 
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Equations (43) for the purpose of obtaining conditions on the constants in 
Equations (45). This process gives, finally, 

d 2 — 2 + c 2 , d 1 — —c v (47) 


1.9. Particular solutions by variation of parameters . We next derive a 
method for determining the complete solution of any linear differential 
equation for which the general homogeneous solution is known. 

Suppose that the general homogeneous solution of the equation 

Ly = l^ + 4 -+■ a n-l( X ) Y x + y = ( 48 ) 

has been obtained in the form 

w 

yn =^c k u k (x), (49) 

k = 1 

where the m’s are n linearly independent homogeneous solutions and the c' s 
are n arbitrary constants or “parameters.’.’ We will find that a particular 
solution of the complete equation can be obtained by replacing the constant 
parameters c k in the solution of the associated homogeneous equation by 
certain functions of x. Thus, we assume that 


n 

y p =2 C k (x) U k (x) 


is a solution of Equation (48) and attempt to choose the n functions C k suit¬ 
ably. Since we have n functions to determine, and since the .requirement that 
Equation (50) satisfy Equation (48) represents only one condition, we have 
n — 1 additional conditions at our disposal. 

Differentiating Equation (50) and using primes to denote differentiation 
with respect to x, we obtain 


d -^=2c k u k +t C > k - 


In order to simplify this expression, we require as our first condition that the 
second summation vanish, 


There then follows 


2cx = °. 

k = l 


and 
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As the second condition, we require again that the sum of the terms involving 
derivatives of the C’s vanish, 

J CX = 0. (51b) 

fc = l 

Proceeding in this way through the (n — l)th derivative, we have as our 
(n — l)th condition the requirement 

n 

2 C*t4 n_2) = 0 (51c) 

fc = l 

and the (n — l)th derivative is 


d n ^y p 

dx n ~ x 


=2 
fc = 1 


The expression for the nth derivative is then 


<£yr 

dx n 


=2 c *"* n> 


n 

+2 


By introducing the expressions fory P and its derivatives into the left-hand 
side of Equation (48), we find that the final condition, that Equation (50) 
satisfy (48), becomes 


n n ^ 

Ly P =2 c * M * n> + c *“* n_1) + • • • 

fc=l fc = l 

n n ^ n 

+ a n . i(x)2 C k u' k + a n (x)2, C k u k +]> = h(x). 

* = 1 k = l k=l 

Combining the first summations, we obtain 


fc=i 


[d n u k , , .d 


n —1 




dx B " 


+ 


i / \du k 
+ fln-lto j 
ax 


] n 

+2 Q4”“ 1) = Kx). 

k = l 


Now, since each function u k satisfies Equation (48) with h(x) replaced by 
zero, and since each bracket in the first summation is precisely the result of 
replacing y in the left-hand side of Equation (48) by a function u k9 the first 
summation vanishes identically, and the final condition becomes merely 
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In summary, the n conditions imposed on the n unknown functions can be 
written in the expanded form 


Qx) u t (x) + Qx) m 2 (x) + 
Qx) «i(x) + Qx) u' 2 (x) + 


+ Qx) u„(x) = 0 
+ Q(x) u'n(x) = 0 


Qx) u[ n - 2 \x) + c%x) ul n - 2l (x) + 
Qx) u^-^x) + Qx) B^-^x) + 


An- 2)/ 


+ c;(x) «i"- 2> (x) = o 
+ c;(x) ui"- 1 ^) = Mx). 


(52) 


If this set of equations is solved for C[ 9 Cl l9 .. ., C' by Cramer’s rule, the 
common-denominator determinant is seen to be the Wronskian of u l9 w 2 , 
..., u n * 

If the solutions C{, C 2 ',..., C,' are integrated and the results are introduced 
into Equation (50), the result is a particular solution of Equation (48) for any 
choice of the n constants of integration. If the constants are left arbitrary, this 
procedure yields the complete solution of Equation (48). 

It is important to notice that Equation (48) was written in “standard form.” 
d n y 

If the coefficient of —^ in Equation (48) were a 0 (x) 9 the last equation of (52) 

M x ) 

would be modified by replacing h{x) by 


In particular, for a second-order linear equation of the form 


there follows 


where 


and, similarly, 


Thus we can write 


Yi + ai(x) y + a i( x ) y = h (x), 
dx 2 dx 

y = Qx) «i(jf) + Qx) u 2 (x). 


c[ = 


(53) 

(54a) 


0 m 2 


h u 2 

h(x) m 2 (x) 

Ml M 2 

W'[ui(x),m 2 (x)] 

“i "1 



CL = 


h(x) »t(x) 
(y[ui(x),u a (x)] 

fe(x)» 2 (x) 




(54b) 


W'[« 1 (x),u !! (x)] 


* It is known that if the coefficients a u a 2i ..., a„ are continuous in an interval /, the 
indicated derivatives exist in /, and furthermore the Wronskian of the linearly independent 
functions cannot vanish in /. Hence a unique solution always exists. 
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and the introduction of these results into Equation (54a) gives the required 
solution. 

If h(x) is not given explicitly, but the general solution is required for an 
arbitrary h(x ), we may combine the result of this substitution into a more 
compact form if before substituting Equations (54b) into (54a) we replace the 
dummy variable of integration by a new variable, say f, to distinguish it from 
the current variable x which appears as the limit of the integrals. Substitution 
of Equations (54b) into (54a) then leads to the result 


■r- 


*»(£)[“i(£) »z(*) - »z(£) »i(*)] 


d£ + qu^x) + c 2 u 2 (x). (55) 


Here x is to be held constant in the f integration. If h(x) is given explicitly, the 
direct evaluation of Equations (54b) and subsequent substitution into (54a) is 
usually more convenient than the use of Equation (55). 


Example 10. For the differential equation 

d 2 y 


dx 2 




two linearly independent homogeneous solutions are u 1 = cos x, u 2 = sin x. The 
Wronskian is 


IF(cos x , sin x) 


cos x sin x 
—sin x cos x 


= sin 2 x 4- cos 2 x = 1. 


Thus, use of Equations (54a,b) gives the solution 


y = —cos jcQ fix) sin x dx + c x J + sin * |j* f(x) cos x dx + c 2 J. 

This form is usually most convenient for actual evaluation of the solution when 
fix) is given. The form (55), which is useful in more general considerations, here 
takes the form 

y = jV(f) t cos $ sin x — sin I cos x] d£ + c x cos x + c 2 sin x 
or y = J */(£) sin ix — £) d£ + c x cos jc -b c 2 sin x. 


Example 11. For the differential equation 

&y _, <Py + 2 ?y 

</x® dx 2 dx 


-fix). 


we may take «i = 1, h 2 — e°, u 3 = e 2x . Equations (52) then become 

C[ + Ctf* + CjC** = 0, 

+ 2C' 3 e ix = 0, 

C^e* + 4C^e 2x = /(x). 
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For the determinant of this system we find W( 1, e x , e 2x ) = 2e* x . Solving the three 
simultaneous equations, we obtain 

= J f(x), C' - C 3 - \e~**f{x). 

The solution of the differential equation is then 

y = 1 [4 J7tt> dS + cj + e* [- + cj 

. +^[4|%-«/(f)^ + c 3 ] 

or, equivalently, 

y = i J /(I) [1 - 2e' x-sfc 4- ^ 2(x_f) ] */{ + <*! + c 2 <r* + c 3 e 2x . 

It will be shown in Section 1.10 that the Wronskian of two homogeneous 
solutions of Equation (53) is of the form 

W(u l9 u 2 ) = Ae-' a l( *> dx , (56) 

where A is a definite constant depending only on the choice of the arbitrary 
multiplicative constants involved in the homogeneous solutions u x and u 2 . It 
follows (see Problem 36) that W(u l9 u 2 ) can be determined if only the values of 
u x and and their first derivatives are known at a single point. This fact is 
useful in evaluating Equation (55) if, for example, the solutions w t (x) and w 2 (jc) 
are expressed in terms of power series (see Chapter 4). 

It can be shown* that, more generally, the Wronskian of n homogeneous 
solutions of Equation (48) is also given by the right-hand member of Equation 
(56). The statement of this fact is known as Abel'sformula. From the properties 
of the exponential function, it follows that if a x (x) is continuous in an interval 
/, the Wronskian cannot vanish in / unless it vanishes identically. 

1.10. Reduction of order. One of the important properties of linear 
differential equations is the fact that if one homogeneous solution of an 
equation of order n is known, a new linear differential equation of order n — 1 , 
determining the remainder of the solution, can be obtained. This procedure is 
in a sense analogous to the reduction of the degree of an algebraic equation 
when one solution is known. 

Suppose that one homogeneous solution u x (x) is known. We next write 
y = v(x) u^x) and attempt to determine the function v(x). Substituting i^for 
y in the left-hand side of the differential equation, we obtain a new linear 
differential equation of order n to determine v. But since y = c u x (x) is a homo¬ 
geneous solution of the original equation, v = c must be a homogeneous 
solution of the new equation. Hence the new equation must lack the term of 
zero order in v ; that is, the coefficient of v must be zero. Thus the new equation 

dv 

is of order n — 1 in the variable —. 

dx 

dW 

* By differentiating the Wronskian determinant, one obtains the relation — = —a x W. 
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We apply this procedure to the solution of the general second-order linear 
equation 

71 + tfiO) y + a 2 (x) y = Hx), (57) 

dx 2 dx 

assuming that one homogeneous solution w x (x) is known. Writing 

y = v(x) u x (x), . (58) 

and introducing Equation (58) into (57), there follows 

v"u x + 2 v'u[ + a^u x + v(u'l + a x u[ + a 2 ^i) = h. 

But since u x is a homogeneous solution of Equation (57), the expression in 
parentheses vanishes and the differential equation determining v becomes 

v"u x + 2 v'u[ + a 1 v , u 1 — h 

or W + (l^ + aX’= - . (59) 

\ / u x 

This equation is of first order in v\ with an integrating factor given by the 
results of Section 1.4 in the form 


where 

Hence there follows 

An integration then gives 


g2log Uy -J-J <*1 dx — p U 2^ 

p = e !aidr . 

v ’ = —2 \ X P^ dx + — 2 • 
put J vui 


(60) 


-f 


■* j x phu x dx 


pu\ 


dx 




dx 

pul 


+ ^2 


(61) 


and the introduction of Equation (61) into (58) yields the general solution 

r*( x P huidx Ct(Jx 

y = “iW - 2 — dx + qu^x) — + c,u x (x). (62) 

J pu{ J pu\ 

Thus, if u x is one homogeneous solution, the most general linearly in¬ 
dependent solution of the associated homogeneous equation is of the form 



sec . 1.10 / Reduction of order 


31 


where A and B are arbitrary constants with A ^ 0, and a particular solution 
of the complete equation is 


. y = 



(64) 


We remark that no constants of integration need be added in either of the 
integrations in Equation (64), since the additional terms thereby introduced 
can be absorbed into the homogeneous solution. However, if arbitrary con¬ 
stants are introduced in each of the integrations, Equation (64) represents the 
complete solution of Equation (57). 

In view of Equation (63), the Wronskian of any two homogeneous solu¬ 
tions of (57) is given by 




u x Ati x 

A A C x dx 

u[ -b Au[ I —5 + Bu{ 

P”i J Pul 


X dx 

— 2 + & u i 

put 


Expansion of this determinant gives Abel’s result in this case, 


W( Ul ,u 2 ) — — A e~ !ai(x) dx (65) 

P(x) 


Example 12. One homogeneous solution of the equation 




dx* + {X 


1) 


HH- 


is seen by inspection to be y = x. To find the complete solution, we first write the 
equation in the standard form of (57), 


and find 


3*(- 


n* 


— X 

*-y 


Oi(jc) = 


1 


p(x) = 


1 

-e* 

X 


With u x = x, a second linearly independent solution is obtained from Equation (63), 
taking ,4=1 and B = 0 for convenience, in the form 


f* , 

u 2 = x \ — dx. 

The lower limit can be chosen at pleasure. This indefinite integral cannot be evalu¬ 
ated in terms of elementary functions. However, the function 


EK-x) 



(x > 0) 
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is a tabulated function, known as the “exponential-integral function.” [See 
Reference 7 of Chapter 4, for example, where similar integrals involving (sin x)/x 
and (cosx)/x, and known as “sine-integral” and “cosine-integral” functions, 
are also defined and tabulated.] Thus, taking the lower limit to be oo, the second 
independent homogeneous solution can be taken to be 

u 2 ^ x Ei{ -x). 


and the general homogeneous solution is of the form 

y H = x[c x + c 2 Ei(-x)]. 
A particular solution is given by Equation (64), 

1 j x e~ x e x dx 




: r x 

. dx — x \ e x 


~ x dx 


if constants of integration are omitted. Thus the complete solution is 
y — x[c x + c 2 Ei(-x) - e~ x ] (x > 0). 


1.11. Determination of constants . The n arbitrary constants present in 
the general solution of a linear differential equation of order n are to be 
determined by n suitably prescribed supplementary conditions. 

Frequently these conditions consist of the requirement that the function 
and its first n — 1 derivatives take on prescribed values at a given point x == a, 

y{a) = y 0 , y'(a) = yi ■■■, y <n_,) (a) = (66) 

When such conditions are prescribed, the problem is known as an initial-value 
problem. In this case it can be shown that if the point x — a is included in an 
interval where the coefficients a x (x), ..., a n {x) and the right-hand side h{x) of 
the differential equation, in standard form , are continuous , there exists a unique 
solution satisfying Equations (66). Here, if the complete solutioniswritteninthe 
form 

n 

y =2 c *"*(*) + ^ x )> (67) 

k = l 

the conditions of Equations (66) require that the constants c k satisfy the n 
equations 

n 

2 c k u ( k m \a) - y ( 0 m) - //r\a) (m = 0 , 1 , 2 ,..., n - 1 ). ( 68 ) 

fc = l 

We notice that the determinant of the coefficients of the constants c k is the 
value of the Wronskian of the linearly independent solutions u k at the point 
x = a, which (as was stated in the footnote on page 27) cannot vanish under 
the specified conditions. Thus a unique solution is assured. 
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Sets of conditions other than those of Equations (66) may, however, be 
prescribed. For example, values of the function and/or certain of the 
derivatives may be prescribed at two distinct points x = a, x — b. In such cases 
a unique solution may or may not exist. 


Example 13. The general solution of the differential equation 


d 2 y 


is y — c i cos x 4- c 2 sin x. The initial-value problem with conditions y(0) = y 0 , 
y'( 0) = jo has the unique solution y — y 0 cos x 4 - yb sin x. 

The conditions y(0) = 1, ^(tt/2) = 1 imply the unique solution y = cos* 4- 
sin x , while the only solution satisfying the conditions y(0) = yirr/l) = 0 is 
the trivial solution y = 0. However, the conditions y(0) = y(n) = 0 are both 
satisfied if we take c x — 0, and hence in this case there exist an infinite number of 
solutions of the form y = A sin x , where A is arbitrary. 


1,12. Special solvable types of nonlinear equations. Although there exist 
no techniques of general applicability for the purpose of obtaining solutions 
of nonlinear differential equations in closed form, there are several special 
types of equations for which such solutions can be obtained, a few of which 
are treated very briefly in this section. Here, instead of seeking y as a function 
of x , we may be led to determine x as a function of y or to accept as a solution 
a functional relationship involving the two variables in a less simple way. 

(1) Separable equations. Separable first-order equations have already been 
mentioned in Section 1.1. 


Example 14. The equation (1 4- x 2 ) dy -f (1 4- y 2 ) dx = 0 is separable in the 
form 

dx dy 

+ ;—~ 0 , 


1 4- x 2 14 - y 2 

and integration gives the solution 

tan -1 x 4- tan" 1 y = tan -1 c 
or x 4- y = c(l — xy). 

Example 15. The equation 


(dy\ 2 _ 
\dx) 


4y 4- 4 = 0 


dy 

yields two separable equations when solved algebraically for —, 
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from which 



= 2 


provided that the division by Vy-l is legitimate , and hence there follows 
± Vy — 1 = x — c or 

y = 1 + (* — c) 2 . 

Since the relation j — 1 = 0 has been excluded in the dyivation of this solution, 
the possibility that y = 1 may also be a solution must be explored separately. 
Direct substitution into the original differential equation shows that y = 1 is 
indeed a solution. Furthermore, it cannot be obtained by specializing the constant c 
in the relation y = 1 — (x — c) 2 . Here the complete solution consists of the latter 
one-parameter solution together with the “singular solution,” y = 1. It can be 
verified, in this case, that all the curves which represent particular solutions, in 
correspondence with particular choices of the constant c, are tangent to the straight 
line representing the singular solution, so that this line is the envelope of those 
curves. 


(2) Exact first-order equations. A first-order equation, written in the form 

P(x,y) dx + Q(x,y ) dy = 0, (69) 

where P and Q are assumed to have continuous first partial derivatives, is said 
to be exact when P and Q satisfy the condition 


(70) 


dP^dQ 
dy dx 

In this case, and in this case only, there exists a function u(x 9 y) such that 

du = P dx + Q dy . (71) 


Thus Equation (69) then is identical with the equation du = 0, whose general 
solution clearly is 

u{x,y) = c 9 (72) 


where c is an arbitrary constant. 
Since Equation (71) implies 


h = P — = Q 

dx ’ dy 

the necessity of Equation (70) follows from the fact that 


(73) 


d_(du\ = d_tdu\ 
dx\dy/ dy\dx/ 

when the indicated derivatives are continuous. In order to obtain a function u 
satisfying the two relations of Equations (73), we may, for example, start with 
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the first relation, integrating with respect to x with y held constant to obtain 
u(x,y) = f P(x,y) dx +f(y). (74) 

J Xo 

Here f(y) is the added “constant of integration,” to be determined by the 
second relation of Equations (73), which gives 

C x dP 

zr dx + /'O0 — 6 
J xo dy 

and hence 

f» dP 

f'(y) = 6 - i-dx. (75) 

That the right-hand member is indeed only a function of y 9 so that f(y) can be 
determined (with an irrelevant arbitrary additive constant) by direct integra¬ 
tion, follows from the fact that its partial derivative with respect to x is zero 
since 

dx \ Jx o dy / dx dy 

when Equation (70) is satisfied, so that the sufficiency of that condition is also 
established. 

Example 16. The equation 

dy 1 -f y 2 + 3 x 2 y 
dx 1 — 2xy — x 3 

can be written in the form 

(3 x 2 y + y 2 + 1) dx + (x 3 + 2 xy - 1 ) dy = 0, 
and the condition (70) of exactness is satisfied. From the relation 

du 

-=3 X *y + f + l 

there follows u = x 3 y + xy 2 4- a: -f /(y). The relation 

— = jc® + 2jcv - 1 
dy 

then gives x 3 + 2xy + f'(y) = x 3 + 2xy — 1 or f'(y) = — 1, from which 
f{y) = —y, apart from an irrelevant arbitrary additive constant. Hence the required 
solution u = c is 

x?y + xy 2 4- jc — y = c. 

(3) Homogeneous first-order equations . A function f(x,y) is said to be homo¬ 
geneous of degree n if there exists a constant n such that, for every number A, 

/(Ax,Ay) = A»/(x,j). 
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Thus, for example, the functions x 2 + xy and tan -1 ( y/x ) are both homo¬ 
geneous, the first of degree two and the second of degree zero, whereas x 2 + y 
is not homogeneous. The first-order differential equation , 

P(x 9 y) dx + Q(x 9 y) dy = 0, (76) 

is said to be homogeneous if P and Q are both homogeneous of degree n , for 
some constant n . • 

Such an equation becomes separable upon the change of variables 

y — vx 9 dy — v dx + x dv . (77) 

For, since P(x 9 vx) = x n P(l 9 v) and Q(x 9 vx) = x n Q(l 9 v) 9 this substitution re¬ 
duces Equation (76) to the form 

x n P(l 9 v) dx + x n Q(\ 9 v)(v dx + x dv) = 0 

or [P(l,t>) + v Q( l,r)] dx + x Q(\ 9 v) dv = 0, (78) 

which is indeed separable. 

The substitution 

x = uy 9 dx = udy + V du 

also is appropriate and may or may not lead to a more convenient form after a 
separation of variables. 

Example 17. The equation 

(3 y 2 — x 2 ) dx = 2 xy dy 

is homogeneous (with n = 2) and, with y = vx 9 it becomes 

( v 2 - 1) dx + 2xy dv = 0 

from which there follows 


2r dv dx 
v 2 — 1 x 


(* ^ 0 , y 2 # 1) 


and hence log \v 2 — 1| = log \x\ + log \c\ = log |cjc| 

or v 2 — 1 = cx 

or y 2 — x 2 = cx 3 . 

The temporarily excluded relations, x = 0 and y = ±x, both are seen to satisfy 
the given equation and hence in fact are solutions, but they need not be appended 
to the solution obtained since they are included in it when c = oo and c = 0. 


(4) Miscellaneousfirst-order equations . Most of the other known techniques 
for solving special first-order equations in closed form consist of reductions to 
linear, separable, exact, or homogeneous forms. Some typical examples follow. 
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Example 18. Bernoulli's equation. The equation 
dy 

f x + P(x)y = Q(x)y n (n * 1) 
can be written in the form 

dy 

y~ n •£ + P(x)y~ n+1 = Q(x\ 

which clearly becomes linear under the substitution v = y~ n+1 . 

Example 19. The equation 

dy ax + by + c 
dx Ax + By -\- C 

can be reduced to a homogeneous equation by writing x — t + h and y = s + k 
and determining suitable values of the constants h and k , provided that aB ^ bA. 
In that exceptional case, the substitution s — ax -V by c renders the equation 
separable. 


Example 20. Although the equation 

y 2 dx — x(x dy — y dx) 


can be treated as a homogeneous equation or as a Bernoulli equation in y (Example 
18), the combination x dy — y dx tends to suggest division by y 2 or by. x 2 , for the 
purpose of forming —d(xly) or d(ylx). Here a division by y 2 , accompanied by a 
division by x, is clearly indicated, leading to the form 


dx 

— + 
x 


y dx — x dy 


= 0 


which is exact , since each term is an exact differential, and there follows 


log 1*1 + J = c 
or 

x 

y - c - log 1*1' 

In this case, multiplication of the equation by the integrating factor x~ x y~ 2 makes 
the equation exact. In less contrived situations, the discovery of such a factor may be 
much less straightforward. 

Example 21. The nonlinear Equation (11), 
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yields the two first-degree equations 

j- = 1 ±2V* - y. 
dx J 

The prominence of the expression x — y may suggest the substitution 

dy du 

X -y = U, 


which leads to the separable equations 

du 


±2 V u . 


If it is noticed that the process of separation necessitates the special consideration 
of the relation u = 0, the one-parameter solution (12) and the singular solution 
y = x then are easily obtained. Equally fortuitous substitutions may suggest 
themselves in other cases. 

(5) Second-order equations lacking one variable. The general equation of 
second order is of the form 


fL,A ,*)=o, 

\ dx dx 2 / 


d 2 y 

containing explicitly. Any such equation can be written equivalently as a 

pair of simultaneous first-order equations, in various ways. In particular, we 
may write 

%-r (SO) 

dx 


dx 2 dp dy dp 

. dy dx dy 

in accordance with which Equation (79) can be replaced by either the set 


'(*•* 




or the set 
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In the general case, both equations of either set involve the three variables 
x, y , and p 9 and hence no one of the equations can be solved independently of 
the associated equation. However, if y is not explicitly involved in F, then the 
first equation of (82) involves only x and p. If it can be solved, to provide a 
relation between x and />, and if the result can be used to eliminate p from the 
second relation in Equation (82), then y can be determined in terms of x by 
integration of the resulting equation. 

On the other hand, if x is not explicitly involved in F, then the first equation 
of (83) involves only y and p. If it can be solved, to provide a relation between 
y and />, and if the result can be used to eliminate p from the second relation in 
Equation (83), then a separable first-order equation in y and x results. 

In either case, it may be more feasible to obtain x andy in terms of p, with 
p retained as a parameter, than to eliminate p by using the solution of the first 
equation of the pair. 


Example 22. The equation 


d 2 y /dyV 
dx 2 X \dx) 


dy d 2 y dp 

lacks the variable y. With ~ = p and ~ , there follows 


dp 

dx 


which separates to give 

Hence 

from which there follows 


— xp* 


±1 


P ~ Vcl -x 2 ' 
dx 


dy — ± 


Vc 2 - x 2 9 


y = =bsin -1 -1- c 2 or x — c[ sin (y — c 2 ), 

c i 


where c[ = ±c v 

Example 23. The equation 


y dx 2 


tdy \ 2 
\dx) 


dy cPy dp 

lacks the variable x. With — = p and = p — f there follows 




and hence 


dp 

yjy =P or P=°- 
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The first alternative gives 

P = c iy> 

which includes the second alternative p = 0 as a special case, and hence the general 
solution is 

y = c 2 e c i x . 


Example 24. The equation 


d 2 y 


lacks the variable x. Whereas it can be solved by the present method, it is linear in y 
and is much more easily solved by the methods of Section 1.5. 


Example 25. The equation 


/dy\ 2 d 2 y_ /dy\ 2 

\dx) dx 2 * + \dx) 


lacks both x and y. If the absence of y is exploited, there follows 




and hence 


x — p — tan ~ x p + c v 

This relation can be used to eliminate x (rather than p ) from the relation 


to give 


Hence 


dy 


dx 

dy = p dx =Pj p dp, 

-p{'-TT?) d i’-rb 

y = ip 2 -- i log (p 2 + 1 ) + c 2 . 


dp. 


Here the solution provides a parametric representation of x and y. The fact that 

dy 

the parameter p happens to be identifiable with - 7 - may afford a subsequent added 
convenience. 
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PROBLEMS 

Section 1.1 

1. Differentiate each of the following relations with respect to x and, by using 
the result to eliminate the constant c, obtain a first-order differential equation of 
which the given relation defines a one-parameter solution: 

(a) y = ce r®, (b) y = ce x2 + 2x, 

1 

(c) y = ' (d) y = * ca? , 

(e) x 2 + j 2 = c 2 , (f) j = ex + c 2 jc 2 . 

2. By differentiating each of the following relations twice, and eliminating the 
constants c t and c 2 from the three resultant equations, obtain a second-order 
differential equation of which the given relation defines a two-parameter solution: 

(a) y = c^e* + c 2 e~ x , (b) y = + c^), 

(c) j cos jc 4 - c 2 sin x, (d) = c 1 ^ c a a! , * 

(e) / - C -~^, (f) (x - c ,) 2 + (7 - c 2 f = 1 . 

Cg T A 

3. Obtain the general solution of each of the following differential equations: 

(a) ~ = 2xy f (b) y dy + V\ - y 2 dx = 0 , 

(c) (1 — y 2 ) dx + (1 — x 2 ) dy = 0 , (d) Vl — x 2 j dy — Vl — j / 2 x c/x. 

Section 1.2 

4. Prove that e r i* and e r i x are linearly independent over any finite interval if 
#*i * r 2 . 

5. Prove that e rx and x e rx are linearly independent over any finite interval. 

6 . If u x (x) and u 2 {x) are linearly independent, prove that A^lx) 4- A 2 u 2 (x) 
and BxU^x) + B 2 u 2 (x) are also linearly independent if A t B 2 — A 2 B X ^ 0. 

7. By considering the functions u x = * 3 and u 2 = x 2 |x| over an interval includ¬ 
ing the origin, show that identical vanishing of the Wronskian of u x and u 2 over an 
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interval does not imply linear dependence of u x and u 2 over that interval. (Notice that 
u 2 =x 3 sgn* and u' 2 = 3x 2 sgn* for all x , where sgnx = 4-1 when x > 0, 
sgn x = — 1 when x < 0 , and sgn 0 = 0 .) 

8. Suppose that u x and u 2 both satisfy the linear differential equation 

(p/Y + qy = 0 , 

where p and q are functions of the independent variable x. Show that there follows 

ui(pu' 2 y - u 2 {pu[y = 0 , 

and that this equation is equivalent to the equation ( pW )' = 0, where W is the 
Wronskian of u x and u 2 . Hence deduce that W = A Ip, where A is a constant. 

Section 1.3 

9. If y — u x (x) and y = u 2 (x) satisfy the homogeneous linear equation 

d n y d n ~ x y 

+ + " ■ + a * (x) y = °> 

prove that y = c^ix) 4 - c 2 u 2 (x) is also a solution, for any constant values of c x 
and c 2 . 

10. Verify that u x = 1 and u 2 = log x each satisfy the nonlinear equation 
y 4- y' 2 = 0, but that y = c x u x + c 2 u 2 is not a solution unless either c 2 = 0 or 
c 2 = 1 . 

11. If y { p and y { ^ are two linearly independent particular solutions of the 
nonhomogeneous linear equation 

cPy dy 

~dx 2 + dx + a ^ y = h ^’ 

show that the function u x =y]> ) — y { p satisfies the associated homogeneous 
equation (in which h is replaced by 0 ). 

12. Verify that y = log x reduces the nonlinear expression y" 4 - y' 2 to zero, and 
thaty = x reduces it to unity. To what does the sumy = log x + x reduce it? 


Section 1.4 

13. Solve the following differential equations: 


dy 

(a) x — - ky = jc 2 ( k constant), 

dy 

(c) ~ 4- y tan x = sec x, 

(e) (jc* - 1 )^ + 2 y=(x + l) a , 

(g) ^ 


dy 

(b) -j x - y tan x = x, 
dy 

(d) — 4 - (y — 2 sin jc) cos x = 0 , 
(f) x 2 log xdy 4 - (xy - 1 ) dx = 0 , 
(h) y dx = (* + f) dy. 
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14, Show that the substitution u = y l ~ n reduces the nonlinear equation 
— + a^x)y = h(x)y n (n =£ 1) 

to a linear equation. (This equation is often called Bernoulli's equation.) 

Section 1.5 

15. If two roots of the characteristic equation (24) are r = ±a , show that the 
corresponding part of the homogeneous solution can be written in the form 

y — c 1 cosh ax + c 2 sinh ax, 

where sinh ax and cosh ax are the hyperbolic functions defined by the equations 


sinh a* = 


e? x - e~ 


cosh a* = 


e ax -f e~ ax 


2 ’ " 2 . 

16. If two roots of Equation (24) are r = a ± b, show that the corresponding 
part of the homogeneous solution can be written in the form 

y = e ax (c x cosh bx + c 2 sinh bx). 

17. Solve the following differential equations: 


d 2 y dy 
d 2 y dy 

(c) ^- 2 i + 2 >' = 0 ’ 


dx 


d z y d 2 y dy 
(b) dx* ~ d? _ Tx + y = °’ 
d x y d 3 y d 2 y dy 

(d) ^- 4 ^ + 7 i- 6 i + 2 ^=°» 


d 3 y 

(e) ^-' =0 ’ 


(f ) iy 


dx 3 dx 2 

0 (/* = - 1 ). 


18. The following differential equations arise in dealing with the problems 
noted. Find their complete solution, assuming that A: is a nonzero constant: 

d*y 


(a) 


d*y 


(vibration of a beam), 


+ 4 k*y = 0 (beam on an elastic foundation), 

d*y d 2 y 

+ k*y = 0 (bending of an elastic plate). 

19. Use the method of undetermined coefficients to find the complete solution 
of each of the following differential equations: 

d 2 y 


(a) ^ + k 2 y = sin x (k 2 # 0,1), 
d 2 y 

(c) dx 2 ~y = ^x, 


(b) dx 2 +y = sin *’ 
d 2 y 
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®§- 2 I +2 ' 


d 2 v dy 
(0 ^ - 2 + ^ 

d 2 y dy _ 0 

(h) ^- 9 s + 20 ^- 4 » ,e “’ 


d 2 y dy 

o) ^ ~ dx~ 2 y = ^ e ~ x ^ 10 sin * ~ 4 *- 

Section 1.6 

20. Solve the following differential equations: 
d 2 y dy 

1 

d 2 y 

(c) *&~ 2 y =0> ( 

() rfx 3 rfx 2 c/x ^ ’ 




<■»> * 2 ?-*£ + *-* 
(d) * 2 S-*l + ^ =o ’ 


(f) jc 2 S +2jc ^-” (n+i) > ,=o ’ ®*% +x t-y=*' 




(h)x2 ^ + *^-' = *’ 


® *’*- 4 4 +6 -’ , - & ‘ +i2 - 


Section 1.7 


21. Show, by direct expansion, that 

(* 2 D 2 )(x D) = (x D)(x 2 D 2 ) 
but that (x D) 2 ^ x 2 D 2 . 

22. Use the method of Example 9 to obtain the general solution of the equation 

(Z> - r^)(D - r 2 )y =f(x) (r x * r^, 
where r x and r 2 are constants, in the form 

y = e r * x J «-v[J e - r i*/(x) dxj e r i* dx + c^i* + c^*. 


23. (a) If the notation 


JM - 7TT-, /C*> 


is used to indicate that y(x) satisfies the equation (£> — r)y = f 9 where D = — and 
r is a constant, show that * 


= e ra j* e -r 




where an arbitrary additive constant of integration is implied in the integral. 
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(b) Verify that, with the notation of part (a), the expression 
y = (D - n){D - rj f {x) “ D^7 2 

satisfies the equation (D — r x )(D — r 2 )y = /. Hence obtain the general solution of 
that equation in the form 

y = e r 2 x e (Tl r * )x £ j x e~ r i x f(x) dx :J dx, 

where an arbitrary additive constant is implied in each integration. 

24. Verify that, with the notation of Problem 23(a), the expression 



satisfies the equation (D — r x )(D — r 2 )y = / when r 1 ^ r 2 . Hence obtain the general 
solution of that equation in the form 

y — - -— e~ r i x f(x) dx — e r * x J* e~ r * X f(x) dx 

when r x =£ r 2 , where an arbitrary additive constant is implied in each integration. 
Section 1.8 


25. Suppose that the coefficients in Equations (37a,b) are constants. With the 
symbols R x — L x x + L 2 y — h x and R 2 — L 3 x 4 - L^y — h 2 ,, Equations (37a,b) 
become 

R x = 0, R 2 = 0, (a,b) 

and Equations (38a,b) or, equivalently, (39a,b) become 

L^R X — L 2 R 2 = 0, E X R 2 ^ 3^1 “ (c,d) 

Show that if solutions of (c,d) also satisfy (b), so that R 2 — 0, there follows also 
L 4 /?i = 0, L 3 R X = 0. Hence, noticing that these two equations can have a non¬ 
trivial common solution (R x 0) only, if L 4 and L 3 have a common factor, deduce 
that if all the coefficients in Equations (37a,b) are constant and if in either of 
Equations (37a,b), the two operators involved have no factors in common , the restric¬ 
tions on the constants appearing in the solutions of Equations (39a,b) are completely 
determined by substitution into that equation . Otherwise , the solutions of Equations 
(39a,b) must be checked by substitution into both of Equations (37a,b). 
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27. Find the solution of each of the following sets of equations 
dx 


(a) 


(c) 


(e) 


2 -r = 3 x-y 
dt J 

dy 

2 *=*y- x ’ 

d 2 x dy 

2-7* --T ~4x =2f 
A 2 df 


dx 




2 d? +4 ^- 3 ^= 0 > 

d 2 x 

— + x + 2y = Te 2t - i 

d*x 
dt 2 


(b) 


(d) 


(f) 


dx dy 
d 2 x dy 

—-— 4- 3jc — v = 4 c 4 

dt 2 d/ * 4 *’ 

d 2 x 1 d 2 y 

dt 2 2 dt 2 +KX 


dht 
dt 2 dt 2 


+ k 2 y = 0, 


+ 3* 4- 2y = 9 e 2t + 1, 


f d 2 x dx dy 

dF + Tt + 7t +3x + y = ° 

d 2 x dy 

d? + T t + x+ y = 0 ’ 


<g) 


dx 

— — 2x 
dt 

dy 

i ~ 3x ~ ly 

dz 

— = 2y + 3z. 


28. Find the solution of each of the following sets of equations: 
dx 


(a) 


2/ — = 3x - y 
dt J 

dy 

2t di = 3 y ~ x ’ 


(b) 


dx 

t — = 2x 
dt 

dy 

t l = 3x ~ 2y 

dz 


Section 1.9 

29. Solve by the method of variation of parameters: 


dy 

(a) ~ + a x (x)y = h(x\ 
d 2 y 

(c) dx 2+y = secx > 

(e) ^- 2 l + 2 ' =e * tan *’ 

( g ) ^g- 2 *| + 2 7 =x 1 °g^ 


d 2 y 

(b) jjjj +y = cot *, 
d 2 y 

(d) dx 2 + y = l0g *’ 


(0 r 


a A 


dx 2 


— 4x ~ + 6y = x 2 sin x , 
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30. The differential equation 

tiji 

dx 2 dx 


xy 


possesses solutions u x (x) and u 2 {x) which can be represented by series, valid near 
x = 0 , the leading terms of which are as follows: 

i*i(x) = 1 + ±x? + • • •, u 2 (x) = x - \x 2 + • • •. 

Use Abel’s formula to show that W(u x ,u 2 ) = e~ x , and hence deduce that the 
general solution of the equation 

d 2 y dy 

is of the form 

y = J X HO b*i(0 " 2 W ~ ihiO #i(*)] e k d$ + c x u x (x) + c 2 u 2 (x). 

Section 1.10 

31. Verify that y = e* satisfies the homogeneous equation associated with 
(x — 1 )y" — xy' 4- y = 1 , and obtain the general solution. 

32. Verify that y = tan x satisfies the equation y* cos 2 x = 2 y, and obtain the 
general solution. 

33. One homogeneous solution of the equation 

<>-*■>§-*4+*> - «* - *■> 

is y = x. Find the complete solution. 

34. One solution of Legendre's equation , 

. d 2 y dy 

(1 ~ x) d^~ lx dx Jr ” ( " + i)y = °’ 
is called P n (x). Show that a second solution is of the form 

dx 


P n (x)j X 


(1 - *’)[/>„(;C)F 

35. One solution of Bessel's equation, 

d 2 v dv 

x *d£ + x dx + &-i* ) y~ 0 ’ 

is called J p (x). Show that a second solution is of the form 

Jv(x) I iWF' 

36. Use Abel’s formula (65) to show that if u x and u 2 are solutions of 

d 2 y dy 

-^ + a l {x)-+a i {x)y=0 


in an interval /, and if we write 


= e !a i dx . 
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then the Wronskian of u x and u 2 is given by the expression 


JF[wi(x), u 2 (x)] = 
where x = a is a point in the interval /. 


p(a) 

P(x) 


u^a) u 2 (a) 
u[(a) u&a) 


37. In the differential equation, 

d 2 y dy 

+ a i(*) -J x + a 2 (x)y = h(x\ 

du 

make the substitution y = u(x) v(x) and determine v so that the coefficient of — in 

the resultant equation vanishes. Thus, show that, if p — dx 9 the substitution 
y = «/ reduces the differential equation to the form 


d 2 u 

dx 2 





38. Use the result of Problem 37 to show that Bessel’s equation (Problem 35) 
takes the form 

d 2 u l 1 \ 

*5? +(*■-/- +4)- 0 

with the substitution 


Section 1.11 


y = 


u 

Vx 


39. A fundamental set of solutions of a linear differential equation of order n 9 
relative to a point x = a, may be defined as a set of n solutions u x (x) 9 u 2 (x\ ..., 
u n {x) such that 

«,(«) = 1 , u[(d) - ul(a) = • • • = = 0 ; 

u 2 (a) - 0, u'M = 1 , uRa) = • • • = u^~ l \a) = 0; 


«n(«) “ «n(«) = • • • = U ( n~ 2 ) (a) = 0 , U^~ l \a) = 1 . 

(a) Deduce that the solution of the initial-value problem in which the values 
y(a) = Jo* /fa) = • • • * 7 (n_1) (^) = Jo w " 1) are prescribed is then given by 


yM = ^ «*(*)• 


&=> 1 

(b) Show that the Wronskian of a fundamental set of solutions, relative to 
x = a 9 is unity at x = a. 

40. Show that the functions w* = 1, u 2 = sin jc, and h 3 = 1 — cos jc comprise a 
fundamental set of solutions for the equation 

^ + ^ = 0 
dx 3 + dx ’ 


relative to x = 0 . 
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41. Show that the functions cosh x and sinh x constitute a fundamental set of 
solutions relative to x = 0 for the equation 

d 2 y 

sS-'- a 

(See Problem 15.) 

42. Obtain a fundamental set of solutions for the equation 


d*y 

£~y= 0 ’ 


relative to x = 0. 


43. (a) Determine those values of the constant k for which the differential 
equation y* + k 2 y = 0 possesses a nontrivial solution which vanishes when x =* 0 
and when x = a, where a is a given positive constant. 

(b) Determine those values of k for which the differential equation 
y* + k 2 y = 1 possesses a solution which vanishes when x = 0 and when x = a. 

Section 1.12 

44. Solve the following: 

(a) (2xy*+y)dx + (3 x 2 y 2 + x - 2y) dy = 0, 

(b) (3 jc 2 / -f)dx - (3xf - x*)dy - 0, 

(c) e*(y dx 4- dy) + e v {dx + x dy) = 0 . 

45. Solve the following: 


(a) d 2 = x -ll 

{ ) dx x+y’ 

(C) X % =y ~ + yt ’ 

46. Solve the following: 

dy 

(a) x fa+y = y log (.xy), 

(b) x dy + (y — x*) dx = 0, 

(c) ydx + (x-y t )dy= 0 , 

(d) (x + y - 3) dy = (x - y + 1) dx, 

(e) x^+y + xy= 0, 


(b) (x 2 + 2xy) dy - / dx 


(d) x dy — y dx = x tan I- I dx. 


(f) (2 xy 2 — x)dx + (x 2 y + y) dy = 0. 
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47. Solve the following: 


d 2 y (dy\ 2 

+ = 0 ’ 

*/ 2 y /dy \ 2 

(c)y d? + \di) =0, 


d 2 y 

48, Show that the substitution 


_ AM 2 
+ 2x (— I — 0, 
dx 2 \dx] 

^ r, + wi* 
<**■ L w J * 


ifU 

where u' — ~ , reduces the nonlinear first-order equation 

jg + /’Wy + GW/ = K W 

to the linear second-order equation 


/ Q \ du 

[ p -Wt x - RQu=0 - 


(The nonlinear form is known as Riccati's equation.) 

49. Use the procedure suggested in Problem 48 to obtain the general solution of 
the equation 

xi ~d~x + *y + **/ = * 

in the form xy = ( x 2 — k)/(x 2 + k), where k is an arbitrary constant. 



CHAPTER 2 


The Laplace Transform 


2.1. An introductory example. If a function f(t) is multiplied by e~ st 
and the result is integrated with respect to t from t = 0 to t — oo, a new 
function of the variable s is obtained when the integral exists.* This function 
(when it exists) is called the Laplace transform of f(t). Before studying the 
properties of such transforms, we illustrate one of their most useful applica¬ 
tions by considering a simple problem. 

Suppose that we require the solution of the differential equation 



( 1 ) 


for positive values of t 9 which satisfies the initial condition 

y( o) = -i. (2) 

In place of determining the general solution of Equation (1) by the methods of 
Chapter 1, and then determining the arbitrary constant by satisfying Equation 
(2), we proceed as follows. 

We first take the Laplace transform of both sides of Equation (1), by 
multiplying both sides of the equation by e~ 8t and integrating the results with 
respect to t from zero to infinity, to obtain the equation 

f e-’^dt -('°e- ,t ydt = ['°e- t e at dt. (3) 

Jo dt Jo Jo 

It is assumed, of course, that the separate integrals exist for some range of 
values of s . 


* The variable s is considered to be a real variable in this chapter. However, all results 
which hold when s is real and s > a, for some real value of a, also hold when s is complex 
and (real part of s) > a. 
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The integral on the right is readily evaluated, 



e at dt = 


e 


- ( s-a)t 


s — a 


1 


s — a 


( 4 ) 


the integral existing when s > a. The first integral on the left in Equation (3) 
can be integrated formally by parts to give 




5 *% + S 


f 

Jo 


1 y dt 


= -y(0) +« 


= 1+5 


fV- ; 

Jo 

f "e-*ydt, 
Jo 


( 5 ) 


assuming that e~’ 1 y(t) approaches zero, for sufficiently large values of s, as 

dy 

t -► oo. Thus, the transform of ~ is expressed in terms of the prescribed initial 

value of y and in terms of the transform of y itself. 

If the results of Equations (4) and (5) are introduced into (3), there then 
follows 

(s- l)\e- st ydt = —-1 

Jo s — a 


or 


JV- 


'y dt 


a + 1 — s 
(s - l)(s - a) ‘ 


( 6 ) 


The original problem is now apparently reduced to the problem of determining 
a function y(t) whose Laplace transform is given by the right-hand side of 
Equation (6). To determine such a function, we first expand this expression by 
the method of partial fractions, to obtain the equivalent form 



y 


dt = 


_ 1 _ 1 _ 

a — \ s — a 


a 1 
a — 1 s — 1 


(6a) 


Reference to Equation (4) then indicates that, since l/(s — a) is the transform 
of e a \ the first term of (6a) is the transform of e at l(a — 1) and the second term 
the transform of —ae^a — 1). Thus, (6a) will be satisfied if we write 


y = ——r {e at - ae% (7) 

a — 1 

when a ^ 1. A corresponding expression in the case a — 1 can be obtained 
by taking the limit as a -> 1, in the form y = (t — l)e*. 

With this expression fory, the validity of the transition from Equations (1) 
and (2) to (6a) is readily established when s > a. Still, it is by no means 
obvious that (7) is the only solution of (6a). That is, while (1) and (2) are known 
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to have a unique solution, it is conceivable that (6a) could have several solu¬ 
tions, only one of which would then also satisfy (1) and (2). 

However, direct substitution shows that Equation (7) actually does repre¬ 
sent the solution of (1) and (2). Further, it can be shown also that (7) is the 
only continuous solution of (6a). 

Although this procedure has the advantage that the particular solution 
required is obtained directly, without first obtaining the general solution, it is 
clearly desirable to simplify the procedure by eliminating the necessity of 
carrying out certain general integrations in each case, and to determine in 
what cases such a procedure is valid. 

In the remainder of this chapter, certain properties of Laplace transforms 
are investigated and relevant formulas are tabulated in such a way that the 
solution of initial-value problems involving linear differential equations with 
constant coefficients, or sets of simultaneous equations of this type, can be 
conveniently obtained. Thus, for example, use of the tabulated formulas will 
permit immediate transition from Equations (1) and (2) to (6), and from (6a) 
to the solution (7). Use of the methods to be given will, in general, introduce 
a considerable saving in labor over the alternative procedures of Chapter 1. 

Laplace transforms are also useful, for example, in connection with the 
solution of certain problems governed by partial differential equations (and 
integral equations), as will be shown in later chapters. Certain of the properties 
developed in this chapter are of principal use in these later applications. 

The so-called operational methods to be developed have a close formal 
resemblance to earlier techniques developed by Heaviside in a very ingenious 
but nonrigorous way. The use of Laplace transforms is to be preferred, since 
the relevant derivations can be put on a rigorous mathematical basis, so that 
success or failure of the method in a given problem can be predicted with 
complete confidence. Also, this technique possesses all the useful features of 
the Heaviside technique, as well as certain advantages in flexibility. 

2.2. Definition and existence of Laplace transforms. The Laplace trans¬ 
form of a function /(/), defined for positive values of t, is frequently indicated 
by the notation <5?{/(0} an ^ is defined, as a function of the variable s , by the 
integral* 

W}= fVvw* (8) 

Jo 

over that range of values of s for which the integral exists. The notation f(s ), 
or merely / is often used in place of «£?{/(*)}. 

The integral (8) may fail to define a function of s , in particular, because of 

* Some authors replace definition (8) by the definition 
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infinite discontinuities in /(/) for certain positive values of t or because of failure 
of f(t) to behave in a sufficiently regular way near / = 0 or for large values of /. 
However, the presence of a finite number of finite discontinuities or “jumps” 
will not, in itself, affect the existence of the integral. 

A function f(t) is said to be piecewise continuous in a finite range if it is 
possible to divide that range into a finite number of intervals such that f{t) is 
continuous inside each interval and approaches finite values as either end of 
any interval is approached from the interior. Such functions may thus have 
finite jumps at points inside the range considered. At such a point, say t = t 0 , 
different limits are approached by f(t) as t approaches t 0 from the right (that is, 
from larger values of t) and from the left (from smaller values). These two limits 
are called right-hand and left-hand limits, respectively, and when necessary are 
conveniently indicated by the respective notations lim f(t) — /(/ 0 +) and 
lim /(0 =/(«,-)• w 

<-Jo¬ 
in illustration, if /(/) is defined to be unity when 0 < t < 1 and zero 
elsewhere, then /(/) is piecewise continuous over any range. There follows 
also, for example, /(1+) =0 and /(I-) = 1. If f(t) is 1 /VJ when 
0 < / < 1 and zero elsewhere, then /(/) is piecewise continuous in any 
range not including f = 0 as an interior or end point. 

In the developments of this chapter, we consider only functions which are at 
least piecewise continuous in every positive range not including zero as an end 
point . Then, if we write ( 8 ) as the sum of three integrals, 

n/w )=/;*-'/«) d, ■ (/;■ + £+/;) e-m *, m 

the second integral on the right exists for all positive finite values of t y and T. 

If, in addition,/(/) approaches a finite limit as t —► 0+ or if \f(t)\ -► oo as 
t -> 0 + in such a way that for some number n, n < 1 , the product t n f(t) is 
bounded near t — 0, then the first integral of Equation ( 8 a) exists. 

Finally, a sufficient additional condition to guarantee the existence of the 
third integral of ( 8 a), at least for sufficiently large values of s , is the require¬ 
ment that /(/) belong to the rather extensive class of “functions of exponential 
order.” A function f{t) is said to be of exponential order if, for some number 
s 0 , the product e~* 0< | f{t)\ is bounded for large values of f, say for t > T. If the 
bound is denoted by M, then there follows, when t > T, 

|/(/)| < M or |/(0I < M e 8ot . (9) 

Thus, though f(t) may become infinitely large as f —► oo, we see that \f(t)\ 
must not “grow” more rapidly than a multiple of some exponential function 
of t. We say that f(t) is “of the order” of e 8 ° l and frequently write f(t) — 0(e Sot ). 
In particular, if lim e\f(t)\ exists (and is finite) for some s 0 > then for 

t-+ OO 

sufficiently large values of t the product must be bounded, and hence f(t) is 
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of the order e* ot . The limit may, of course, be zero, in which case we also 
write f(t) = o(e Sot ). 

We note that any bounded function is of exponential order with s 0 = 0. 
Other examples are e at (with s 0 = a ), e at sin bt (with = a), and t n (with 
s 0 any positive number no matter how small). The function e i% is not of 
exponential order, since e~ s * t e i% = e* 2- ®®* is unbounded as t -*• oo for all 
values of s 0 . 

If f(t) is piecewise continuous and of exponential order, then its integral 
Jq f( u ) d u IS continuous and is also of exponential order. Although it cannot 

be said in general that derivatives of functions of exponential order have the 
same property, this is true in most practical cases. 

As an example of a reasonably simple exceptional case, we notice that 
though sin ( e * 2 ) is bounded, and hence of exponential order, its derivative 
2 te l * cos ( e <2 ) is not of exponential order. 

In case f(t) is of exponential order, and hence satisfies Equation (9) when 
t > T, then there follows 

\e~ st f{t)\ < e~ st • M e Soi = M e~ {8 ~ S(t)t . 

Hence, since we have assumed f(t) to be piecewise continuous and since 
J ™e- {s ~ So)t dt exists if s > s 0 , it follows that the third integral in ( 8 a) then also 
exists when s > s 0 . 

Thus, in summary, the Laplace transform of f (t) exists, when s is sufficiently 
large, if f(t) satisfies the following conditions: 

( 1 ) fit) is continuous or piecewise continuous in everyfinite interval t x ^t^T, 
where t x > 0. 

( 2 ) t n |/( 0 I ^ bounded near t = 0 for some number n 9 where n < 1 . 

(3) e~ So< |/(0I is bounded for large values of t,for some number s 0 . 

Although the transform may also exist in other cases, these conditions are 
sufficiently weak to include most functions occurring in practice. 

For reference purposes, it may be stated that whenever any integral of the 
form 

J7«-“/(o dt 

exists for s — s 0 , it exists also for all s such that s ^ % Also, it is then true that 
nm/V’/M dt=Ce-“f(t) dt ( 10 ) 

S-+C 

when c ^ s 09 that 


(ID 
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when s ^ s 0 , and that 

*] * - '■*/«) *] di < 12 > 

when s Q < a ^ /S < oo. The remarkable fact that all these operations can be 
effected under the integral sign, for any convergent Laplace transform , is of 
frequent usefulness. 

The direct calculation of Laplace transforms may be illustrated by the 
following simple cases: 


&{i} = f V* dt = -- 

Jo 

&{e at } = dt = 

Jo 

jS?{sin a/} = I sin at dt 
Jo 


s lo s 


(s > 0). 


s — n lo s — a 


(s > a). (13b) 


s 2 + a 1 


; (s sin at + a cos at)\ 


2 i 2 

+ cr 


(s > 0 ). 


2.5. Properties of Laplace transforms . Among the most useful properties 
of Laplace transforms are the following: 

+ b g(t)} = a As) -|- b &*). (14) 


jSP j^XO) = s«/(s) - r s «- 1 /( 0+ ) + s n ~ 2 ^ (0+) 
l A” / L dr 


, .,-, <#( 0 +) , ... , 

+ dt 2 + + 


~ 1 /( 0 +) ' 
dt n ~ l .' 


/(«) duj = -/(s). 


^{e°‘/( 0 } =/(* - a). 


If /(0 = 


0 , t < a 
g(t — a), a 


with a S 0 , then f(s) = e a> g(s). (18) 


=(— 1 ) 


,d"/(») 


- w) £(w) du) =/(s) g(s). 


In these equations a and b are constants, and n is a positive integer. 
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In all cases except Equation (75), we suppose that the functions f(t) and g(t) 
satisfy the conditions of page 55. In the case o/(15), more stringent restrictions 
are imposed. These conditions are stated in connection with the proof to be 
given in this section (see page 58). 

Equation (14) expresses the linear property of Laplace transforms. Its proof 
follows directly from the definition, in view of the corresponding linear 
properties of the integral. 

Example 1. By using Equations (14) and (13b), we obtain 

^{sinh a,) - J?( l <* - 1 e -) - . 


Equation (15) states one of the most important properties of Laplace trans¬ 
forms. It expresses the transform of any derivative of a function in terms of 
the transform of the function itself and in terms of the values of the lower- 
order derivatives of the function at / = 0 (or, more precisely, the values 
approached by these derivatives as t -► 0 from positive values). We consider 
first the case when n = 1, for which, from the definition. 



dt. 


An integration by parts gives 


J v “ 

Jo 


dm 

dt 


dt = e~ s ‘f(t) 


oo Tec 

+s J 

0 Jo 


7(0 dt 


if f(t) is continuous and is piecewise continuous in every interval (0,7).* 

But since f(t) is of exponential order, the integrated part vanishes as t -* oo 
(for s > s 0 ), and there follows 


S As)-/( 0+). (15a) 

Similarly, in the case n = 2, integration by parts gives 



* Unless these conditions are satisfied, the formula for integration by parts may not be 
valid. 
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df d 2 f df . 

if -d. is continuous and piecewise continuous. If ~ is also of exponential 

order, the integrated part again vanishes as t oo and, making use of 
Equation (15a), there then follows 


M^rr] = - s /(°+) - ^ 7 ^ • 


l J 


dt 


(15b) 


Equations (15a) and (15b) are special cases of (15). The general proof of (15) 
follows by induction from the general result 

Jd n f(t)\ = _ d n ~ 1 f(0+) 

\ dt n I \ dt n ~ l I dt^ 1 9 

d n ~H(t Y d n f(t) 

if j t n-i * s continuous and --- - is piecewise continuous, and if /(f), 


TO 

dt : 






— are all of exponential order. This result is obtained, as in 


the special cases n = 1 and 2, by an integration by parts. 

We thus obtain the following result: 

Equation (15) is valid if f(t) and itsfirst n — 1 derivatives are continuous over 
d n f(t) 

every interval (0,T), if—is (at least) piecewise continuous over every interval 

(0,J), and if f(t) and its first n derivatives are of exponential order. These 
conditions are satisfied by a great variety of functions of physical interest. 

Example 2. If we take /(/) = sin at , then, from (13c), 

a 


As) = ■ 


s 2 + a 2 ' 

Equation (15a) then gives 

se{a cos at} = ~ s * n 0 

or, using (14), 


In particular, for the class of functions considered, we see that if a function 
and its first n — 1 derivatives vanish at t = 0 (or as t -► 0+), the transform of 
its nth derivative is obtained by multiplying the transform of the function by s n . 
Applications of this fact are closely related to the use of the operational 

d n f(t) 

notation D n f(t) to represent £- n . 
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Equation (16) is established by similar methods. Again making use of 
integration by parts, and recalling that 

j f/(«) du = f(t), 
at Jo 

we obtain 

&{ £/(«) </«) = J[V* {J 0 ‘ /(«) d«} dt 
= \~ f*/(«)</«]“+- 

L — S Jo Jo 5 Jo 


= -/(s). 

s 

the integrated part vanishing at the upper limit (for sufficiently large values 
of s ), since/(/), and hence f(u) du , is of exponential order. Thus, in general, 

if a function is integrated over (0,/), the transform of the integral is obtained by 
dividing the transform of the function by s. 

If the lower limit differs from zero, the formula 

^{fW)->-;/>)•*< (21) 

is easily established. 

Equations (17) and (18) express the so-called translation properties of the 
Laplace transform. The proof of the former property follows immediately 
from the definition, since the transform of e at f(t) is given by 


J" e' s ‘ J>“/(0] dt = J* «-<—>*/(*) dt. 


and the last expression differs from f(s) only in that s is replaced by s — a. 
Thus, if a function is multiplied by e at , the transform of the result is obtained by 
replacing s by s — a in the transform of the original function. It is seen that 
if f(s) is plotted as a function of s , the representation of the transform of 
e at f(t) is thus obtained by shifting or “translating” the transform of f(t) 
through a units in the positive direction of s. 


Example 3. If we take f(t) = sin bt, Equation (13c) gives f(s) = 2 2 , 

and (17) then gives 5 +b 


^{e at sin bt } = 


b 

(s - a) 2 + b 2 ' 


Suppose now that a function is defined to be g(t) for t ^ 0 and to be zero 
for negative values of t. Its transform may be denoted by g(s). If the given 
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function is translated through a units in the positive direction of t , and so 
becomes g(t — a) when t ^ a and zero otherwise, Equation (18) states that the 
transform of the translated function is obtained by multiplying the transform 
of the original function by e~ a8 . To establish this property, we notice that since 
the translated function vanishes when 0 g t < a, its transform is defined by 
the integral 

r e-°‘g(t-a) dt. 

•I d 

If t is replaced by t + a y and the lower limit of the integral is changed accord¬ 
ingly, this integral becomes 

J 0 V ,(l+fl) g(t) dt = e— jV s, g(0 dt = e-° s g(s), 

in accordance with Equation (18). 


Example 4. If f(t) = sin (t — t 0 ) when t ^ t 0 and /(f) =0 when t < t 0 , there 
follows g(t) = sin /, and, from (13c), g(s) = (s 2 4 - l) -1 . Thus Equation (18) gives 


nm = 



j 2 + r 


To establish the property of Equation (19), we merely differentiate both 
sides of the equation 

/(s) = e-"f(t) dt 

n times with respect to s. Differentiation under the integral sign is valid for all 
values of s for which the transform exists, as was stated at the end of Section 
2 . 2 . 


Example 5. To find the transform of t n , Equation (19) states that we merely 
differentiate the transform of unity n times with respect to s and multiply the result 
by ( — l) n . We thus obtain 


&{t n ) =(-l) n 


d n 

ds n 



n\ 


where n is a positive integer or zero, with the usual convention that 0! = 1. 


2.4. The inverse transform. In applications of Laplace transforms we 
frequently encounter the inverse problem of determining a function which has 
a given transform. The notation ~ 1 {F(s )} is conventionally used for the 
inverse Laplace transform of F(s ); that is, if F(s) = . S?{/(*)}, then we write also 
f(i ) = J£? -1 {F(s)}. The notation /(f) <-> F(s) is also frequently useful. 

To determine the inverse transform of a given function F(s) it is thus 
necessary to determine a function /(f) which satisfies the equation 

JV*7(0<f< = F(s). 
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Since the unknown function f(t) appears under an integral sign, an equation 
of this type is called an integral equation. 

In more advanced works it is proved that if this equation has a solution, 
then that solution is unique. Thus, if one function having a given transform is 
known , it is the only possible one. This result is known as Lerch's theorem. 


More precisely, Lerch’s theorem states that two functions having the 
same transform cannot differ throughout any interval of positive length. 
Thus, for example, Equation (13a) shows that the continuous solution of 



fu)dt 


i 

s 


is/(/) = 1; that is, ^ _1 {s~ 1 } = 1. However, it is clear that if we take f(t) to 
be, say, zero at t = 1 and unity elsewhere, or otherwise redefine the func¬ 
tion f(t) at a finite number of points, the value of the integral is not 
changed. Hence the new function is also a solution. Such artificialities are, 
however, generally of no significance in.applications. 


Although the direct determination of inverse transforms involves methods 
outside the scope of this chapter, * extensive tables of corresponding functions 
and transforms are available in the literature, and their use (in conjunction 
with the use of the properties listed in Section 2.3) is sufficient for many 
purposes. A short table of this sort is presented on pages 74-76. 

It should be pointed out that not all functions of s are transforms, but that 
the class of such functions is greatly restricted by requirements of continuity 
and satisfactory behavior as s -> oo. A useful result in this connection is the 
following: Iff(t) is piecewise continuous in every finite interval 0 ^ t ^ T and 
is of exponential order , then f(s) -► 0 as s -* oo; furthermore s f{s) is bounded 
as s —> oo. The proof follows from the fact that in such cases 

\f(t)\ < M e 3ot and \e~ 8t f(t)\ < M e~ {8 ~ So)t 
for some fixed constants s 0 and M. Hence we have 

\/(s)\ = J o V*/(0 dt <j J o V« i/(oi* 

g M dt 

Jo 



* See, however, Problems 87-94, Chapter 10. 
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M 


The theorem stated then follows from the fact that-approaches zero and 


S Sq 

M remains bounded as s -> oo. Thus, such functions as 1, 


1 


S — Sq S l \/ s 

and sin s cannot be transforms of functions satisfying the conditions stated. 

df(t) 

It should also be noted that if f(t ) is continuous and —— is piecewise 

dt df(t) 

continuous in every finite interval 0 < t < T, and if f(t) and are of 


exponential order , then 


dt 


lim s/(s) =/(0+). 


( 22 ) 


This result follows from the fact that in this case the preceding theorem states 
that the left-hand side of Equation (15a) vanishes as s-+ oo. It is useful in 
those cases when only the initial value of f(t) is required and the transform of f 
is known. 


2.5. The convolution . It frequently happens that, although a given 
function F(s) is not the transform of a known function, it can be expressed as 
the product of two functions, each of which is the transform of a known 
function. Thus, it may be possible to write 

F(s) =f(s)g(s), 

where f(s) and g(s) are known to be the transforms of the functions f(t) and 
g(t ), respectively. We suppose that these functions satisfy the conditions of 
page 55. In this case, Equation (20) states that the product f(s)g(s) is the 

transform of the function defined by the integral j^f(t — u)g(u)du. This 

integral is called the convolution of f an dg, and may be denoted by the abbrevia¬ 
tion f * g. It is indicated by the symmetry in / and g that/ and g can be inter¬ 
changed in the convolution, that is, that/ *g = g*f Before outlining the 
proof of Equation (20), we illustrate its application. 


Example 6. To determine |——— j we refer to Equations (13a) and (13b) 

and write the given function of s in the form 

a 1 - 

s s — a 

where f(t) = a and^(/) = e at . Equation (20) states that the product is the transform 
of the function 

f*g = j^ae** du = e°* - 1. 
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If the functions/and g are interchanged, there follows alternatively 

g */ = J‘ e° <l ~ u) a du = e at J‘ e~ au adu = e°‘(l - «r ai ) = e a( - 1, 

as before. The same result is obtained without making use of the convolution, in this 
case, if the product is first expanded by the method of partial fractions in the form 
(s — a)~ l — sr 1 , and use is then made of Equations (13a) and (13b). 


Equation (20) can be obtained formally as follows. From the definition, 
the right-hand side of (20) can be written in the form 

/(s)g(s)= [J o e~ n f(v)dvj [J o e~ 3U g(u)du] 

= | 0 °° e~ g(v+u) f(v) g(u) dv du 

= /"«(«) (J 0 °° e -,< ® + “ > /(») d»} du 

if different “dummy variables” of integration (v and u) are used in defining 
the two transforms. If, in the inner integral 
of the last form, we replace v by a new vari¬ 
able t with the substitution 


w, 


dv = dt , 



Figure 2.1 


v = t 

there follows 

J® e-' (v+u) f(v) dv = J“ e~ st f(t - u) dt, 
and hence 

f(s)g(s) = /J 0 (J; e-‘ l f(t-u)g(u)dt} du. 

Interchanging the order of integration in 
the double integral and changing the limits as indicated in Figure 2.1, we 
then obtain formally 

/(s) g( s ) = f® (JJ e~ s> f(t - «) g(u) du) dt 

= Jr e ~ at (j;/o -«) <?(“) dt 

= -^’{/ 0 VO - w)g(w) 

in accordance with Equation (20). The interchange of order of integration can 
be shown to be legitimate, by using appropriate limiting processes, when f 
and g satisfy the assumed conditions. 


2.6. Singularity functions. Consider the function / (t) which has the value 
l// 0 when 0 < t < t 0 and is zero elsewhere (Figure 2.2). We then have 

r oo 

Jo mdt = \ 0 mdt = u 
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that is, the area under the graph representing f(t) is unity. The transform of 
this function is found to be 


nm} = 



l dt = 


1 - <T S<0 


st 0 


Now as t 0 -* 0, the magnitude of f(t ) over (0, f 0 ) increases without limit, while, 
at the same time, the length of the interval (0, / 0 ) shrinks toward zero in such a 

way that the integral J *°/(0 dt retains the value of unity. 




In the limit we have the ideal case of a “function” which is infinite at the 
point t — 0 and zero elsewhere, but which has the property that its integral 
across t = 0 is unity. Making use of L’Hospital’s rule, we find 


lim 

(«-»0 


e~ sla .. se~ st0 


st n 


lim 

^ o~*0 


= 1 . 


That is, the transform of f(t) approaches unity as t 0 0. 

If / represents time and f(t) force, then J *°/(0 dt represents the impulse of 

the force f(t) acting over the time interval (0, / 0 ). Hence, as t 0 -> 0, we may 
speak loosely of a resulting “unit impulse” at t = 0, due to “an infinite force 
acting over a zero time interval.” In view of this interpretation, the limiting 
form of f(t) is frequently called the unit impulse function . If we denote it by 
<5(/), we are led to write 

&{m) = 1. (23) 


The “function” 6(0 is also often called the Dirac delta function. If, for 
example, t represented distance along, say, the centerline of a beam and f(t) 
represented the intensity of a distributed load , then 6(0 could be considered as 
the formal representation of a concentrated unit load applied at the point t = 0, 
and analogous interpretations in other fields are frequently useful. 
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In a similar way, if /(/) has the value — 1 /t* when 0 < t < t 0 , the value 
+1 jtl when t 0 < t < 21 0 , and the value zero elsewhere (Figure 2.3), there 
follows 

/* (t - t 0 )f(t ) dt = ( t - t 0 )m dt = i. 

That is, the moment of the area under the graphical representation of /(/), 
about the point to, is unity, whereas the (signed) area is zero. The transform 
of f{t) is 

•^{/(O) = - 4 ( fV s ‘ dt - \ U °e- st dt\ 

*o wo Jto I 

»<0 

Repeated use of L’Hospital’s rule shows that, as t 0 -> 0, J?{f(t)} -> — s. The 
limiting form of f(t), as t 0 -> 0, is frequently referred to as the doublet function , 
because of certain interpretations relating to electric field theory and fluid 
flow. Denoting the negative of this limiting form by d'(t), we write 

&{dV)} = s. (24) 

With the interpretation of t as distance and f(t) as load intensity , d'(t) 
could be considered as the formal representation of a concentrated negative unit 
moment applied at the point t = 0. 

Such functions, often called singularity functions , are dealt with rigorously 
in the branch of mathematics known as the theory of distributions , and are of 
frequent use in physical applications. Although they do not conform to the 
restrictions of page 55, and although, in fact, they are not true functions , 
nevertheless if formal use of them leads to a result which is capable of physical 
interpretation , then in practical cases the result may be accepted as correct. 

If the singularity occurs at t — t x rather than at t = 0, we denote the 
corresponding functions by d(t — t x ) and d'(t — tj and obtain (by limiting 
processes analogous to those given above) the formal results 

J ¥{d{t - /,)} = er*\ &{b'{t - fj)} = s e~ st K (25a,b) 

It may be noticed that these results are also obtained by formally applying the 
translation property (18) to Equations (23) and (24). 

2.7. Use of table of transforms. A brief table of corresponding functions 
and transforms is given on pages 74-76, in order to facilitate the determination 
of both direct and inverse transforms. The first ten pairs represent general 
relationships proved in Section 2.3. In pairs (T3,4,5) the conditions of page 58 
are assumed , whereas in the remaining pairs the less restrictive conditions of 
page 55 are implied. 
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Pairs (T11-30) either have been established in examples or can be easily 
obtained from established results by using certain of the general properties. 
Only frequently occurring basic forms are listed; other forms are readily 
deduced from those given. Pairs (T31-34) involve the singularity functions of 
the preceding section. 

Pair (T35) was derived in Example 5 when n is a positive integer and 
(T36,37) follow, in this case, by virtue of (T8) and (T3), respectively. The 
formulas are valid also (under the given restrictions on n) if n is not an integer, 
if (n — 1)! is interpreted in a way to be defined in Section 2.9. 

Pairs (T38-41) are included principally for future reference. In these pairs 
the functions J m and I m are certain functions known as Bessel functions of 
order m. These functions are to be treated in Chapter 4. If, in these pairs, n is 
zero or a positive integer, then the order of the function involved is half an 
odd integer. In such cases the functions in brackets, in the right-hand column, 
can be expressed in terms of products of polynomials and either circular or 
hyperbolic functions. These expressions are given for m = — £, £,..., f in 
Table 2, page 77 (where x is written for at). The expressions for m = \\ 
and so on, can be obtained in terms of these expressions by use of the recur¬ 
rence formulas listed at the foot of the table. 

Although the transforms of the simpler functions of frequent occurrence 
in practice can be obtained directly from the table, or by direct integration, 
the determination of inverse transforms may frequently involve a certain 
amount of manipulation. In this connection, it should be observed that if n 
is a positive integer , all functions of t appearing in these tables (except the 
singularity functions), as well as all their derivatives , are continuous everywhere 
and are of exponential order. Hence it follows that if n is a positive integer , all 
properties (Tl-10) can be applied to all succeeding pairs in the table , except for 
(T31-34). 

Pair (T3) is particularly useful in the determination of inverse transforms, 
when /(0) = 0. Reference to Equation (22) shows that this is so if s f(s) tends 
to zero as s -* oo. Hence it follows that if lim s f{s) = 0, then 

8~* CO 

&- 1 {sfts)}=4f. (26) 

at 

Example 7. To determine |- 2 ^ ^ 2 j, we first obtain from (T19) the result 
ST* ^ t sin It. Hence, using Equation (26), 

^{ ( ir^}=7,^ sin2 ') = ^ sin 2f + ^ cos it. 


When a given function F(s), whose inverse transform is required, is the 
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ratio of two polynomials in s, the method of partial fractions can be used to 
express F(s) as the sum of a number of terms whose inverse transforms can be 
determined from the table. In such cases, if the inverse transform does not 
involve the singularity functions of Section 2.6, the degree of the denominator 
must be greater than that of the numerator. In particular, if 




where D(s) is a polynomial of degree n with n distinct real zeros s = a lt a 2 ,..., 
a n , and N(s) is a polynomial of degree n — 1 or less, there follows (see 
Problem 15) 

m = 1 + N(ad 1 + ... + NM 1 

D(s) D'iaJ s - Oj D'(a 2 ) s - a 2 D'(a n ) s - a n 

Y N(aJ 1 . 

Z D'(a m ) s — a m ’ 

m-1 


and hence, from (T12), 

«-x fM*)| , 

Id( S )I Z D'(a m ) 

m-1 


(27) 


If certain of the zeros of D(s ) are repeated or complex, recourse may be had to 
conventional methods of expansion in partial fractions. 


Example 8. To determine & 1 


(), 

[s 3 + 3 s 2 -h 2s) 9 


we write 


[s 3 + 3 s 2 -h 2sj 
N(s) = j 2 + 1, D(s) = j 3 + 3s 2 + 2s = s(s + l)(.y + 2). 
With a x = 0, a 2 = — 1, a 3 = —2, there follows 

N(a i) = 1, D'(a x ) = 2, 

N(aJ) = 2, D'(a 2 ) == -1, 

N(a 3 ) = 5, D'(a 3 ) = 2, 

and Equation (27) gives 


if -1 


( a* + i i 

[s 3 4- 3 s 2 + 2s\ 


1 , 5 

= - — 2 e ~ l + - e~ 2t . 

2 2 


Example 9. To determine se~ x — 2 ^ we first assume an expansion 


1 


A Bs + C 
+ ■ 


(s + l)Cs 2 + 1) S + 1 S 2 + 1 


of the form 
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After clearing fractions, we require the equation to be an identity and obtain 
A = —B = C = J. Hence 


1 


- 1 r 1 

“ 2 4- 1 


+■ 


i 


(s 4- 1)(5 2 + 1) 2 \s 4- 1 s 2 4- 1 J 2 4- 1 

and the use of (T12,15,16) gives the inverse transform e~ t 4- sin / — cos t). 

The usefulness of (T25,26) in determining inverse transforms should not be 
overlooked. 


Example 10. To determine 


\s 2 4- 4s 4- 5 


, we first write 


(s + 2) - 2 


5 2 4- 4s 4-5 (s 4- 2) 2 4 - 1 (s + 2) 2 4- 1* 

Pairs (T25,26) then give the required inverse transform 

e~ 2t (cos / 2 sin /). 

2.8. Applications to linear differential equations with constant coefficients. 
It follows from the property (T5) and its special cases (T3,4) that any ordinary 

linear differential equation with 
constant coefficients, with prescribed 
initial conditions at t = 0, can be 
transformed immediately to a linear 
algebraic equation determining the 
transform of the required solution, 
provided that the right-hand member 
of the equation has a transform. The 
solution then is to be obtained as the 
inverse of the transform so deter¬ 
mined. 

If the right-hand member is of exponential order, the same will be true of 
the solution and of those derivatives whose transforms are involved, and all 
the relations of Table 1 are appropriate. 

We take as a simple example the case of forced vibration of a mass m 
attached to a spring with spring constant k . (That is, the force exerted on the 
free end of the spring is assumed to be proportional to its displacement x from 
the position of equilibrium, the constant of proportionality being k.) If the 
applied force is f{t) and if no damping is present (Figure 2.4), the differential 
equation of motion is 

d 2 x 



m 


V 

m 

-X-w 


Figure 2.4 
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Furthermore, if the mass is assumed to be at rest at equilibrium when t = 0, 
the initial conditions 


x(0) = = 0 

dt 


(29) 


must be satisfied. Denoting the transforms of x(t) and f{t) by jc(^) and f(s\ 
respectively, the transform of Equation (28) becomes merely 

ms 2 x + k x — /. 

Thus, if we write 



the transform of the required solution is 


(30) 


x — 

Since —-—- is the transform of 

5 2 + (X)q 

the product of the transforms of 
volution (T10) gives the solution 


1 / 


2 i 2 

m s + coq 
sin a) 0 t 


(31) 


a> 0 

sin co Q t 
m(o 0 


* this product can be considered as 
and f(t), and hence use of the con- 


1 r* 

x — - /(u) sin co 0 (t — u ) du, (32) 

mco 0 Jo 

in terms of an arbitrary force function f(t). 

However, in place of specializing this general form, it is generally more 
convenient in specific cases to derive the required solution directly from 
Equation (31). We consider several cases of interest. 

(1) Suppose that an instantaneous impulse of magnitude I is applied just 
after the time / = 0. Then/(/) = 7 • d(t) and f(s) = I-l=I. Hence we have 


X = - —-—r , x = sin co 0 t (t > 0). (33) 

m s* + o)q mco 0 

Thus the motion in this case is a sinusoidal vibration of amplitude 7/mco 0 and 
angular frequency a> 0 , following the application of the impulse; co 0 is known 
as the naturalfrequency of the system. It should be noticed that here the initial 

condition = 0 is apparently not fulfilled. However, the velocity cannot 
. at 

vanish when the impulse is applied, since the momentum mv = / must be 
imparted by the impulse, in accordance with Newton’s laws of motion. Here 

dx 

we may suppose that x and v — are zero throughout an infinitesimal 
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interval following the time / = 0, and that on the subsequent application of 
the impulse the velocity abruptly takes on the value Ijm and a sinusoidal 
motion ensues. Interpretations of this general nature are frequently necessary 
in dealing with the idealized “singularity functions.” 

(2) If a sinusoidal force f(t) = A sin cot is applied, there follows 


m (s 2 + co 2 )(s 2 + co 2 ) 
or, expanding in terms of partial fractions, 


Hence 


ico _r i _i_i 

m(co 2 — co 2 )Ls 2 + co 2 s 2 + 
co _[~ sin co 0 t sin cot ] 

— col) L w 0 co J 


or x = -- - - [co sin co 0 t — co 0 sin cot]. (34) 

mco 0 (co 2 — col) 

Thus, if co ^ co 0 , the motion is compounded of two modes of vibration, one 
(the natural mode) at the natural frequency co 0 , and the other (the forced mode) 
at the frequency of the imposed force. In case the system is excited at its 
natural frequency (co = co 0 ), the motion can be determined by considering the 
limiting form of Equation (34) as co -> co 0 , or, more easily, by noticing that in 
this case 

_ __ Aco 0 1 

m (s 2 + co 2 ) 2 

Hence we obtain, from (T21), 


— (sin co 0 t — co 0 t cos co 0 f). 


Thus the last term of Equation (35) shows that when the exciting frequency 
equals the natural frequency, the amplitude of the oscillations increases in¬ 
definitely with time. This is the case of resonance . 

Similarly, if f(t) — A cos co 0 t , there follows 

x =- t sin co 0 t. 

2 mco 0 

(3) If a constant force f(t) — A is applied when t > 0, there follows 


. A 

x = — ■ 


m s(s 2 + co 2 ) 
A /I 


\s s 2 + co 2 / 

; (1 — COS CO 0 t). 


and hence, from (T 11,16), 


(36) 
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Thus, in this case, the mass oscillates with its natural frequency between the 

„ „ 2A 2A t t 

points x = 0 and x = —^ = —, when damping is absent. 

W1£t)g K 

(4) If constant force is applied only over the interval 0 < t < t 0 , and no 

A 

force acts when t > t 0i there follows /= - (1 — e -5 * 0 ), and hence 


A 1 - = A f I 

m s(s 2 + cu 2 ) m Us 2 + co 2 ) 


e ~ 8t ° 

s(s 2 + O) 2 )- * 


The inverse transform of the first term is given by Equation (36) and, in view 
of (T9), the inverse of the second term is zero when t < t 0 and is obtained by 
replacing t by t — t 0 in (36) when t > t 0 . Hence we have, when 0 <t< to. 


A 

x = — (1 - cos <o 0 t); 


mcoZ 


(37a) 


and, when t > t 0 , 


x =-- {(1 - cos co 0 t ) - [1 - COS O) 0 (t - f 0 )]} 




= - [cos w 0 (t — t 0 ) — cos co 0 t] 
k 

2Al . 1 \ . / 1\ 

= — \$ m ~ a >o*oJ sin co 0 ^ - - t 0 J. 


(37b) 


Thus, while the force acts (0 < t < t 0 ), the mass oscillates at its natural 
frequency, with amplitude A/k, about the point x = A\k\ however, after the 
force is removed (t > / 0 ), the mass oscillates about the point of equilibrium 

2 A 1 

(x — 0), at the same frequency, but with an amplitude — sin -a) 0 t 0 . If 
2tt k 2 

t 0 = — = T, where T is the period of the natural mode of vibration, then 
co 0 

x = 0 when t ^ f 0 , so that the mass returns to its equilibrium position as the 
force is removed, and then remains at that position. 

It is seen that in the preceding example, and in similar cases, the use of 
tables permits the determination of the transform of the solution by purely 
algebraical methods. This is true, however, only in cases when the coefficients 
of the linear differential equation are constants, and the usefulness of the 
present methods is mainly restricted, in such applications, to such cases. 

The use of Laplace transforms is particularly advantageous in the solution 
of initial-value problems associated with sets of simultaneous linear equations. 
We illustrate the procedure by considering an example. 
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We require the solution of the simultaneous equations 

dx t 

- y ~ e 

dt 


dy 

dt 


+ x = sin t 


which satisfies the conditions 

*(0) = 1, y{ 0) = 0, 

The transforms of (38) satisfying (39) are 

1 


(38) 


(39) 


s x — y 


x + sy = 


s — 1 
1 


+ 1 


s 2 + 1 


from which we obtain, algebraically, 


x = 


+ 


+ 


1 


(s - l)(s 2 +1) s 2 + 1 (s 2 + 1) ! 


y = - 


l 


l 


+ • 


(5 - 1)(S 2 +1) S 2 + 1 (S 2 + 1) ! 


If the first terms on the right-hand sides of these equations are expanded in 
partial fractions, there follows 


— f — 

2ls - 1 

-![—i- 

21 s - 1 


+ 


+ 


s 2 + 1 s 2 + 1 (s 2 + 1) 2 J 


1 


+ 


2s 


(40) 


s 2 + 1 s 2 + 1 (s 2 + 1) 2 J J 

and reference to Table 1 gives the required solution, 

x — i(e‘ + 2 sin t + cos t — t cos t) 
y = K-e* — sin t + cos t + t sin t) 


(41) 


To illustrate the existence of exceptional cases which may arise in connec¬ 
tion with simultaneous differential equations, we next attempt to find a 
solution of the equations 

dx 
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satisfying the conditions 

x(0) = 1, *'(0) = 0, y(0) = 0. 

The transformed equations are 

sx + y = 1, 


s 2 x + (s + 1) y = s + 



from which there follow 



The inverse transforms of these expressions are then 

x = 2 - e\ y = e l . 


(43) 

(44) 

(45) 


However, these solutions do not satisfy the last two of the prescribed initial 
conditions (43). It is readily shown, by methods of Chapter 1, that the most 
general solution of (42) is of the form • 


* = C - e‘, y = e* 


where Cis an arbitrary constant. Hence only the initial value of x is arbitrary, 
and the problem as stated does not possess a solution. 

This example shows that, in the case of simultaneous equations , although 
the method of Laplace transforms will yield the correct solution if it exists, it 
may also supply an erroneous solution (which fails to satisfy certain prescribed 
initial conditions) if no true solution exists. Thus, in doubtful cases, the satis¬ 
faction of initial conditions should be checked. 


2.9. The Gamma function. In calculating the transform of t n , where 
n > — 1 but n is not necessarily an integer, we encounter a function, known as 
the Gamma function , which also occurs frequently in many other applications. 
In this section we investigate certain properties of this function. 

If, in the integral defining the transform of t n 9 

&{t n }= (°°e- st t n dt (n > —1), 
j o 

we introduce a new variable of integration by setting st = *, there follows* 

£C{t n } = -L j\- x x n dx (n > —1). (46) 

The integral appearing in Equation (46) depends only upon n. Although it 
cannot be expressed in terms of elementary functions of n, the same integral 

* The restriction n > — 1 is necessary to ensure the convergence of the integral. If 
n ^ —1, the function t n does not have a Laplace transform, as here defined. 
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(f <*) i 


Table 2. Bessel Functions of Order Half an Odd Integer 
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with n (inconveniently) replaced by n — 1 is a tabulated function which occurs 
frequently in practice and is known as the Gamma function of«, written T(ai): 

I\m) = J* <r* x"' 1 dx (n > 0). (47) 

With this notation, Equation (46) can be written in the form 

se {*"} = 1} (« > -!)• (48) 

A comparison of Equation (48) with the result of Example 5, Section 2. 3, 
shows that 

F(n + 1) = n\ (49) 

if n is a positive integer, and that 

r(l) = 0! = 1. (50) 

Thus it is seen that, if n > —1, F(n + 1) is a continuous function of n which 
takes on the value n! when n is a positive integer or zero. For this reason, the 
Gamma function is often referred to as the generalized factorial function. 
Making use of an integration by parts, we obtain the result 

I\n + 1) = J* e~ x x" dx = —x n e-*|; + n J" x”' 1 dx 

= n f“ e-^x^dx (n > 0), 

J 0 

from which there follows 

T(n + 1) = n T(n) (n > 0). (51) 

Inductive reasoning then leads to the formula 

T(n + N) = (n + N - 1)(« + N - 2) • • • (n + \)n T(n) (n > 0), (52) 

where N is any positive integer. Also, if n is replaced by n — 1, Equation (51) 
can be written in the alternative form 

T(n - 1) = (n > 1). (53) 

n — 1 

Values of T(«), or of log 10 T(ri), are commonly tabulated for the interval 
1 <: n ^ 2.* Equation (52) can then be used to evaluate the Gamma function 
for arguments greater than 2, since any such argument differs from a value in 
the tabulated range by some positive integer N. If we write x = n + N and 
replace n by x Qy where 1 g x 0 ^ 2, Equation (52) becomes 

T{x) = (x— l)(x — 2 )-- (x 0 + l)x 0 r(x 0 ) 

(x > 2, 1 ^ x 0 ^ 2). (54) 

* A table of values of the Gamma function itself, in this interval, is presented in the 
Appendix. 
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Also, Equation (53) serves to determine values of the Gamma function for 
arguments between zero and unity. 

For negative values of«, the function T(«) is not defined by Equation (47), 
since the integral does not exist. However, it is conventional to extend the 
definition in such cases by requiring that the recurrence formula (51) hold also 
for negative values of n. A different method of definition yields T(n) for all 
complex values of n except for zero and negative integers, at which points T(«) 
does not remain finite. Since, for any negative value of n which is not an 
integer, there exists a positive integer N such that n + N is in the tabulated 
range (1 < n + N < 2), we may then replace n + N by x 0 and n by x in (52), 
where 1 < x 0 < 2, to obtain 

r(* 0 ) = (x 0 - l)(x 0 - 2) • • • (x + 1) x T(x) 


or, solving for r(x), 
T(x) 


rw 


x(x + l)(x + 2) • • • (x 0 - 2)(x 0 - 1) 


(x <1, 1 < x 0 < 2). (55) 


Equations (54) and (55) thus serve to determine values of the Gamma 
function for real arguments outside the tabulated range. It should be noticed, 
however, that since the denominator of Equation (55) vanishes when x is zero 
or a negative integer, the Gamma function is not defined for these values, and 
becomes infinite as these values are approached (see Figure 2.5). 

It will be convenient in later work to use the notation n ! even in cases when n 
is not a positive integer or zero , with the convention that in such cases n ! is 
defined by Y(n + 1). 

The value of F(J) is of particular interest. A well-known but quite indirect 
method of determining this value is now presented. From the definition (47), 
we have 

r(i) = /“ e-‘z- m dz. 

With the change in variables z = x 2 , this integral becomes 


1X4) = 2 J" e - * 2 dx. (56) 

If the right-hand side of Equation (56) is multiplied by itself, and if the variable 
of integration is replaced by y in one factor, there follows 


[IXi)] 2 = 4(J* dx)(J" dy) = 4 J“ J" e~ ( * W) dx dy. 

This double integral represents the volume under the surface z = e~ {x2+vZ) in 
the first quadrant (x ^ 0, ^ 0). Changing to polar coordinates, we obtain 


KiB'-Cf 


e r * r dr) dd = 4 - e -— 
2 -2 



80 


The Laplace transform / chap. 2 


Thus, finally, 


r® = Vtt. 


From Equation (56) we also have the useful result 

JV?. 

We include without proof the formula 


(57) 

(58) 


T(x) T(1 -x) = , (59) 

sin 7 tx 

which can be shown to be valid for nonintegral values of x and which is of 
some use in applications of the Gamma function. 



Figure 2.5 


It can be shown that the Gamma function is defined alternatively by the 
limit 

r(x) = lim - - -n*. 

n—co x(x + l)-”(x + n ) 






References 


81 


Hence there follows also 


lim 

n~* oo 


n ! rf 

I\x + n + 1) 


= 1 . 


(60) 


Thus in limiting operations involving Gamma functions, when n -* oo, the 
expression F(x + n + 1) can be replaced by its approximation n\ n x . We 
indicate this fact by the notation 


(n + x)! = T(x + n + 1) n x («->■ oo), (61) 

where the symbol ~ is to be interpreted as indicating that (61) implies (60). 
A further limit of some interest is of the form 


lim ■ ■ ■ r(w + 1} = 1 

n-oo \J2tt n n+{1,2) e~ n 


(62) 


which we can write symbolically 

n\ = T(n + 1) ^ Vlrr n n+{1,2) e~ n (n -> oo). (63) 

If n is a positive integer, this approximation is known as the Stirling formula 
for the factorial. 

Proof of these relations is beyond the scope of this chapter. 
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PROBLEMS 


Section 2.1 

1. (a) Obtain the solution of the equation 

dy 

for which y(0) = y 0 , by the method of Section 2.1. Assume that a ^ a. 

(b) Verify the solution so obtained. 

2. (a) Obtain the solution of the equation 

dy 

--ay=e»* 

for which y(0) = y 0 , by considering the limit of the solution of Problem 1 as 
a—► a. 

(b) Verify the solution so obtained. 


Section 2.2 


3. Find the Laplace transform of each of the following functions, by direct 
integration: 

(a) e at cos kt, (b) t n e~ at (n a positive integer). 


(c) 


sin t 
0 


(0 < t < it) 
(t > 7r). 


(d) 


(0 < t < a) 
(a <t <b) 
0 t > b). 


Section 2.3 

4. Find the Laplace transform of each of the following functions: 

(a) / 3 , (b) t 1 e~ 3t , (c) cos at sinh at, 

(d) fe e sin2r, (e) t 2 sin at, (f) e^cosh bt. 

5. Find the Laplace transform of each of the following functions: 
d*f(t) 


(a) 


dt* 9 
N 


(b) te*f(t), 


(c> 2 fln<n ’ 


n «=»0 


N 

(d) 2 a » 


cos nt. 


n =0 


6. The Laguerre polynomial of degree n is defined by the equation 

L n {t)=e*L^ e -t). 


Se{L n {t)) = 



Prove that 
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7. Prove that if/(r) = se {/(/)}, and if a >0, then also 




(b) sr-Wa,)} =-/ -). 


8. Let /(/) — F(t) when 0 < t < a, and let /(f) be periodic , of period a , so 
that f(t + a) = fit). By writing 

& {/(0} = J* dt + JV“/(f) dr + e~ 3t f(f) dt + • • • 

and transforming each integral in such a way that in each case the range of 
integration is (0,a), show that 

& {/(f)} = J“ e~“ F(t) dt [1 + <f-« + e- 23a + •••], 


and hence, when s > 0, 


= ! _ g -,a 


9. Apply the result of Problem 8 to the “square-wave function” for which 

a a 

Fit ) = 1 when 0 < t < - and Fit) = -1 when - < t < a. Show that the transform 
of this function is 

i\-e~ as,2 f \\-e- as/2 1 ay 

si 1 - e~ as ) ~ ~s 1 + e~ aa/2 ~ ~s tanh *4 * 

10. Show that if fit) is the “square-wave function” of Problem 9, then J */( w ) du 
is a “triangular-wave function.” Sketch it and give the expression for its transform. 

11. (a) Show that, if/(s) = se { fit )}, and if an interchange of order of integra¬ 
tions is valid, then 


pc,*-*{&'). 


[The result is valid, for s sufficiently large, whenever fit)/t has a transform.] 
(b) Use this result to deduce the transforms 


= cot -1 s, & 


m 


12. (a) By formally setting s = 0 in the result of Problem 11(a), obtain the 
formula 

[The result is valid when the integral on the right exists.] 

(b) Use the result of part (a) to obtain the evaluations 

f ® sin t n r« e-^t-e-u b 

— dt = -, --- dt = log - (a,b > 0). 

Jo • 2 Jo t a 
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(c) Show that if /(f) = e\ then neither side of the relation of part (a) 
exists, whereas if/(f) = e i sin f, then the left-hand member exists but the right-hand 
member does not. 

13. By applying the property of Equation (16) to the result of Problem 11, 
obtain the formula 

Also, assuming that the result of Problem 12 also applies, obtain the formula 

[In each case, the given formula is valid, for s sufficiently large, whenever the left- 
hand member exists. The integral jj°/(f)/f dt need not exist.] 

14. Assuming the results of Problem 13, show that 


* {sm = - s cot- 1 5, jar {0(0} - l - log ^== > 


and 
where 

SKf) 

Section 2.4 


-log 1 
s 


s + r 


ft sin u f 00 cos u f°° e~ u 

i(t) — - du, O(f) = — - du, Ei(-t) = —I —du. 

Jo u Jt u Jt u 


15. Let —- denote the ratio of two polynomials, with no common factors, 

such that the degree n of D(s) is greater than that of N(s), and suppose that D(s) 
has n distinct real zeros s = a l9 a 2 ,..., a n . Show that the coefficients in the 
partial-fraction expansion 

m A, A 9 , An V A m 

—— --1-h * * * H-- / - 

D(s ) s — a x s — a 2 s — a n s — a m 

771=1 


are determined by the equations 
A 


. m 

= ^ {s - aJ m = 


D\aJ 


Hence show that in this case 


se-' 



N(a m ) 

-«•* 

D\a m y 


16. If se {fit)} =f(s) and if 


fit) = A, + A x t + A,t* + • • • + A n t n + • • • 
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(in some interval about t = 0) and 

. B 0 B x B 2 

/«-T + 7 + ? + ' 

(for sufficiently large values of s), show that 


17. By using the ratio test, show that if lim = .? 0 , the second series in 

n~* oo I B. n I ^ 

Problem 16 converges when s > s 0 . Deduce that in this case lim —= 0, so 

n~*co 

that the first series in Problem 16 then converges for all values of t. 

18. Use the results of Problems 16 and 17 to find the inverse transform of each 
of the following functions as a power series in t: 


(a) sin -, w ,_ 

s + 1 V\ + (l Is) 2 

19. Verify Equation (22) in each of the following cases: 

(a) /(/) = cos at, (b) f(t) = sinhaf. 


(c) As) = 


(d) As) 


2s + 1 

; 5 2 + 2s + 2 ' 


20. By starting with Equation (15a) and considering the limiting form as 
-> 0, obtain the relation 


lim sf(s) =/(0) + lim f e st f'(t)dt 


and, by formally taking the limit on the right under the integral sign, obtain the 
result 

lim sf(s) =/(°°) 

8~>0 

where /(oo) = lim f(t). [Compare Equation (22). The result is valid when the in - 

t-+ 00 

f 00 

tegral f\t) dt exists. In particular, lim fit) must exist.] 

J 0 t-+ oo 

21. (a) Show that the result of Problem 20 is not valid, in particular, in the 
cases for which f(s) is given by 

1 1 1 
J - r 5 2 + r s(s 2 - 3s 4- 2) ■ 

(b) Show that the result of Problem 20 is valid, in particular, in the cases 
for which f(s) is given by 

1 1 1 
s * s + 1 ’ s(s 2 + 3.5 -b 2) * 
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[The result of Problem 20 occasionally is stated without qualifying restrictions. 
The above examples show that some care should be taken in applying it. In practical 
situations, it can be used if the existence of lim f(t) is assured, from physical 
considerations or otherwise.] 

Section 2.5 

22. Determine the convolution of each of the following pairs of functions: 


(a) l,sino/; 
(c) e*\ e bt ; 


(b) t, e at \ 

(d) sin at, sin bt. 


23. Verify Equation (20) in each of the cases considered in Problem 22. 

24. Suppose that y(t) satisfies the integral equation 


yU) = F(0 + G(t - u) y(u) du. 


where F(t) and G{t) are known functions, with Laplace transforms F(s) and G(s), 
respectively. 

(a) Show that then 

* s) = = F(s) + F(s) - 

(b) Deduce that the solution of the integral equation is 

y(t) = F(t) + H(t - u) F(u) du, 
where H(t ) is the function whose transform is given by 

n ,,x _ gW 

ff(s) ~ 1 - G(s). 

(c) Illustrate this result in the special case when G(t) = e^K 

25. (a) Show that s~ n f(s) is the transform of the function 


when n is a positive integer, 
(b) Deduce that 


= —1— f 

(« - 1)! Jo 


(t-uY-'f(u)du, 


n times 


n times 


I ■ • • J> orb* [*• 


Section 2.6 


26. (a) Show that 


J* 6(u - tjfiu) du =/(/!> if a <t t <b. 
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if the integral is defined as the limit (as € -* 0) of the integral in which <5 (u — t x ) is 
replaced by a function equal to l/(2c) when t 1 —€<u<t x + € and equal to zero 
elsewhere. 

(b) In a similar way, obtain the relation 

j a 6'(u — /i)/(«) du = —fXti ) if a <t x <b. 

(c) Show that the convolution of 6{t — /j) and f(t) is given by 


J* <H« - h)f(t - u) du 


(0 (/ < h) 

l/('-'i) (' > h). 


27. (a) If the Heaviside unit step function H(t) is defined such that H(t) = 1 
when t > 0 and H(t ) = 0 when / < 0, show that 

* {m} = y * {H{t - t,)} = ~ 

when t t > 0. 

(b) Noticing that -S? {<5'(0} = sSf {<5(/)} — s 2 SC {//(/)}, indicate a sense in 
which, correspondingly, we may be led to think of <$'(/) as a formal derivative of 
<5(r), and of <5(0 as a formal derivative of H(t). 


Section 2.7 

28. Find the inverse Laplace transform of each of the following functions: 


(a) 

(b) 


1 


j* - 3j + 2 
2s + 1 


(b) 

(e) 


s 2 - 2s + 5 
1 


(0 


s + 1 
s 4 + 1 


(0 


s(s + lx* + 2) ’ v ' s 2 (s 2 + 1) ’ w s + 1 

29. Find the inverse Laplace transform of each of the following functions: 


(a) 


(d) 


(s 2 + a 2 ) 2 ’ 
1 


(b) 

(e) 


(s 2 - a 2 ) 2 ’ 
1 - e~* 


(c) 

(0 


3s + 1 

(s + l)(s + 2Xs + 3) ’ 

1 


s 3 + a 3 ’ w s ’ v/ (s 2 + a 2 Xs 2 + b 2 )' 

30. Find the inverse Laplace transform of each of the following functions: 


(a) 


(d) 


s + 1 

s 2 + 2s + 2 ’ 


(s + «)* ’ 


(b) 

(e) 


s 4 + 4a 4 ’ 
1 

(s 2 + l) 3 ’ 


(C) 

(0 


5* + r 

i 

(s 2 - 1)»' 



88 


The Laplace transform / chap. 2 


Section 2.8 

31. Solve the following problems by the use of Laplace transforms: 

(a) Q + ky=0, 0 ) = 1 . 

(b) J t +ky = 1 , jKO) = 0 . 

(c) j f +ky=6(t- 1), y( 0 ) = 1 . 


(d) J t +ky =/(/), 


7(°) = y 0 - 


32. Solve the following problems by the use of Laplace transforms: 

dy( 0 ) 


cPy dy 

(a) i + 2 i + 2 ^ = 0 ’ 

d 2 y dy 

(b) i + 2 i + 2 ^ = 2 > 


y( 0 ) = 1 , 


dt 


= - 1 . 


dy(0 ) 

„v(0) = o, -^-=1. 


(c) 


d 2 y dy 

i + 2 i + 2 ' 


dyi 0 ) 

Xt - 1 ), y( 0 ) = 1 , = - 1 . 


( d } 5 + 2 | + 2^=/W, 7(0) = Jo- 


dyi 0 ) , 

~dr=y°- 


33. Solve the following problems by the use of Laplace transforms: 

d*y(0) 


(a) ^ + 4y = 0, 

(b) $ + 4y=4. 


4*0) ^7(0) Q 


7(0) = 


dy{ 0 ) 


dt* 

d*y(0) 


dt 3 


= 1 . 


dt dt* 

34. Use Laplace transforms to solve the problem 
d*y 


d 3 yi 0 ) 

dt 3 


0 . 


dt * 


+ 7 = 6 (f - a), t( 0 ) = 0 , yib) = 0 , 

4K°) 


where 0 < a < b, by first writing ^ — c, and finally determining c so that the 

condition y{b) — 0 is satisfied by the inverse transform. 

35. In Figure 2.6 a mass m is connected to an elastic spring with spring constant 
k, and to a dashpot which resists motion of the mass with a force numerically 
equal to c times the velocity of motion. The applied external force is indicated by 
fit) and the displacement of the mass from equilibrium position by x. 
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(a) Show that the differential equation of motion can be put into the form 


fx 

dt 2 


+ 


2a^ + (a*+ ^)* =!/(/) 


m' 


with the abbreviations 


k 

m 


"o» 



P = V o)q — a 2 . 


(b) Assuming that the mass starts from rest at its equilibrium position and 


is acted on by a uniform force / 0 , find 
the resulting motion. Consider separately 
the cases when p is real and positive, p = 0, 
and P = iy , where y is real. Discuss the 
three cases and sketch typical curves 
representing the displacement as a function 
of time. 

(c) Assuming that the mass starts 
from rest at the position x = a and that no 
external force acts, investigate the resulting 
motion as in part (b). 



36. (a) Use the method of Laplace transforms to obtain the solution of the 
simultaneous equations 

dx dy 

j t + j t + x = - e ~ t 

dx dy 

- + 2{ t+ 2 X + 2y=* 
which satisfies the initial conditions 

rn = - 1 , y(0) - + 1 . 

(b) Solve the same problem by one of the methods of Chapter 1. 


37. Establish the relation 


^('*2) = (-D* ~ k ls n p - s”-yo) -/"-"(O)]. 

(Notice that by use of this relation a linear differential equation in y with polynomial 
coefficients can be transformed into a new linear differential equation in the 
transform y f which may in certain cases be more tractable than the original equation. 
In particular, if the coefficients are linear functions of /, the transformed equation is 
of first order.) 


Section 2.9 

38. Use tables (when necessary) to evaluate the following: 
(a) J o °°e“ x Vx dx, 

(d) (1.6)!, 


(b) r(2.7), 
(e) (-1.3)!, 


(c) IX-1.3), 

(0 ret). 
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39. By making the indicated substitutions, transform the integral 

roo = «-« /"-i dt 

to the following equivalent forms: 

/* oo 

(b) T(n) = 2J e~ r *r ln ~ 1 dr (t = r 2 ). 

40. (a) Obtain from Stirling’s formula (63) the relation 

logic/i ! ~ 0* + i) logio n — 0.4342945/1 + 0.39909 (n oo) 

for use in numerical computation. 

(b) Show that use of this formula gives the approximations 

10! t* 3.599 x 10 8 , 100! w 9.325 x 10 167 . 

(The true values, to four figures, are 3.629 x 10 6 and 9.333 x 10 157 . It can be shown, 
more generally, that Stirling’s formula for n \ is accurate to within 1 per cent when 
n > 10 and within 0.1 per cent when n > 100.) 

41. Investigate the following limits: 

f ^ nl 

(3) n-*® (« + 1)(« + 2X« + 3) • • • (a + n) ’ 


(2")! 

(b) iS!(r 


■fil* 

42. Starting with the relation 


T(x + n + 1) 

r(* +1) 


= (x + l)(x + 2 ) • • • (x + n). 


for any positive integer n, obtain the result 

d t w r'(Jt + 7! + l) 

— log T(x + n + 1) = —T—TT\ 
dx ° T(x + n + 1) 

T'(x + 1) 1 




1 


T(x + 1) 1 + jc ' 2 + jc 


+ 


1 


n + x 


(b) If we write 'F(z) = T'(z 4 - l)/r(z + 1), and set x = 0 in the result of 
part (a), show that there follows 

T(»)=T(0) + 1 + 5+5+ •■•+!. 


[The function *F(z) is often called the Digamma function . It takes on the value 
T’(O) = —y, where y = 0.5772157... is a number known as Euler's constant,] 
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43. The Beta function of p and q is defined by the integral 

B (p,q) = J* t*- 1 (1 - O *" 1 dt (p,q > 0 ). 

By writing t = sin 2 0, obtain the equivalent form 

B (p,q) = 2 J’ /2 sin 2p_1 8 cos 2 *" 1 8 d8 (p,q > 0). 

44. Make use of the results of Problems 39(b) and 43 to verify the following 
development: 

B (p 9 q) T(p 4 - q) = 4 j°°e~ r2 r 2p+2q ~ 1 dr j” 12 sin 2 *’ -1 0 cos 2 ®" -1 0 dO 
= 4 | “ fv-i x *-i dx dy 

- ity) r( ? ) ( M > o). 

Hence show that 

45. By writing t = x\(x + a) in the definition of the Beta function, and using 
the result of Problem 44, obtain the result 


I 


® x^-'dx T( P ) r(q) 

= <r* B (p,q) = <T« — - - {p,q,a > 0). 


Jo {x +«)’+«““ " r(^ + q) 

46. Use the results of preceding problems to verify the following evaluations: 


(a) 


(b) 


M2 M2 

sin” 0 dO = I cos n 
Jo Jo 




1 0 dd = 


i-i 

1 f’s" V 


Vl 



ffl 

2 r ! 

r i -) 

v; 

r (-i) 

" r ( 

£ + l) 


(« > - 1 ), 


(« > 0 ), 


(d) 

(e) 
(0 


: e dx ire 

— 2 = r(i-c)r(i +c )=_. 


Jo (1 

f" 1 njn 

Jo 1 + X n n J 0 1 + S sin («■/«) ” 

J V2 
. ' 


(-1 <C < 1), 


tan n Odd = 


cos (mr/2) 


(0 < n < 1). 



92 


The Laplace transform / chap . 2 


47. Verify the relationship 

ri/2 \/7T r(p) 

« 2J Q [r(l - OP- dt = 22: p_j jy 

by making use of the substitution / = |(1 — cos 0). 

48. By comparing the result of Problem 47 with the expression for B(p,p) which 
follows from the result of Problem 44, deduce the duplication formula for the 
Gamma function: 

2 2 p-tl 

T(2p) = — T(p) T(p + J). 

V 7T 

Also show that this result can be written in the form 

( 2 if)! = ^ «! (« - £)!. 

V IT 

49. (a) By writing jt = u\t in the definition 

B(m,n) = J* x m -\l - x )"- 1 dx, 

show that 

B{m,n) / m+n ~ 1 = J‘ u ™- 1 (/ - u )"- 1 du. 

(b) By noticing that the right-hand member is the convolution of / m_1 and 
f n_1 , deduce that 

x r(m + ii) r(m) r(u) 

= 

and so obtain a simple derivation of the result of Problem 44. 



CHAPTER 3 


Numerical Methods for Solving 
Ordinary Differential Equations 


3.1. Introduction. In this chapter there are presented certain methods of 
numerically calculating particular solutions of ordinary differential equations 
which cannot be readily solved analytically. The methods given are, in general, 
step-by-step methods and are described initially for first-order equations; how¬ 
ever, the extension of these methods to the solution of higher-order equations 
is also indicated. 

Before considering these procedures, we outline a graphical method of 
solving first-order differential equations which is of some practical interest. 
If such a differential equation is solved for the derivative of the unknown 
function, the result consists of one or more relations of the form 

Y = F(x,y) (1) 

ax 

where it may be assumed that the function F(x,y) is a single-valued function 
of x and y. Such an equation states that at any point (x,y) for which F(x,y) is 
defined, the slope of any integral curve passing through that point is given by 
F(x,y). If we plot the family of so-called isocline curves, defined by the equation 

F(x,y) = C (2) 

for a series of values of the constant C, it then follows that all integral curves 
of (1) intersect a particular curve of the family (2) with the same slope angle q>, 
where tan <p is given by the value of C specifying the isocline. Thus, if on each 
isocline a series of short parallel segments having the required slope is drawn, 
an infinite number of integral curves can be sketched by starting in each case 
at a given point on one isocline and sketching a curve passing through that 
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point with the indicated slope and crossing the successive isoclines with the 
slopes associated with them. This method can always be used to determine 
graphically the particular solution of (1) which passes through a prescribed 

point (x 0 ,y 0 ), when the function F(x,y) is 
single-valued and continuous. The pro¬ 
cedure is illustrated in Figure 3.1. 

3,2. Use of Taylor series. Suppose that 
the solution of (1) which passes through 
the point (^Jo) is required. Knowing 
the value of y at x = x 0i we attempt, 
by a step-by-step method, to calculate 
successively approximate values of y at 
the points 

*i = *o + K *2 = *o + 

..., x k = x 0 +kh, 
where h is a suitably chosen spacing along 
the x axis. For this purpose we now suppose that the value of y has been 
determined at x = x ki and denote this value by y k \ that is, we write 
y k = y{xj). We then make use of the Taylor series representation in the form 

y(x + h) = y(x) + y'(x) A + /(*) A* + • • •, 
and, setting x = x k , we obtain the formula 

yk+i = yk + y'k — + /* “ 4 — ( 3 ) 

for calculating the value ofy fc+1 . Primes are used to denote differentiation with 
respect to x. Since / is given by (1) in terms of x and y, the coefficients in (3) 
can be determined from (1) by successive differentiation. Thus we obtain 

/ = F(x,y), y k = F(x k9 y k ) 

„_dF . 3 Fdy *_ dF(x k9 y k ) dF(x k ,y k ) , 

y - 7 + 77 . yk— z t z yk 

ox oy ax ox oy 

and so forth, for the higher derivatives. Since y 0 is given, Equation (3) can be 
used to determine first y l9 with k = 0, then y 2 with k = 1, and so on, the 
number of terms being retained in (3) at each step depending upon the spacing 
and upon the accuracy desired. It is evident that a single series may, if preferred, 
be used for several calculations in some cases, by assigning successively doubled 
values to h . 
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Example 1. To illustrate this procedure, we consider the solution of the differ¬ 
ential equation 



with the initial condition that y = 2 at x = 0. We choose an interval h =0.1, 
and hence calculate successively the approximate values of y at x = 0 . 1 , 0 . 2 , 0.3, 
and so on. By successive differentiation we obtain 

y r s= y — x , y ,f = y r 1 , y^ — y ,f 

Hence, at x = 0, we have y 0 = 2 and 

>-o=2, /o = 1. < = 1, .... 

and, with k = 0, Equation (3) gives 

/* 2 / i 3 

J'i 5=5 Jo + 2h + — + — + • • • 

ss 2 + 0.2000 + 0.0050 + 0.0002 + * • • = 2.2052. 

Next, at x = 0.1, we have/! ^ 2.2052 and 

y[c^ 2.1052, 1.1052, yf ^ 1.1052, 

and, with k = 1, Equation (3) gives 

/ 2 ^/! + 2.1052/z + 0.5526/z 2 + 0.1842/i 3 + • • • 

^ 2.2052 + 0.2105 + 0.0055 + 0.0002 + • • • = 2.4214. 

The procedure may be repeated as often as is required. In this example the exact 
solution is readily found to be 

y = e x -t- x + 1, 

and the above results are found to be accurate to the four decimal places retained. 

This procedure is readily generalized to the solution of initial-value prob¬ 
lems involving differential equations of higher order, as may be seen from 
Example 2, below. For a second-order equation it is found to be necessary to 
calculate y * +1 as well asy * +1 before proceeding to the calculation of y k+2 . For 
this purpose we may differentiate y(x + h) with respect to x to obtain 

y'(x + h) = y(x) + y"{x) ^ + y"'(x) ^ H-. 

Setting x = x ki there then follows 

y'k+i = yl + y'k ~ + K ~ + * ■ • • (4) 

This result can also be obtained by differentiating Equation (3) with respect to 
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A, as may be seen directly from the fact that the derivatives of y(x + A) with 
respect to x and A are identical. 


Example 2. Consider the nonlinear differential equation 


d 2 y 

fa 2 




with the initial conditions that y = 1 and y' = — 1 when x = 0. We calculate the 
successive derivatives 


/ = / - xy 2 , f = f - 2xy/ - /, 
yv _ 2xy' 2 - 2xyy" ~ 4yy' . 


Hence, at x = 0, we have y 0 = 1, y' 0 = — 1, and 

yl =yl = -i. /o =/o-f 0 = - 2 . = 2 , 

Then, with k — 0, Equation (3) gives 


h 2 h 3 A 4 

T + — + •••, 


and, taking A =0.1, 


yi 9± 1 - 0.1 - 0.005 - 0.0003 + ‘ = 0.8947. 

Now, in order to calculate^ it will be next necessary to calculateand so on. 
However, the calculation of these values involves knowledge of the value y' x in 
addition to the value of y l9 which is now known. The value of y[ can be calculated 
by using the series 

A 3 

= -1 - A - A 2 + j + • • •, 


which is obtained by differentiating the series defining y x = y(x 0 + A) with respect 
to A. Hence we obtain 


y' x ^ -1 - 0.1 - 0.01 + 0.0003 + •••== -1.1097. 

The values of y f [ y y x , and so on, can now be calculated from the forms given, and 
the calculation of y 2 and y 2 proceeds in the same way. 


A further generalization to the solution of two simultaneous equations of 
the form 

7 - = F(x,y,t) and ^ = G(x,y,t), 
at at 

with prescribed initial values of x and y , is readily devised. 


3.3 . The Adams method. Suppose again that the solution of the problem 

= F ( x >y)> y(*> 0) = yo ( 5 ) 



see. 3.3 / The Adams method 
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has been determined up to the point x k — x 0 + kh. If now we assume that 

dy 

over the interval ( x k , x k + h) the derivative changes so slowly that it can 

be approximated by its value y' k at the point x k , then over that interval the 
approximate increase in y is given by h y' k , and we obtain 


= y k + h y' k g* y k + h F k , 


( 6 ) 


where F k is written for F(x k y^). This formula obviously would give exact 
results if y were a linear function of x over the interval considered. 

A more nearly exact formula is obtained, in general, if we assume that the 


dy 

derivative is nearly linear over the interval ( x k — h, x k + A), and hence that 


the graph of y can be approximated by a parabola over this interval. We thus 
assume the approximation 


F(x,y) ^ a + b(x — xj (x k — h < x < x k + h) 


and determine the constants a and b in such a way that the approximation 
takes on the calculated values of F(x,y) at the points x k — h and x k . In this 
way we obtain 


a = F k , 



Hence, integrating both sides of the differential equation (5) over the interval 
(**> x k + A), we find 

y *+1 - yk =£ \f k + (F k - Fi-i) X dx 

^hF k + ^(F k -F k . 1 ) 

or F*+i = yk H~ A F k + — ( F k — F k - 1 ). (7) 

The last term of this expression is seen to be a correction to the expression 

dy 

given by (6) and may be appreciable if the derivative varies appreciably over 

the interval considered. It should be noticed that the first ordinate calculable 
by (7) is y 29 when k — 1, and that in this case the values of y 1 and F ± are 
needed in addition to the known initial value ,F 0 . The value .of y x must be 
determined by another method, for example, by the use of Taylor series; the 
value of F x is then given as F{x x ,y^). With the notation 

AF* = F k+1 - F k , 

Equation (7) can be written in the form 

= y k + h(F k + \ AF fc _ x ). 


( 8 ) 
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Still more accurate formulas can be obtained, in general, if the derivative 
of the unknown function y is approximated by a polynomial of higher degree 
n 9 taking on calculated values at n + 1 consecutive points. By an extension 
of the preceding method (see Section 3.7), a formula is obtained when F(x 9 y) 
is approximated by a polynomial of fourth degree , in the form 

y k+ 1 ^y k + h[F k + i A F k _ x + A A *F k _ 2 + f a*f*_3 + *54 (9 ) 


with the notations 


Af r = F r+1 - F r , 

&*F r = AF r+1 - AF r , 
A 3 F r = A*F r+1 - A 2 iv, 
A 4 f r = A 3 F r+1 - A 3 /;. 


( 10 ) 


These notations define the first, second, third, and fourth forward differences 
of the calculated values of F which, as will be seen, are readily evaluated if the 
calculations are suitably tabulated. 

Formula (9), which involves fourth differences, would give exact results if, 
over the interval {x k — 4 h, x k + h) 9 the unknown function y were a poly¬ 
nomial of fifth degree in *. Formula ( 6 ) is obtained from (9) by neglecting all 
differences, and (7) or ( 8 ) is obtained by retaining only first differences. Form¬ 
ulas of intermediate accuracy can be obtained from (9) by retaining only terms 
through the second or third differences. 

It should be noticed that if, for example, it is decided that second differences 
are to be retained, the calculation of y k+1 makes use of the values of F k , F k _ l9 
and Fk- 2 > and hence of the values y k , y k _ l9 and y k _ 2 - Thus, the first ordinate 
calculable in this case would be y 3 . Since only y 0 is prescribed at the start, the 
values of y x and y 2 must first be determined by another method, such as that of 
Taylor series, or the Runge-Kutta method of the following section when initial 
series developments are not feasible. Similarly, if third or fourth differences 
are retained, three or four additional ordinates, respectively, must be first 
calculated by another method before the present procedure can be applied. 


Example 3. We apply this method to the continuation of the solution of the 
problem considered in Example 1, retaining second differences. The work is tabulated 
as follows: 


X 

y 

F**y-x 

AF 

A*F 

0 

2 

2 

0.1052 

0.0110 

0.1 

2.2052 

2.1052 

0.1162 

0.0122 

0.2 

2.4214 

2.2214 

0.1284 


0.3 

2.6498 

2.3498 



0.4 

2.8917 

_ 
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Before the Adams formula is applied to calculate y 3 , the two initial ordinates y x 
and y 2 are required in addition to the prescribed ordinate y 0 = 2. These ordinates 
are taken from the results of Example 1 and are entered into the second column of 
the table as shown. The corresponding values of F are then entered in the third 
column. Each entry in the fourth column is obtained by subtracting the corre¬ 
sponding entry in the F column from the succeeding entry in that column. Algebraic 
signs must , of course , be retained. The last column contains similar differences 
between successive entries in the A F column. In this way the entries above the 
division line in each column of the table are obtained. Now, to calculate the 
ordinate y 3 , we make use of Formula (9), neglecting the last two terms, and notice 
that the quantities needed are exactly those which appear immediately above the 
division line in each column, i.e., the last numbers entered in the columns at this 
stage of the computation. We thus obtain 

y 2 g* 2.4214 + 0.1[2.2214 4- i(0.1162) -1- A(0.0110)] = 2.6498. 

It is seen that the differences needed at a given step of the calculation recede along 
successive columns in the table. The value of y 3 is now entered in the second column, 
the corresponding value of F is calculated, and additional differences are deter¬ 
mined. The next ordinate is then calculated as before, 

y 4 a* 2.6498 + 0.1 [2.3498 + ifO.1284) + £(0.0122)] = 2.8917, 

and the process is continued in the same way. A rough check on the accuracy 
obtained at each step can be obtained by estimating the contribution of the neglected 
third difference. Thus, retention of third differences in the calculation of y 4 would, 
in this case, increase the value obtained by |(0.1)(0.0012) = 0.00005, and hence the 
fourth places in the results are in doubt. The correct value is e 03 -I- 1.3 = 2.8918. 


To apply the Adams method to a second-order equation of the form 
d 2 y 
dx 2 




(ii) 


d y, 


we may first introduce the notation p = and hence replace Equation (11) by 

the simultaneous equations 


dy 

dx 

dp 

dx 


- F(x,y,p) 


The initial conditions at x = x 0 , 

y = 


dy 

dx 


= P = A) 


(12a,b) 


(13a, b) 


are to be satisfied. Then, applying (9) separately to (12a) and (12b), we obtain 

the two formulas . ., . , A . >. v 

y^i^.yk + h(p k + i a p k _ x + •*•)) 

Pk+i^Pk +h(Fk + H-) j ’ 

and proceed step by step as before. 


(14a,b) 
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Example 4. We apply this method to the continuation of the solution of the 
problem considered in Example 2, retaining (for simplicity) only first differences. 
The work is tabulated as follows: 


X 

n 

P 

Ap 

[ESE9i 

A F 

0 

i 

-1 

-0.110 

-1 

-0.190 

0.1 

0.895 

-1.110 


-1.190 


0.2 

0.779 

-1.238 

^_ 


^____ 


The values of y x and p u taken from Example 2, as well as the prescribed values of 
y 0 and p 0 , are first entered. Next the corresponding values of F and the differences 
A p 0 and AF 0 are calculated and entered. Equations (14a,b) then give 

y 2 ^ 0.895 + 0.H-1.110 - 0.055) = 0 . 779 , 

p 2 == -1.110 + 0.1 (—1.190 - 0.095) = -1.238, 

At this stage a second difference A 2 p 0 = —0.018 can be calculated. Since its contri¬ 
bution to the calculation of y 3 would be —0.00075, it may be presumed that the 
result for y 2 is also in doubt by about one unit in the third decimal place. 

The generalization of these methods to the solution of more general initial- 
value problems involving two simultaneous differential equations offers no 
difficulty. 

3.4. The modified Adams method. A useful modification of the Adams 
method in the case of a first-order equation consists of using an appropriate 
truncation of the Adams formula 

y k+ i^y k + h[F k + i A F k _, + A A*F k _ 2 + fAV t _, + ffiA *F k _ t ] (15) 

only as a “predictor,” to provide a first approximation to the value of y k+1 , 
and of using a corresponding truncation of the formula 

y M ^y k + h [F w - i A F k - A A^_, - A A*F k _ 2 - A* A 4 /^_,] (16) 

as a “corrector.” The derivation of the latter formula is indicated in Section 3.7. 

The approximation yielded by (16) usually is better than that afforded by 
(15), when both are terminated with differences of like order, since the co¬ 
efficients of the higher differences are smaller in (16). However, this advantage 
is partly offset by the fact that, since the right-hand member of (16) involves 
F*+i = equation expresses y k+x (approximately) in terms of 

itself. Thus (16) generally cannot be solved analytically for y k+x except in 
special cases, such as those in which F is a linear function of y. 
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Fortunately, resort generally can be had to a simple iterative procedure 
for the solution of (16) when the spacing h is sufficiently small. For this 
purpose, (15) is first used to determine a “predicted” value of y k+1 > in corre¬ 
spondence with which the approximate value of F k+1 is calculated, together 
with the approximate new differences A F k = F k+1 — F k , A 2 F k .. v etc. Then 
(16) is used to determine a “corrected” value of y M . If this value differs 
significantly from the predicted value, the entries A F k , etc., then are cor¬ 
respondingly corrected and (16) is used again, to provide a “recorrected” value 
of y k+1 . Generally the need for this recorlection is avoided either by retaining 
a sufficiently large number of differences or by taking the spacing h to be 
sufficiently small. 

Example 5. In the case of the problem considered in Example 3, the entry 2.8917 
here would be interpreted as the predicted value of y 4 . When corresponding approxi¬ 
mations to F 4 , AF 3 , and A 2 F 2 are calculated, the tabulation appears as follows: 


X 

y 

F 

A F 

a 2 f 

0 

2 

2 

0.1052 

0.0110 

0.1 

2.2052 

2.1052 

0.1162 

0.0122 

0.2 

2.4214 

2.2214 

0.1284 

0.0135 

0.3 

2.6498 

2.3498 

0.1419 


0.4 

2.8917 

2.4917 

_ 



From (16), truncated also to second differences, a corrected value is obtained, 
y^ 2.6498 + 0.1 [2.4917 - 4(0.1419) - i, (0.0135)] = 2.8918, 

in correspondence with which the tabulated values of F 4 , AF 3 , and A 2 F 2 each are 
corrected by one unit in the last place retained. Clearly, no additional corrections 
will result from a repetition of the process, so that an advance to x = 0.5 appears 
to be in order. 


When both formulas are truncated with a difference of order r (r = 2 in 
Example 5), the error in the finally corrected value can be estimated by the 
formula 

(17) 


■JJC + 1 = 


yj+i ~ yim 

2 + 4 r 9 


where y k+1 is the “predicted” value obtained from (15) and is the final 
“corrected” value obtained from (16). (See Reference 2.) This estimate applies 
only to the error introduced, by using (16) to approximate the differential 
equation, in progressing from x k to x k + v It ignores the accumulated effects of 
errors of the same type introduced at earlier stages, as well as the effects of 
“round-off” errors; also its validity essentially presumes that the spacing h is 
sufficiently small to obviate the need for “recorrection.” 
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Thus, for example, when only second differences are retained, the error 
in the corrected value can be estimated as — jf +1 )/10, provided that 
this estimate is small, that the same is true of the corresponding error estimates 
at all preceding stages, that recorrection was not needed, and that round-off 
errors have been controlled by the retention of an appropriate number of 
significant figures in all calculations. 

It happens that the rate of convergence of the iterative process, in the 
determination of y k+1 from (16), depends upon the magnitude of the quantity 

Pk = fih d - F (^ , (18) 

dy 

where /? is the algebraic sum of the numerical coefficients of the differences 
retained in (16). (See Reference 2.) Thus, when second differences are retained, 

0=1 -A = A- 

Unless \p k \ < 1, the process either will not converge or will converge so slowly 
that many recorrections will be needed, in general. In the case of Example 5, 
the “convergence factor” p 3 is seen to be 

p 3 — &h & 0.04. 

Before starting a step-by-step calculation based on (16), it is desirable to 
verify that the spacing h is such that the magnitude of the initial convergence 
factor pq is small relative to unity. 

The application of the modified Adams method to the second-order 
equation (11), or to a higher-order equation, is perfectly straightforward. In 
the case of Equation (11), y" = F(x,y,y% the approximate “convergence 
factor” is found to be 

+ (19) 

5.5. The Runge-Kutta method . The method associated with the names of 
Runge and Kutta is a step-by-step process in which an approximation to y k+l 
is obtained from y k in such a way that the power series expansion of the 
approximation would coincide, up to terms of a certain order h N in the spacing 
h = x kn — x kf with the actual Taylor series development of y(x k + h) in 
powers of A. However, no preliminary differentiation is needed, and the 
method also has the advantage that no initial values are needed beyond the 
prescribed values. Such a method is particularly useful if certain coefficients 
in the differential equation are empirical functions for which analytical expres¬ 
sions are not known, and hence for which initial series developments are not 
feasible. In place of using values of N derivatives of y at one point, we use 
values only of the first derivative at N suitably chosen points. 
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The derivation of the basic formulas may be illustrated by considering the 
special case when second-order accuracy in h is required. Again starting with 
the differential equation 

y- = F(x,y) (20) 


and the prescribed initial condition y = y 0 when x = x 0 , the Taylor series 
expansion of = y(x k + h) up to second powers of h is obtained, by 
introducing the two succeeding relations into (3), in the form 

y * + i =y * +F * h + (tr + 2 + ‘" (21) 

with the notations 

F _ F(r .. -> dF k _ dF(x k ,y k ) dF k _ dF(x k ,y k ) 

*k ~ T(X ki y k ), ~T~ — Z > ~Z ~ T • 

ox ox oy oy 

We assume an approximation of the form 

yk+1 ££ Jfc + K h F k + Aj h F(x k + n-Ji, y k + ji 2 h F k ) (22) 

and attempt to determine the constants X v 2 2 , jn v and fi 2 in such a way that 
the expansion of the right-hand side of (22) in powers of h agrees with the 
expression given by (21) through terms of second order in h. From the Taylor 
series expansion 

/(x + ».,+ *)- /(x,,) + H + K y&H + • •., 

ox oy 


for small values of H and K , where the following terms are of second order 
in H and K, we find 


F(x k + n x h, y k + fx 2 h F k ) 


- F(x„,,) + ft* + ft* d -^F, + 


dx dy 

r 1 , f dF k dF k 1 
= F k + h jjUi — + — F k J + • • •, 

where the omitted terms are of at least second order in h. Hence (22) becomes 


^fc+i = yk + (^i + KWkh + K + Fz ~zf^ Fkj h 2 + • * *. (23) 

The terms retained in Equations (21) and (23) are brought into agreement 
if we take, in particular, 
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Thus Equation (22) becomes, in this case, 

y*+ 1 S* J'k + | [F(x k ,y k ) + F(x k + h,y k + h F*)] 

or, writing 

K k = h F(x k ,y^), K 2 = h F(x k + h,y k + A - ,), (24) 

this result can be put in the form 

y k +i^y k + m + K 2 ). (25) 

It should be noticed that Equation (23) can be brought into agreement 
with (21) in infinitely many ways, by taking 

where ^ 1 but is otherwise arbitrary. Thus infinitely many other forms of 
(22) could be obtained, in addition to the rather symmetrical form chosen here. 

By methods analogous to that just given, similar formulas giving higher- 
order accuracy in h may be obtained. We give without derivation two such 
procedures: 

Third-order accuracy: 

y k +1 ~y k + a(^i + 4 a 2 + ^3) ( 26 ) 

a 1 = h F(x k , yk ) \ 

a 2 = h F(x k + \h, y k + £%) j (27) 

a 3 = h F(x k +h,y k + 2a 2 - a k )) 

Fourth-order accuracy: 

y k + 1= y k + K^i + 26 2 + 2fr 3 + ^4) ( 28 ) 

= h F(x k ,y k ) 

b 2 = h F(x k + \hy y k + \b^) 
b 2 = h F(x k + £A, y k + %b 2 ) 
b A = h F(x k + h,y k + b 3 ) 

The close relationship between Equations (26) and (27) and the formula of 
“Simpson’s rule’’ (see Problem 25) may be noticed. 

Let the error associated with using a procedure of Nth-order accuracy k 
times with spacing h be expressed in the form K k h N+1 ; that is, suppose that 
the correct result is given by adding K k h N + l to the calculated result. Then it 
can be shown that in ordinary cases the quantity K is not strongly dependent 
on fc, A, and N. Thus, if the spacing were doubled, the error associated with 
the corresponding new calculation would be approximately 

K k -(2h) N+1 = 2 N Kkh N+ \ 
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Since the result of subtracting the ordinate determined by the second method 
from that determined by the first would then be (2^ — 1) Kkh N+1 , it follows 
that this difference is approximately (2^ — 1) times the error in the first (more 
nearly exact) calculated value. In this way we are led to the following error 
estimate: 

If a procedure of Nth-order accuracy gives an ordinate y a) with spacing h 
and an ordinate y (2) with spacing 2h, the error in y a) is given approximately by 
(yd) -y {2) )l(2 N - 1). 

Thus, the difference between the two results is divided by 3 if (24) and (25) 
are used, by 7 if (26) and (27) are used, and by 15 if (28) and (29) are used, to 
obtain an error estimate. 

Example 6. We apply (26) and (27) to integrate the equation considered in 
Example 1. The work can be arranged as follows: 


X 

0 


0.2 [ 

y 

2 

2.20517 

2.42139 j 


0.2 

0.21052 

\ 

x+\h 

0.05 

0.15 

1 

y+£“i 

2.1 

2.31043 


a 2 

0.205 

0.21604 

J 

x+h 

0.1 

0.2 

\ 

y-\-2a 2 — a l 

2.21 

2.42673 

/ 

<*3 

0.211 

0.22267 

( 

ai+4<X2"l'®3 

6 

0.20517 

0.21622 

1 


If the spacing is doubled, the result^ ^ 2.42133 is obtained directly (with h = 0.2). 
Application of the error estimate gives the approximate error (0.00006)/7 = 0.00001, 
which indicates that the first value calculated for y 2 may be one unit too small in the 
last place retained. The exact value is y 2 = 2.42140 to five decimal places. 

To integrate a second-order differential equation of the form 

d 2 y _ P /_ .. dy\ 
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with the initial conditions y =y 0 and / = y' 0 when x = x Q , with third-order 
accuracy in the spacing, we first calculate successively the values 


ki = h y' k> 

k{ = h F(x k ,y k ,y' k ), 

k, = Ky' h + ik'D, 

k 2 = h F(x k + ih, y k + \k t , y k + JfcJ), ( 

k 3 = h(y’ + 2 kl - fcj), 

K = h F(x k + h, y k + 2k 2 - k x , y k + 2 k' 2 - k[). 

The values y k+1 andj ^ +1 are then given by 

y k+ i ^y k + K fe i + 4fe a + k 3 ) (32) 

and y' k +\ ^y' k + m + 4fe 2 + fc 3 >- (33) 

A corresponding formula giving^ fourth-order accuracy can be written down by 
analogy from (28) and (29). 

Example 7. Applying this method to calculate y x in the case of the problem of 
Example 2, we obtain successively 

= -0.1, k 2 = -0.105, k 3 -0.11190, 

k' x = -0.1, k' 2 = -0.10951, k' 3 = -0.11982. 

There then follows 

y^l- |( 0.1 + 0.42 + 0.11190) = 0.89468, 
y{£i -1 - 1(0.1 + 0.43804 + 0.11982) = -1.1096. 


3.6. Picard's method. In contrast with the step-by-step methods so far 
considered, in which successive ordinates are calculated point by point, the 
method of Picard is an iterative method which gives successive functions which, 
in favorable cases, tend as a whole (at least over a certain interval) toward the 
exact solution. Although the method is of limited practical usefulness, it 
illustrates a type of procedure which is of frequent use in other applications, 
and is in itself of theoretical importance. 

Considering first an initial-value problem of first order, 

^ = F(x,y), (34) 

dx 

where y = y 0 when x — x 0 , we formally integrate both sides of Equation (34) 
over the interval (x 0 ,x) to obtain an equivalent expression 

y = y 0 + j H F(x,y) dx. 


(35) 
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Now, to start the procedure, we take as an initial approximation to the 
function^ (to be determined) a suitable function of x 9 say y i) (x). If the general 
nature of the required solution of (34) is known, this initial function may be 
chosen on this basis. It is preferable that it satisfy the initial condition, although 
this is not necessary. In the absence of further information, the initial approxi¬ 
mation function j ( 1 ) (x) may be taken as the constant y 0 . With this assumed 
approximation for y, as a function of x, the function / r (x,j> (1) ) becomes a 
known function of x, and a second approximation to the function y 9 say 
j ( 2 ) (x), is given by 

y®(*) = y 0 + FO,/ 1 ^)] dx. (36) 

A third approximation is obtained by replacing y by y {2) (x) in F(x 9 y) and using 
Equation (35) to give 

y ( 3 , (x) = y 0 + f f[*,y 2 ) M] dx. (37) 

In this way successive approximations are obtained as functions of x 9 
according to the formula 

/ n+1, (*) = y 0 + r F[x,y M (x)] dx. (38) 

*> Xq 

If F(x,y ) is sufficiently regular near the point (x 0 ,^ 0 ), the successive approxi¬ 
mations y ll) 9 y l2) ,..., y {n) will tend toward a limiting function y{x) over some 
interval in x about x x 0 , and that function will satisfy the differential 
equation (34) as well as the prescribed initial condition. 


Example 8. Applying this method to the solution of the equation of Example 1, 
we write 

yn+ 1 ) =2 + 1* (/"> - x) dx. 

Taking y (l) = 2, we obtain successively 

= 2+1 (2 - x)dx = 2+ 2x - — , 

** = 2 + i [2 + x- 1 Jdx-2 + 2x + 

=2 + f 0 ( 2 + X + l~l) dX = 2 + 2X + l + ^~^’ 

and so forth. In this case it is readily shown by induction that 

x 2 x 3 x n x n+1 

y z + zx + 2! + 3! + + „i („ + i)! 

and as n becomes large we are led to a consideration of the infinite series 

( xx 2 x n \ 

1 + V. + 21 + " ’ + n\ + ' 
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which may be recognized as the expansion of the known exact solution 

y = 1 + x + <r®, 

the expansion converging for all values of x. 

In practice it is usually not feasible to obtain an explicit expression for the 
nth approximation and to proceed to the exact solution by a limiting process, 
as in the example given. Furthermore, the successive approximations need not 
be polynomials, as in this case. Still, if a particular approximation is used to 
calculate y, the accuracy at a given point can be estimated roughly by consider¬ 
ing the deviation between this approximation and the preceding approximation 
in the neighborhood of the point. 

Similar procedures can be devised for dealing with equations of higher 
order, the convergence of the successive approximations to the true solution 
depending upon the regularity of the coefficients. 

5.7. Extrapolation with differences . For purposes of simplicity, the details 
of the derivation of Equations (9) and (16), which specify the Adams method 
and its modification for the numerical integration of differential equations, 
were omitted in Sections 3.3 and 3.4. In this section we indicate this derivation 
and also point out the usefulness in other connections of certain intermediate 
and related results. 

We again denote the value of a function f(x) at one of n + 1 equally 
spaced points, 

**> *»-i = x k -h, x k _ 2 = x k — 2h, .... x k _ n = x k -nh, (39) 

by the abbreviation f r = f(x r ). In Section 3.3 the forward differences were 
defined by the equations 

A/r —fr+l ~fr> &fr = A/m - A/ r =/ r+2 - 2/ r+1 +/„ (40) 

and so forth. In some developments it is more convenient to use the so-called 
backward difference notation, according to which we write instead 

V/ r =fr -fr-1, V*/ r = V/ f - V/^ =/ f - 2 fr _ x +f r _ 2 , (41) 

and so forth. These two notations clearly are related by the equations 

A/r = V /m> &fr = V2 /r+2, •••. A” 1 /, = V”>/ r+m . (42) 

Thus, for example, we have 

fz ~fz = A fz = V / 3 - fz ~ 2 fz +/i = 

In particular, Equations (9) and (16) take the forms 

yvr 1 + + l Vf* + A + I m v^ t ] (43) 

y»t =y* + h [F k+1 - i VF k+1 - A 

( 44 ) 


and 
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with the notation (41) of backward differences, the subscripts on the right in 
these equations no longer varying from difference to difference. 

In order to determine a polynomial approximation of degree n, to a function 
/(*), having the property that agreement is exact at the n + 1 points defined 
in (39), it is convenient for present purposes to write the approximation in the 
form 

/(*) ^ a 0 + a 2 (x - x k ) + a 2 (x - x k )(x - x k _j) 

+ a 3 (x - x k )(x - - **- 2 ) H- 

+ a n (x - x k )(x - x k _j) • • • (x - (45) 

In this form the coefficients are readily determined by forming successive 
backward differences at x = x k , as follows. First, setting x = x k , and replacing 
the approximation by an equality, we have 

a o =fic- (46a) 

Next, if we calculate the difference V/(x) = f(x) — f(x — h ) and use (39), 
there follows 

V/(*) ^ ha k + 2ha 2 (x - x k ) + 3ha 3 (x — x k )(x - x k _J -\ - 

+ nha n (x - x k ){x - x k _J ■ ■ ■ (x - x k _ n+2 ). 
Thus, setting x — x k and requiring equality, we obtain 

= 1 V/*. (46b) 

h 

After calculating the second difference, 

V 2 /(x) ^ 2 • \h 2 a 2 + 3 • 2 h 2 a s (x — x k ) H- 

+ n{n - l)h 2 a n (x - x k )(x - x k _ k ) ■ ■ ■ (x - x k _ n+3 ), 

we determine a 2 , 

(4&) 

From the way in which these results were obtained, it can be seen that the 
general result will be of the form 

Or = vy* (k = 0,1,2,..., n). (47) 

r! h r 

The resultant approximation formula (45) can be put into a conveniently 
compact form if we write 

x = x k + sh, s = x ~ Xk , (48) 

h 

so that s is distance measured from the point x k , in units of the spacing h. 
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With this notation, the introduction of (47) into (45) then gives 

/(** + sh) ^ f k + s Vf k + V% + * S+ M S .± H 

+ • • • + 5(s +1) "’ (s + ” V"/*, (49) 

n\ 

if use is made of (39). This result is known as Newton's (or Gregory's) backward 
difference formula for polynomial approximation. 

Thus, if the values of a smooth function f(x ) are known at n + 1 equally 
spaced points, we may suppose that the function is approximated by the wth- 
degree polynomial which agrees with f(x) at these points and, accordingly, 
use (49) to determine approximate values of f(x) at additional near-by points. 
This formula is particularly useful for extrapolation (prediction) beyond the 
point x k9 at the end of a range of tabulation, although it can also be used for 
interpolation, with negative values of s. 

To illustrate the use of this formula in extrapolation, we consider the 
function f(x) = V x. Assuming known three-place values for x = 2, 3, 4, 5, 
and 6 , we form the following difference table: 


X 

/ 

V/ 

V 2 / 

V 3 / 

2.0 

1.414 

0.318 



3.0 

1.732 

0.268 

-0.050 

0.018 

4.0 

2.000 

0.236 

-0.032 

0.009 

5.0 

2.236 

0.213 

-0.023 


6.0 

| 2.449 





To extrapolate for V 6.2, we set s = 0.2, since here h — 1, and retain third 
differences. Equation (49) then gives 

/(6.2) s 2.449 + (0.2X0.213) + ( °‘ 2)(1 ' 2) (-0.023) + (0.009) 

2 6 

= 2.449 + 0.0426 - 0.0028 + 0.0008 

= 2.490. 

Similarly, to interpolate for V 5.8 we take j = — 0.2 and, again retaining third 
differences, obtain the value 2.408. Both the values so obtained are correct to 
the same number of places as the given data. In general, however, extrapolation 
is less dependable than interpolation. 
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Equation (49) is also useful for integrating a tabular function over an 
interval near the end point x k . Thus we have, for example, 

pXk+h -I 

dx — h J 0 f( x k + sh) ds 

and (49) then gives 

[X k +h 

J f(x)dX3£h[f k + JV/,+ AV% 

Jx k 

+ tvy* + mv 4 /* + ---]. (50) 

When /(*) is a polynomial, the sum on the right terminates, and yields an 
exact result. More generally, when f(x) is not a polynomial the result of retain¬ 
ing differences through the «th is identical with the result of replacing/(x) by 
the polynomial of degree n which agrees with/at the n + 1 points x k , x k _ l9 ..., 
x k _ n and integrating that polynomial over the interval (x k9 x k + h ). 

In illustration, if we use (50) to approximate J* Vx dx , with third differ¬ 
ences, we obtain 

f Vx dx a* 1 [2.449 + $(0,213) + £(-0.023) + 1(0.009)] = 2.549. 

This is in agreement with the true three-place value. 

Similarly, from the relation 

J^/00 dx = h f_ i f(x k + sh) ds, 

we obtain the formula 

r:_ h m dx s hi/ k -ivf k ~ v% 

“ 24 . V 3 / fc — t¥o V 4 / fc +*••]. (51) 


Equation (50), with/replaced by F, leads to the approximate relation (43) 
or, equivalently, (9) when dy — F dx , and hence 


y k +1 ~yk = 


1 

X k 


Fdx. 


Further, Equation (51) leads similarly to (44) or (16) when k is replaced by 
k - f- 1. 

Finally, we may use (49) to obtain an approximate derivative formula. 

j/ 

Since f'{x) = hr 1 -j , we obtain the relation 


/'(*. + %: V/ t + 


hi 


2s + 1 


V 2 A + 


3s 2 + 6s + 2 


V 3 /* + 




(52) 


2 


6 
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Thus, to approximate (-7- Vx ) by using the tabulated data, we take s = 0 

\CIX J x =6 

and hence, again using third differences, obtain 

/'( 6 ) ^ { [0.213 + £(—0.023) + £(0.009)] 

= 0.213 - 0.0115 + 0.003 = 0.2045. 

The true result is 0.204, to three places. Although satisfactory results were 
obtained here, it should be noted that, in general , approximate differentiation 
is inaccurate . Its accuracy may be very seriously impaired by small inaccuracies 
in the tabulated data. Still, there are occasions when there is no alternative 
but to use an approximate method of this sort. 

The formulas and methods of this section illustrate the treatment of 
tabulated data near the end of the range over which a tabulation exists. These 
data are usually the most troublesome to deal with. This section may be 
considered also as illustrating the more general use of finite differences in 
approximate analysis. 

Analogous formulas for interpolation and other operations near interior 
tabular points may be found in texts treating numerical methods. (See also 
Problems 21-24.) In such formulas the so-called central difference notation is 
particularly useful. In this notation one writes 

fr ~ fr -1 — ffr- 1/2> ffr+1/2 ~~ ffr- 1/2 ~ $ 2 fr* • • • > (53) 

so that the subscript of a difference is the mean of the subscripts of its parents. 
Thus we have the general notational correspondence 

fr+l ~ fr — A fr = ffr+1/2 “ Y/r+1’ 

fr+2 ~ 2f r+ 1 +f r = A % = d% +1 = V 2 / r+2 , 

and so forth. The “forward” difference A/is sometimes called a “descending” 
difference, whereas the “backward” difference V/ is sometimes called an 
“ascending” difference. Although this practice leads to a certain amount of 
confusion, its motivation may be realized by an inspection of the following 
table of difference notations. 

fo 

A/o = ffl/2 — Y/i 

k a% = = vy 2 

A/i = ^ 3/2 ~ y /2 

k a % = d% = vy 3 

A/2 = sk/2 — y/s 

A/3—^7/2 — y/4 

k 


A 2 / 2 = < 5 2 / 3 = V 2 / 4 


A 3 /o = ^/ 3/2 = V 3 / 3 

&k = d%l2 = V% 
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It is apparent that the differences A f r9 A 2 f T9 A 3 f r , and so forth, “descend” 
to the right, whereas the differences Vf r9 V 2 / f , V 3 / f , and so forth, “ascend” to 
the right. The central differences S 2 f r , <5% and so forth, remain in the same 
horizontal line as the entry f r , whereas the differences Sf r+1/29 d 2 f r , <5%u/ 2 , <5% 
and so forth, form a “forward zigzag” set of differences in increasing order, 
remaining as close as possible to a horizontal line. 

More detailed treatments of the errors associated with formulas for 
approximate interpolation, numerical integration and differentiation, and the 
numerical solution of differential equations may be found in many sources, 
including the references listed at the end of this chapter. 
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PROBLEMS 

Section 3.1 

1. Use the method of isoclines to sketch the integral curves of the equation 

dy 

T x ~y =x 

in the first quadrant. 

2. Proceed as in Problem 1 with the equation 

dy 


dx 


— v 2 = x 2 . 


3. Use the method of isoclines to obtain a sketch, in the first quadrant, of the 
integral curve of the equation 

dy 2 
- 7 — xy = x 
dx J 


which passes through the point (0,1). 
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Section 3.2 

4. Use the method of Taylor series to determine to four places the values of the 
solution of the problem 

d { x -**y = x > = 1 

at the points x =0.1, 0.2, and 0.3. 

(The true values at x =0.1, 0.2, 0.3, 0.4, and 0.5 round to 1.00533, 1.02270, 
1.05428, 1.10260, and 1.17072.) 

5. Use the method of Taylor series to determine to four places the values of the 
solution of the problem 

-£ + */- 0, j(0) = 1 

at the points x =0.1, 0.2, and 0.3. 

(The true values at x = 0.1, 0.2, 0.3, 0.4, and 0.5 round to 0.99502, 0.98039, 
0.95694, 0.92593, and 0.88889.) 

6 . Use the method of Taylor series to determine to four places the values of the 
solution of the problem 

%- x ^ ic- 2xy = x ' * 0) = 1 ’ /<°) =0 

at the points x =0.1, 0.2, and 0.3. 

(The true values are the same as those in Problem 4.) 

Section 3.3 

7. Assuming the values of v in Problem 4 for x = 0, 0.1, 0.2, and 0.3, use the 
Adams method to calculate the values for x = 0.4 and 0.5, using third differences. 

8 . Assuming the values of y in Problem 5 for x = 0, 0.1, 0.2, and 0.3, use the 
Adams method to calculate the values for x = 0.4 and 0.5, using third differences. 

9. Assuming the results of Problem 6 for jc =0,0.1,0.2, and 0.3, use the Adams 
method to calculate the values of y for x = 0.4 and 0.5, using third differences. 

Section 3.4 

10. Use the modified Adams method, retaining only second differences, to 
effect the determinations of (a) Problem 7, (b) Problem 8 , and (c) Problem 9. At 
each stage, use Equation (17) to estimate the error introduced. 

11. If no differences beyond the second are retained, show that the formulas (15) 
and (16), of the modified Adams method, can be written in the explicit forms 

yk +1 SSJ* + 12 (23Ffc _ ^ 5 Fk- 2 ) 

Jjfc+1 ^yje + 12 (5 ^*+1 + 8 F k — Fjc^j), 


and 
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respectively. (These formulas are easily used, since differencing is not involved. 
However, the use of differences is usually preferable in questionable cases, since 
then gross errors may be indicated by irregularities in the columns of differences, 
and also warnings may be served by trends observable in these columns.) 

12. Making use of the fact that, for small values of the spacing h , there follows 

d T f 

A r fx* 6 r f 


show that the errors introduced into the formulas of Problem 11 by neglecting the 
first omitted difference are respectively approximated by 


W fd*y\ fd*y\ 

8 \dx*) k ' ~T4\d?) k ' 


[It is known that the true truncation error in each of these cases is given by the 
result of replacing by the value of at some point between x k _ 2 and x k+1 


in the expression so obtained.] 


Section 3.5 

13. Use the Runge-Kutta method, with third-order accuracy, to determine the 
approximate values of y at x = 0.1 and 0.2 if y satisfies the conditions of (a) 
Problem 4, (b) Problem 5, and (c) Problem 6. 

14. A function y(jc) satisfies the equation 

d 2 y 

— +yv (x)=0 

and the initial conditions y(0) = 1 and /(0) = 0. The following approximate 
values of the function y(x) are known: 


X 

0 

0.05 

0.10 

0.15 

0.20 

<p(x) 

1.000 

1.032 

1.115 

1.249 

1.434 


Use the Runge-Kutta method, with third-order accuracy, to determine approximate 
values of y at x =0.1 and 0.2. 

Section 3.6 

15. Apply Picard’s method to the solution of the problem 

yw = 1 ’ 

taking y a) (jc)1 and making two successive substitutions, and compare the 
approximations with the series expansion, 

y - 1 + \x 2 + ix* + i* 5 + ig* 6 + • • •, 

of the exact solution. 
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16. Apply Picard’s method to the solution of the problem 

dv 

y(0) = l, 

taking y (1) (jc) = 1 and making two successive substitutions, and compare the 
approximations with the series expansion, 

y = 1 + x + f x 2 + f ** + H* 4 + * • *» 

of the exact solution. 

Section 3.7 

17. Suppose that the following rounded values of a certain function f(x) are 
known: 


X 

1.0 

2.0 

3.0 

4.0 

5.0 

fix) 

1.2840 

1.3499 

1.4191 

1.4918 

1.5683 


By making use of formulas derived in Section 3.7, obtain approximate values of the 
following quantities as accurately as possible: 

(a) /(4.8), (b)/(5.2), (c)/'(5.0), (d) j®/(*)<&. 

18. Derive from Equation (49) the formula 

c x i‘ +ih r t t(3 + 20 i 

J /W d* s th [/* + -V/ S + V% + • • -J. 

19. Use the result of Problem 18 to obtain, from the data of Problem 17, 
approximate values of the following quantities: 

(a) /«/<*>*• (*>) /“/to*- 

20. Establish the following notational relations: 

(a) A/ r = 6f r+m , (b) V A/ r = A V/ r = 0ft. 

(c) A V A/ r = 0fr+llt- 

21 . Determine the coefficients specifying the polynomial approximation of 
degree n = 2k of the form 

/(*) as a 0 + a t (x - x 0 ) + a 2 (x - x 0 )(x - xj 
+ a 3 (x - x 0 )(x - x 2 )(x - Jf_j) 

+ a t (x - x 0 )(x - x t )(x - x_i)(x - x 2 ) + ■ ■ ■ 

+ a n (x - x 0 )(x - XjX* - x_ x ) • • • (x - x k Xx - x_ k ), 
so that the two members are equal at the n + 1 equally spaced points 

*-* = *o ~kh, .... x„. x k = x 0 + kh, 

by calculating the difference A f(x) = f(x + h) — f(x), then the differences 
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V [A/(x)], A [V A f(x)], and so on, and equating the two members at x — x 0 after 
each such differencing. Thus show that a 0 =/ 0 , that 

A/(*) ag h[a t + 2a 2 (x - x 0 ) + 3 a 3 (x - x 0 )(x - x_J 

+ 4a 4 (x - x 0 )O - jc_ x Xjc - jc x ) + • • • ], 

and hence that a 1 = ~ = , and so forth. Make use of the results of Problem 

20 to- express the result in the form 

/(*) =/o + (x - x 0 ) j~ + (x - x 0 )(x - Xl ) 

+ (x - x 0 )(x - XjXx - x_j) 

6 % 

+ (x - X 0 )(x - Xj)(x - - x 2 ) —+ • • •. 


22. By writing x = x 0 -f sh , express the result of Problem 21 in the form 
5(5 — 1) ^s(5 2 — 1) 

/<*0 + sh) ~/ 0 + 5 Sf l(2 + ' <5% 4- ' s% 2 

s(s> - 1)(, - 2) 

+- 4 ?- d % + " 


(This is the interpolation formula of Gauss. The central differences involved remain 
as near as possible to the horizontal line through the tabular value/ 0 , comprising a 
“forward zigzag.”) 


23. By integrating the result of Problem 22 over appropriate intervals, obtain 
the integral formulas 


(a) S2-k f(x) dx - lh [/ ° +152/0 ~ jh 6if °+• • 1 - 

(b) dx a; 4/i [/„ + | <5% + iro 6 % + •••]■ 

24. Make appropriate use of the Gauss interpolation formula of Problem 22 to 
obtain, from the data given in Problem 17, approximate values of each of the 
following quantities: 


(a)/(2.8), (b)/(3.2), (c) /'(3.0), 

(d)/'(2.8), (e) \j(x)dx, (f) \j{x)dx. 


25. By retaining only second differences in the result of Problem 23(a), deduce 
the formula 


rz 0 +h h 

f(x) dx (/_! + 4/ 0 + /x). 
K~h 3 


[This is the celebrated formula of Simpson's rule. Notice that since the coefficient of 
the third difference in the more general formula is zero, the formula is exact when 
f(x) is a cubic polynomial.] 
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26. Show (as in Problem 12) that the error associated with Simpson’s rule is 
approximately 

_mw\ 

90 W) z - 

d x y 

[The true error is known to be expressible in this form as well, but with — x 
evaluated instead at some unknown point between x 0 — h and jc 0 + h.] x 

27. Show that if Simpson’s rule, of Problem 25, is applied successively over the 
adjacent double intervals ( a , a + 2h), (a + 2h, a + Ah), ...» (b —2h,b) in the 

approximate evaluation of the integral f(x) dx, there follows 

h 

J fix) dx ^ - [f 0 + 4/ x + 2/ 2 + 4/3 + • • • + 2/ n _ 2 -f 4/ n-1 +/ n ], 

where h = (b — a)ln and n is an even integer. [This formula, often known as the 
parabolic rule , is probably the most widely used formula for numerical integration. 
It is exact when f{x) is a polynomial of degree not greater than three. As is suggested 
by n/2 applications of the result of Problem 26, for a given interval (a,b) the error in 
the approximation is nearly proportional to A 4 and hence to I// 1 4 . From this fact 
it follows that if two calculations are made, one (7 n ) with n subdivisions and one 
(/ 2 „) with 2/i subdivisions, the error in l 2n may be estimated by (/ 2n — I n )l 15.] 

28. Evaluate the following integrals approximately by use of the parabolic rule, 
Problem 27, first with n = 2 and then with n = 4, and compare the results with 
the given rounded true values: 

, v f 1 dx C n sin x 

(a) rTT 2 = 0 - 7854 > (» —— dx — 1.8518, 

Jo A ' X Jo X 

rw2 _ 

(c) I Vl — £sin 2 *</* = 1.3506. 



CHAPTER 4 


Series Solutions of Differential 
Equations: Special Functions 


4.1. Properties of power series. A large class of ordinary differential 
equations possesses solutions expressible, over a certain interval, in terms of 
power series and related series. Before investigating methods of obtaining such 
solutions, we review without proof certain useful properties of power series. 
An expression of the form 

QO 

A 0 + A^x — x 0 ) H-h A n (x — x 0 ) n H-- A n (x - x 0 ) n (1) 

n -0 

is called a power series and is defined as the limit 


N 

lim ^ A n (x - x 0 ) n 

N~* co _ 

n — u 

for those values of x for which the limit exists. For such values of x the series 
is said to converge. In this chapter we suppose that the variable x and the 
coefficients are real; complex power series are dealt with in Chapter 10. 

To determine for what values of x the series (1) converges, we may make 
use of the ratio test , which states that if the absolute value of the ratio of the 
(n + l)th term to the «th term in any infinite series approaches a limit p as 
n oo, then the series converges when p < 1 and diverges when p > 1. The 
test fails if p = 1. A more delicate test states that if the absolute value of the 
same ratio is bounded by some number a as n-> oo, then the series converges 
when o < 1. In the case of the power series (1) we obtain 


p = lim 

n~* oo 


4n +1 
A n 


\x — x 0 | = L \x — x 0 |, 
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where 


L— lim 

n-*oo 


^rHl 

A n 


if the last limit exists. In this case it follows that (1) converges when 


( 2 ) 


\x - x 0 | < - (3) 

and diverges when 

\X ~ X 0 | > i . (4) 

Thus, when L exists and is finite, an interval of convergence 

(*° " V Xo + L ) 

is determined symmetrically about the point x 0 , such that inside the interval 
the series converges and outside the interval it diverges. The distance 1/L is 
frequently called the radius of convergence. 

The behavior of the series at the end points of the interval is not determined 
by the ratio test. Useful tests for investigating convergence of the two series 
of constants corresponding to the end points x = x 0 ± Lr 1 are: 

(1) If, at an end point, the successive terms of the series alternate in sign 
for sufficiently large values of «, the series converges if after a certain stage the 
successive terms always decrease in magnitude and if the nth term approaches 
zero, and the series diverges if the nth term does not tend to zero. 

(2) If, at an end point, the successive terms of the series are of constant 
sign , and if the ratio of the (n + I)th term to the nth term can be written in 
the form 


where k is independent of n and 0 n is bounded as n -> oo, then the series 
converges if k > 1 and diverges if k S. 1. It should be noticed that this test is 
applicable even in the case when k = 1, so long as an expression of the 
indicated form can be obtained. We shall refer to this test as Raabe's test * 


As an example, we consider the series 

£1-2-3 — ft] (jc — a) n 


2 

n -1 


(a + l)(a + 2)(a + 3) • ■ • (a + n) 


where a is not a negative integer. In this case we obtain 

n 4- 1 


L = lim 


a + n 4- 1 


= 1 . 


* This very useful test is also associated with the name of Gauss. The term QJn 2 can in 
fact be replaced by 0„//i l+p , where it is required only that p > 0 and 0 n be bounded, and 
still more delicate modifications exist. (See, for example, Reference 8.) 
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Hence the interval of convergence is given by \x — a\ <1 or 
a - 1 < x < a 4- 1. 

When x = a — 1, the signs of successive terms alternate when n > — a. 
Apart from algebraic sign, the nth term is then 

n\ n\ r(a -f 1) 

(a + l)(a + 2) • • • (a + n) F(a + n + 1) * 

Reference to Equation (61) of Chapter 2 shows that this ratio is approxi¬ 
mated by r(oc + 1) n~ a when n is large, and hence approaches zero as n 
increases only if a > 0. Thus the series converges at x = a — 1 if a > 0, 
and diverges at x = a — 1 otherwise. When x = a + 1, the terms are of 
constant sign when n > —cl. The ratio of consecutive terms is then 

n + 1 a «(« + 1) 

n 4- a 4- 1 rt n(n 4- a -f 1) ’ 

Hence, by Raabe’s test with 0 n = [a(a + 1 )n]/(n + a + 1), the series con¬ 
verges at x = a + 1 if a > 1 and diverges at x = a + 1 otherwise. 


It may be noticed that if L is zero, the interval of convergence includes all 
values of x. However, if L is infinite, the series converges only at the point 
x = x 0 . Whether or not the limit L exists, it is known that always, for the 
power series (1), either the series converges only when x = x 0 , or the series 
converges everywhere, or there exists a positive number R such that the series 
converges when \x — * 0 | < R and diverges when \x — jc 0 | > R . 

It may happen that the series (1) contains only terms for which the sub¬ 
script n is an integral multiple of an integer N > 1, and hence is of the form 

00 

A o + a n( x - X o) N + A 2n(x - x o) 2N H-- 2 - x o) m - (5) 

fc = 0 


Examples are afforded by the Maclaurin series for the functions cos x 
and log (1 - jc 4 ), 


cos* = l - 2 ! + 41 + 


= 2 ( - )4 


y2k 


k =0 


( 2 *)! 


x* x 12 

log (1 - X*) = X* + — + — + 
for which N = 2 and 4, respectively. 


00 

=2 


v-4 k 


(M < =°), 


(\x\ < 1), 


Ar = 1 


In such cases, the ratio A n+ jA n is undefined for infinitely many values of n. 
The limiting absolute value of the ratio of successive terms is 


Pn= lim 

*-+oo 


^fo+l)jv 
AkN 


|x — *ol* = L n |x - x 0 |^, 
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where L N = lira dittml (6) 

k->co A kN I 

and the series converges when L N | x — x 0 \ N < 1, or 

\x - x 0 | < -L= . (7) 

A particularly useful property of power series is the fact that convergent 
power series can be treated, for many purposes, in the same way as poly¬ 
nomials. Inside its interval of convergence, a power series represents a contin¬ 
uous function of x with continuous derivatives of all orders. Inside this interval, 
a power series can be integrated or differentiated term by term, as in the case 
of a polynomial, and the resultant series will converge, in the same interval , to 
the integral or derivative of the function represented by the original series. 
Further, two power series in x — x 0 can be multiplied together term by term 
and the resultant series will converge to the product of the functions repre¬ 
sented by the original series, over the common interval of convergence. A similar 
statement applies to division of one series by another, provided that the de¬ 
nominator is not zero at x 0 . Here the resultant series will converge to the ratio 
over some subinterval of the common interval of convergence. 

<30 

Now suppose that the series ^ ^n( x — *o) n converges in a nonzero 

n=0 

interval about x = x 0 and hence represents a function, say/( x), in that inter¬ 
val, 

fix) =2 A n (x - * 0 )». (8) 

n = 0 

Then, differentiating both sides of Equation (8) k times and setting x = x 0 in 
the result, we obtain 

f ik) ( x o) = k\ A k ik = 0,1,2,...), 

and hence (8) becomes 

m =% f —^ (9) 

nto 

This is the so-called Taylor series expansion of f(x) near x = jc 0 . It is clear 
that not all functions possess such expansions, since, in particular, in order 
that (9) be defined, all derivatives of f(x) must exist at x = x 0 . A function 
which possesses such an expansion is said to be regular at x = x 0 . The above 
derivation shows that if a function is regular at x = x 0 , it has only one 
expansion in powers of x — * 0 and that that expansion is given by (9). 
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If f(x) and all its derivatives are continuous in an interval including x = x 0 , 
then f(x) can be expressed as a finite Taylor series plus a remainder, in the 
form 

/(*) = Z “—I < x - x o) n + *«(*)• (10) 

«^o n! 

Here the remainder after N terms, is given by 

f(N)/h\ 

*" (X)= W ( *~* o) * (11) 

where £ is some point in the interval (x 0 ,x). To show that the expansion (9) 
is valid, so that /(x) is regular at x 0 , we must show that R N (x) 0 as N-+ oo 
for values of x in an interval including x = x 0 . A test which is much more 
easily applied and which is sufficient in the case of most functions occurring 
in practice consists of determining whether the formal series in Equation (9) 
converges in an interval about x = x 0 . 

It is apparent, in particular, that any polynomial in x is regular for all x. 
Further, any rational function ( ratio of polynomials) is regular for all values 
of x which are not zeros of the denominator. 

4.2. Illustrative examples. To illustrate the use of power series in 
obtaining solutions of differential equations, we first consider the solution of 
three specific linear equations of second order. 

(1) To solve the differential equation 

L y=&-y = 0, ( 12 ) 

we assume a solution in the form 

y — Aq + AiX + A 2 x 2 + A$x? + A^x* + 4* 

and assume that the series converges in an interval including jc = 0. 
Differentiating twice term by term, we then obtain 

—~ = 2A 2 -f~ 6A 2 x -f- 12i4 4 x 2 4“ 20i4gX 3 4~ * * * • 
dx 2 

With the assumed form for y there follows 

L> y = (2A 2 — Aq) 4~ (b -^3 Ai)x 4“ (12/f 4 A 2 )x 2 

4- (20A 5 - A z )x? + • • • = 0. 
In order that this equation be valid over an interval, it is necessary that the 
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coefficients of all powers of x vanish independently, giving the equations 
2A 2 = Aq 9 6/4g — A l9 12^4 = A 29 20A S = A$ f •.., 
from which there follows 

A 2 == -^3 = e^l» ^4 == 1*2-^2 == 24,Aq 9 

A 5 — 20 Aq = T20^lJ .... 

The solution then becomes 

.y == 4>(1 + ix 2 + 2 1 4- x;4 + **•) + + i* 3 + T 20* 6 + *•")• 

It is seen that the coefficients A 0 and A 1 are undetermined, and hence arbitrary, 
but that succeeding coefficients are determined in terms of them. The general 
solution is thus of the form 


y = A 0 u x (x) + A ± u 2 (x) 9 

where u x (x) and u 2 (x) are two linearly independent solutions, expressed in 
power series, of which the first three terms have been obtained. The terms 
found may be recognized as the first terms of the series representing the known 
solutions cosh x and sinh x 9 respectively. 

A more compact and convenient procedure uses the summation notation 
in place of writing out a certain number of terms of the series. Thus, we write 
the assumed solution in the form 

00 

y =2 AkXk 

* = 0 

and obtain, by differentiation, 

* -2 Kk - 

ux k—0 

There then follows 

00 00 

Ly ^2 fc ( fc ~ ~2 A ** k = °- 

fc = 0 * = 0 

In order to collect the coefficients of like powers of x 9 we next change the 
indices of summation in such a way that the exponents of x in the two summa¬ 
tions are equal. For this purpose we may, for example, replace k by k — 2 in 
the second summation, so that it becomes 


2 4 t - 2**' 2 =2 4 fc - 2 **" 2 ’ 


*-2 = 0 


k = 2 


00^ 00 

Ly ^2 *(* - 1M***' 2 - 2 'W*' 2 = 0- 

*=0 *=2 


and hence 
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Since the first two terms (k — 0, 1) of the first summation are zero, we may 
replace the lower limit by k = 2 and then combine the summations to obtain 

Ly =2 ~ l M* - = o. 

k = 2 

Equating to zero the coefficients of all powers of x involved in this sum, we 
have the condition 


k(k l)A k — A k _ 2 (k — 2, 3,...). 

This condition is known as the recurrence formula for A k . It expresses each 
coefficient A k for which k ^ 2 as a multiple of the second preceding coefficient 
A k _ 2 > and reduces to the previously determined conditions when k — 2, 3, 4, 
and 5. 

(2) As a second example we consider the equation 


Ly 


=-x*^ + (x* + x)^-y = 0. 
dx 2 dx 


Assuming a solution of the form 


QO 

= 2 Akxk ’ 


we obtain 


*=o 


dy 

dx 


oo 2 oo 

= 2 k A k xk ~ 1 ’ =2 k ( k - 


k = 0 


fc = 0 


and hence 

oo QO 00 oo 

Ly^y k(k - 1 )A k x* + 2 k A k x k+1 + 2 k - V 

* = 0 fc = 0 fc =0 k —0 

The first, third, and fourth summations may be combined to give 

QO QO 

2 Wk - 1) + k - i]A,,x k = 2 (k 2 - 


fc = 0 

and hence there follows 


fc = 0 


„k+1 


(13) 


Ly =£(k 2 — \)A lc x lt + 2 ^ A k xlc 

k=0 0 

In order to combine these sums, we replace k by k — 1 in the second, to 
obtain 

Ly =5(k 2 - 1 )A k x k + 2(k- 1 M*-i**- 


fc = 0 


k = l 


Since the ranges of summation differ, the term corresponding to k = 0 must 



126 


Series solutions of differential equations / chap . 4 


be extracted from the first sum, after which the remainder of the first sum can 
be combined with the second. In this way we find 


Ly s -A 0 +2 [(fc 2 - 1M* + (& - 

fc = l 

In order that Ly may vanish identically, the constant term, as well as the 
coefficients of the successive powers of x, must vanish independently, giving 
the condition 

A 0 = Q 

and the recurrence formula 

(k - 1)[(* + 1 )A k + A k _ J = 0 (k= 1, 2, 3,...). 


The recurrence formula is automatically satisfied when k = 1. When k ^ 2, 
it becomes 

(fc = 2 , 3 , 4 ,.. .)• 

k + 1 

Hence, we obtain 


A 2 — 





A\ 

3-4-5’ 


Thus, in this case A 0 = 0, A 1 is arbitrary , and all succeeding coefficients are 
determined in terms of A v The solution becomes 


y = A ( x - — + — - 
\ 3 3-4 

If this solution is put in the form 


3-4-5 


+ 


')• 


x \2! 3! 4! 5! / 

x L \ 1! 2! 3! 4! 



the series in parentheses in the final form is recognized as the expansion of e~ x , 
and, writing 2 A x — c, the solution obtained may be put in the closed form 

In this case only one solution was obtained. This fact indicates that any 
linearly independent solution cannot be expanded in power series near x = 0; 
that is, it is not regular at x = 0. Although a second solution could be obtained 
by the method of Section 1.10, an alternative procedure given in a following 
section is somewhat more easily applied. 



127 


sec. 4.3 I Singular points of second-order differential equations 
(3) As a final example we consider the equation 

L y = x 3 jl + y=:0. (14) 

Again assuming a solution of the form 

00 

y =2 A ** k ’ 

k =0 

we obtain 

QO ^ 00 

Ly =2*k(k- 1 )A k x k+1 + 2 A ^ k - 

fc =0 fc = 0 

Replacing k by k — 1 in the first sum, there follows 

00 00 

Ly^2,(k- l)(fc - 2VW* +24** 

Jfc = 1 k = 0 

oo 

® a o+ 2 i a *+( fe - 
*=1 

The condition Ly = 0 then requires that 

A 0 = 0 

and that the succeeding coefficients satisfy the recurrence formula 

A k = -(fc - IX* - (*=1,2,...). 

For k = 1 and * = 2, the recurrence formula gives = ^4 2 = 0; and since, 
from this point, the remaining conditions express each A as a multiple of the 
preceding one, it follows that all the A’s must be zero. Hence the only solution 
obtained is the trivial one y = 0. It thus follows that the equation possesses no 
nontrivial solutions which are regular at x — 0 . 

Next we proceed to a classification of types of linear differential equations 
of second order, and to a study of the basic differences among the three 
problems so far considered. 

4.3. Singular points of linear second-order differential equations. If a 
homogeneous second-order linear differential equation is written in the 
standard form 

7 ^ + «iO) y- + a 2 (x) y = 0, (15) 

dx 2 dx 

the behavior of solutions of the equation near a point x = x„ is found to 
depend upon the behavior of the coefficients a x (x) and a 2 (x) near x — * 0 . The 
point x = x 0 is said to be an ordinary point of the differential equation if both 
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a x (x) and a 2 (x) are regular at x — x 0 , that is, if and # 2 can expanded in 
power series in an interval including x = x 0 . Otherwise, the point x — x 0 is 
said to be a singular point of the differential equation. In such a case, if the 
products (x — x 0 )a 1 (x) and (x — x 0 ) 2 a 2 (x) are both regular at x = x 0 , the 
point a: = jc 0 is said to be a regular singular point ; otherwise, the point is called 
an irregular singular point. 

In illustration, we notice that for the first differential equation of the 
preceding section, a^x) = 0 and a 2 {x) = — 1. Thus all points are ordinary 
points. In the second example the coefficients afx) — 1 + x -1 and a 2 (x) = —x~ 2 
cannot be expanded in powers of x but can be expanded in power series near 
any other point x — x 0 . Thus the point x = 0 is the only singular point. Since 
the products xafx) = x + 1 and x 2 a 2 (x) = — 1 are regular at x = 0, it follows 
that the point is a regular singular point. In the third case the point x = 0 is 
readily seen to be an irregular singular point. Similarly, for the equation 

X%1 -x) 2 ^- 2x 2 (l -x)^ + 3y = 0, 
dx* dx 

it can be verified that x — 0 is an irregular singular point and x = 1 is a 
regular singular point. All other points are ordinary points. 

When the coefficients a x (x) and a 2 (x ) in the standard form (15) are ratios 
of polynomials , singular points can occur only when a denominator is zero, 
so that, unless the numerator also vanishes there, the corresponding coefficient 
is not finite. Most of the equations considered in this text will be of this type. 

However, a singular point also may occur when a±{x) or a 2 (x) becomes 
infinite in some other way, or even in the absence of such behavior. For 
example, if a x (x) = (x — 1) 6/3 , it is seen that a\(x) becomes infinite as x 1, 
so that ^(x) cannot be expanded in a series of powers of x — 1. Since the 
function ( x — 1 )a 1 (x) = (x — 1) 7/3 also has the same property, it follows that 
the differential equation (15) has, in fact, an irregular singular point at x = 1 
when a x (x) = (x — 1) 5/3 . 

It will be shown that if x = x 0 is an ordinary point of (15), then the equation 

possesses two linearly independent solutions which are regular at x = x 0 , and 

00 

hence are both expressible in the form ^ A k (x — x 0 ) k . If x = x 0 is a regular 

o 

singular point of (15), it will be shown that the equation does not necessarily 
possess any nontrivial solution which is regular near x = x 0 , but that at least 
one solution exists of the form 

GO 

y = (x- x 0 y 2 A(x - x Q f, 

k =0 

where s is a determinable number which may be real or complex. Such a 
solution is regular at x = x 0 only if s is zero or a positive integer. If x = x 0 is 
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an irregular singular point of (15), the problem is more involved; a nontrivial 
regular solution may or may not exist. 

In illustration, the equation 


: 


dy 


T7 + (1 + 2x) -7- = 0 


dx 2 


dx 


has an irregular singular point at x — 0. The general solution is 

y = c x e llx + c 2 ; 


thus, the solution y = constant is the only solution regular at x = 0. The 
equation 


«‘* + 2x? d -* + , = 0 
dx 2 dx 


also has an irregular singular point at x = 0 and has the general solution 


y = Ci sin - + Cg-cos - . 

X X 


It follows from the nature of these functions that this equation has neither a 
nontrivial regular solution at x — 0 nor a solution expressible in the form 


y — x 8 


2 AkXk ' 

k= 0 


4.4. The method of Frobenius. In this section we restrict attention to 
solutions valid in the neighborhood of the point x = 0. Solutions valid near 
a more general point x = x 0 may be obtained in an analogous way, although 
for this purpose it is frequently more convenient first to replace x — x 0 by a 
new variable t and then to determine solutions of the transformed differential 
equation near the point t — 0. 

In place of reducing a second-order linear equation to the standard form 
(15), it is frequently more convenient to use a form which is, to some extent, 
cleared of fractions, particularly if a x (x) or a 2 (x) is the ratio of two polynomials. 
For this reason, to investigate solutions valid near x = 0, we suppose that the 
equation has been put in the form 

Ly = R(x) + - P(x) ^ + - 2 Q(x) y = 0, (16) 

dx 2 x dx x 


where /?(*) does not vanish in some interval including x = 0. We also suppose 
that P(x), Q(x), and R(x) are regular at x = 0. Then, with the notation of (15), 
the products 

. Q(x) 
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are regular atx = 0, and this point is either an ordinary point or, at worst, a 
regular singular point 

It is convenient to suppose also that the original equation has been divided 
through by a suitable constant so that R(0) = 1. Then we may write 

P(x) =P 0 + P x x + P<pc 2 + • • •, 

Q(x) = Q 0 + £?i* + C? 2 * 2 H-> O 7 ) 

= 1 + RiX + R 2 x 2 + * * *, 

the series converging in some interval including x = 0. 

We attempt to find nontrivial solutions which are in the form of a power 
series in x multiplied by a power of x , 

oo 

■y = x' 2 A k x k = A 0 x s + A,x s+1 + A 2 x ,+2 +■■■, (18) 

k= 0 

where s is to be determined. The number A 0 is now, by assumption, the co¬ 
efficient of the first term in the series, and hence must not vanish. Substitution 
into the left-hand member of (16) then gives* 

Ly == (1 + R ± x + R 2 x 2 + • • •) X [j( s — l)^**- 2 

+ (s + + (s + 2)(s + 1 )A 2 x s + • • •] 

+ (P Q + P x x + P 2 x 2 H-) x [sAqX 8 ~ 2 + (5 + l)^**' 1 

+ (S + 2)A 2 x‘ + • • •] 

+ (Go + Qi x + Qi x * H-) X [AqX*- 2 + A^- 1 + A 2 x? -\ -], 

or, multiplying term by term and collecting the coefficients of successive 
powers of x, 

Ly = [s(s - 1) + /V + GoMo*’ -2 + {[(•* + 1> + Pq(s + 1) + QMi 

+ [Rjs(s — 1) + PjS + GiMo}** -1 

+ {[(■* + 2)(i + 1) + Pq(s + 2) + Qq]A 2 

+ f^i( J + i) 5 + Pi( s + 1) + GiMi 

+ [j^K« - 1) + P 2 s + GoKK + • • • • (19) 

Equation (19) can be put in a convenient form in terms of the functions 

f(s) = s(s -l)+p 0 s + Q 0 = s 2 + (P 0 - 1> + Go (20) 

and 

gn(s) = R„(S — n)(s - n - 1) + P n (s - n) + Q„ 

= Rn(s - nf + (P n - R n )(s -n) + Q n . 

* A more compact development is obtained by using summation notation. 


(21) 
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With the notation of (20) and (21), Equation (19) then becomes 

Ly =/(s) V“" 2 + [/(s + lMi + £i(s + lMolx 8 " 1 

+ [/( s + 2)A 2 + gj(s + 2)A k + gi(s + 2M 0 ]x ! + • • • 

+ f(s + k)A k + 2 gn(s + k)A k - n x s+ *~ 2 + • • •. (22) 

n = l 

In order that (16) be satisfied in an interval including x = 0, this expression 
must vanish identically , in the sense that the coefficients of all powers of x in 
(22) must vanish independently. The vanishing of the coefficient of the lowest 
power x 8 ~ 2 gives the requirement 

f(s) — 0 or s 2 + (P 0 - l)5 + 0 o = O. (23) 

This equation determines two values of s (which may however be equal) and 
is called the indicial equation . The two values of s 9 which give the exponents 
of the leading terms of two series of the form (18), are called the exponents of 
the differential equation at x = 0. 

For each such value of s, the vanishing of the coefficient of x s ~ x in (22) 
gives the requirement 

f(s + 1 )A X = - gl (s + \)A 0 

and hence determines A ± in terms of A 0 if f(s + 1) =£ 0. Next, the vanishing 
of the coefficient of x s in (22) determines A 2 in terms of A x and A 0 , 

f(s + 2 )A 2 = —gfs + 2 )A X — g 2 (s + 2 )/4 0 , 

and hence in terms of A 0 , iff(s + 2) 0. 

In general, the vanishing of the coefficient of x* +k ~ 2 in Equation (22) gives 
the recurrence formula 

Jc 

f(s + k)A k = -2 gn(s + k)A k . n (k ^ 1), (24) 

n — 1 

which determines each A k in terms of the preceding A's, and hence in terms of 
A 0 , if for each k the quantity f(s + k) is not zero. 

Thus, if two distinct values of s are determined by (23), and if for each such 
value of s the quantity f(s + k) is never zero for any positive integer k 9 the 
coefficients of two series of the form (18) are determined and these series are 
solutions of (16) in their interval of convergence. We next investigate the 
exceptional cases. 

Let the roots of Equation (23) be s = s x and s — s 2 , where 

*1 = l - = ~ + \ V'd - Po) 2 - 4Q 0 

2 2 _ l. (25) 

*2 = Ll ~ Pof - 42o 
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The first exceptional case is then the case when the exponents s 1 and s 2 are 
equal, 

(1 - P 0 ) 2 - 400 = 0. (26) 

In this case only one solution of the form (18) can be obtained. 

Now suppose that the two exponents are distinct. The second exceptional 
case may then arise if f(s x + k) or f(s 2 + k) vanishes for a positive integral 
value of k , say k — K, so that (24) cannot be solved for the coefficient A K . With 
the notation of (25), we have 

f(s) = (s - s x )(s - s 2 ), 

and hence 

f(s -f k) = (s + k - s x )(s + k — s 2 ), 
from which there follows 

f(s x + k) = k[k + (s x - s^l f(s 2 + k) = k[k - (s x - .y 2 )]. (27) 

If s x is imaginary and the coefficients P k , Q k , and R k are all real, then s 2 is the 
conjugate complex number. Hence, in this case s x — s 2 is imaginary and the 
expressions in (27) cannot vanish for any real values of k except k = 0. Next 
suppose that s x and s 2 are real and distinct and that s 1 > s 2 . Then, since 
s x — s 2 > 0, it follows that f(s x + k ) cannot vanish for k ^ 1 and that f(s 2 + k ) 
can vanish only when k = s x — s 2 . Since k may take on only positive integral 
values, this condition is possible only if s x — s 2 is a positive integer . If s x = s 2 , 
then f(s x + k) = k 2 , and hence /(^ + cannot vanish when k ^ 1. 

We thus see that if the two exponents s x and s 2 do not differ by zero or a 
positive integer , two distinct solutions of type (18) are obtained . If the exponents 
are equal , owe solution is obtained ; whereas if the exponents differ by a 
positive integer , a solution of type (18) corresponding to the larger exponent is 
obtained . 

It is known (see, for example, Reference 5 of Chapter 1) that the interval 
of convergence of each series so obtained is at least the largest interval , centered 
at x = 0, inside which the expansions of xa x {x) and x 2 a 2 (x) in powers of x both 
converge , with the natural understanding that the point x — 0 itself must be 
excluded when the exponent ( s x or j 2 ) is negative or has a negative real part. 

When x is complex , each infinite series converges to a solution in a 
circle in the complex plane, with center at the origin and radius at least 
the distance to the nearest singularity of or a 2 (x), and with the center 
deleted when necessary. The solution then is said to have a pole at the 
origin when the associated exponent is a negative integer, and a branch 
point at the origin when the exponent is nonintegral, as well as in the 
exceptional cases (Section 4.5) when the function log x is involved (see 
Chapter 10). 
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If s x — s 2 = K , where K is a positive integer, then when k = K the recurrence 
formula (24) becomes 

K 

(s - s 2 )(s - s,+ KMjc=-2 ^ * - »• (28) 

n = 1 

Thus, as we have seen, the left member vanishes when s = s 2 , and the equation 
cannot be satisfied by any value of ^ unless it happens that the right member 
is also zero, in which case the coefficient A K is undetermined, and hence 
arbitrary. If this condition exists, a solution of type (18) is then obtained, 
corresponding to the smaller exponent s 2 , wfiich contains two arbitrary constants 
A 0 and A K , and hence is the complete solution. Thus we conclude that if the 
exponents differ by a positive integer, either no solution of type (18) is obtained 
for the smaller exponent or two independent solutions are obtained. In the 
latter case the two solutions so obtained must then include the solution 
corresponding to the larger exponent as the coefficient of A K . 

It is important to notice that this is the situation, for example, when x = 0 
is an ordinary point. For in this case one has P 0 = Q 0 — Q x — 0, and hence 
s x = 1, s 2 = 0, and K — s l — s 2 = 1. Thus Equation (28) here becomes 

s(s + 1 )A X = gi(s + l)A 0 

- -[R,s 2 + (P 1 - R x )s]A 0 
= — s[R x s + (Pi — i?!)]v4 0 , 

and when s — s 2 = 0 the recurrence formula is identically satisfied, leaving A x 
as well as A 0 arbitrary. Thus, when x = 0 is an ordinary point , two linearly 
independent solutions which are regular at x = 0 are obtained. 

The preceding detailed derivation was intended for the purpose of in¬ 
vestigating the existence of series solutions of the assumed type. Although the 
formulas obtained can be used directly for the determination of the coefficients, 
once the functions f(s) 9 g^s), g 2 {s), ... are identified, it is suggested instead 
that the indicial equation and the recurrence formulas be obtained in actual 
practice by direct substitution of the assumed series into the differential 
equation, written in any convenient form. 

To illustrate the application of the preceding treatment, we consider again 
the second example, Equation (13), of Section 4.2. We thus seek solutions of 
the equation 

L y = ** Ta + t* 2 + ~T ~ y = ° 

dx 2 dx 


y = X" £ A k x k =2 ^kX k+e - 

fc =0 fc =0 


of the form 
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By direct substitution, there follows 


Ly = (s 2 - l)A 0 x‘ +2 {[(s + fc) 2 - IK + (s + k- lMa-Ox***. 
* = 1 

Hence the indicial equation is 

— 1=0 

and the recurrence formula is 

[(s + k ) 2 — 1 ]A k + ( s + k — l)^*-! = 0 
or (s + k — l)[(.s + k + 1 )A k + A k _^\ = 0 (k S; 1). 


The exponents s t and s 2 are +1 and — 1, respectively. Since they differ by an 
integer, a solution of the required type is assured only when s has the larger 
value +1. 

With s = +1, the recurrence formula becomes 


or, since k ^ 0, 

Thus, one has 

— — 


k[(k + 2 )A k + A k _ x ] = 0, 

A k = - (fc ^ 1). 

* k + 2 






Ao — 


■^o 


3 3-4 3-4-5 

and hence the solution corresponding to s = 1 is 

y = x[a 0 .3 


! x 4-- x“ - 

3-4 3-4-5 


x 3 + 


A ( X 2 X 3 X 4 , \ 

°\ 33-4 3-4-5 1 


in accordance with the result obtained previously. 

With s = — 1, the recurrence formula becomes 

(fc - 2 )(fc A k + A k _J = 0 (fc S 1). 

It is important to notice that the factor fc — 2 cannot be canceled except on 
the understanding that fc 2. That is, when k — 2, the correct form of the 
recurrence formula is 0 = 0. If fc = 1, there follows 

A k = —A 0 . 

If fc = 2, the recurrence formula is identically satisfied, so that A 2 is arbitrary. 
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If k ^ 3, the recurrence formula can be written in the form 


A k = - ^ (k 25 3). 

k 

If we take A 2 = 0, then there follows A 3 — A 4 = • • • = 0, and the solution 
corresponding to s = — 1 becomes simply 

y - - ^o*) = a 0 -—- • 

X 

The general solution of the given equation is then a linear combination of 
the two solutions so obtained, and hence can be taken conveniently in the form 


or, alternatively, 




where C l = c v and C 2 = c 2 — c v The only solution regular at x = 0 is the 
one formerly obtained, 

e~ x -l+x 

y = c-. 

x 


It can be verified that if A 2 is left arbitrary, the solution corresponding to 
the exponent — 1 is the sum of A 0 times the two-term solution obtained and A 2 
times the infinite series solution corresponding to the exponent +1. 


4.5. Treatment of exceptional cases.* We consider first the case of equal 
exponents , and attempt to determine a second solution which is independent 
of the one obtained by the method of Frobenius. Although this result could be 
accomplished by the methods of Section 1.10, the method to be given is 
usually more easily applied. 

In place of first introducing the value of the repeated exponent s x into the 
recurrence formula (24) and determining A v A z ,..., A k ,... directly in 
terms of A 0 , we suppose that the coefficients A l9 A 2 ,..., A k ,... are expressed, 
by the recurrence formula, in terms of A 0 ands. We indicate this fact by writing 
A\ = A x (s), A 2 = A 2 (s),.... With these values of the A’s, as functions of s 9 
a function^ depending upon s as well as x is determined and denoted by^ s (x), 

OQ 

y.(x) = X s 2 (29) 

fc = 0 

* Sections 4.5 and 4.6, together with the derivation of the series for y 0 (x) in Section 4.8, 
can be omitted without logical difficulty. However, in this event a consideration of the 
last paragraph of Section 4.5 is suggested. 
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Reference to Equation (22) shows that satisfaction of the recurrence formula, 
for k ^ 1, brings about vanishing of all terms in (22) except the first, and so 
there follows 

= A 0 f(s)x- 2 , (30) 

or, since in the case of a repeated exponent s 1 we have f(s) = (s — ^) 2 , 

Lyfx) = - *i)V- 2 . (31) 

The fact that the right member of (31) vanishes when s = s x is in accordance 
with the known fact that (29) is a solution of (16), say y x (x\ when s = y x . 
However, since ^ = s x is a double root of the right member of (31), it follows 
also that the result of differentiating either member of (31) with respect to s 
(holding x constant), 

f - Ly .00 = 4 0 [2(s — Sj) + (s — Sj) 2 log x]x s-2 , 
os 

a 

is zero when s = But, since the operator — and the linear operator L are 
commutative, there then follows also s 

jLy£x) 1 -JM =0. (32) 

OS Js = si L os Js=«i 

Hence a second solution of (16), when s x = s 2 , is of the form 



The second exceptional case is that in which the exponents differ by a 
positive integer K y 


s x — s 2 = 1, 


but where the recurrence formula is not identically satisfied when k = K and 
s = <? 2 , that is, when the right member of (28) does not vanish when s — s 2 . 
In such a case, Equation (28) can be satisfied only if A 0 = A x = • • • = A K _ x = 0, 
and hence Equation (16) does not possess a solution of type (18) beginning 
with a term of the form A 0 x**. 

In this case we suppose again that the recurrence formula is satisfied when 
k ^ 1 for all values of s , so that with the >4’s expressed in terms of A 0 and s , 
we again define a function y 8 (x) of type (29). In this case, however, it is clear 
from (28) and from the nature of the recurrence formula (24) that the expres¬ 
sions for the coefficients A K (s),A K+x (s) 9 ..., will now all have a factor s — s 2 
in a denominator, and hence will not approach finite limits as s ^ If we 
consider the product (s — s 2 ) y£x), we see that as s-+s 2 terms with coefficients 
A k for which k < K will vanish and the remaining terms will approach finite 
limits, thus giving rise to an infinite series of powers of x starting with a term 
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involving *••+* = x\ Thus the limiting series must be proportional to the 
series for which s — s v In this case, however, since again satisfaction of the 
recurrence formula for A: S 1 causes all terms of (22) except the first to vanish, 
we have 

Lis-sJ y,(x) = A 0 (s - sj\s - sjx’-*. (34) 

But since the right member has a double root s = s 2 , the partial derivative of 
either member must vanish as s $ 2 , and, by an argument similar to that 
leading to (32), we conclude that 

L (^[0 - h) y/x)] | = 0 

so that the function 

y 2 (*) = If- [(s - S 2 ) y s (x)]i (35) 

fs = 8i 


is a solution of (16), in addition to the solution y^x) = correspond¬ 

ing to the larger exponent s v 

From Equations (29) and (33) it follows that when s 2 = s x the second 
solution y 2 is expressible as 


y 2 (*) = 


-fc = 0 


logx+2^(si)x* + *', 

k = Q 


(36) 


and the coefficient of log x is seen to be y^x). Further, when s 2 and s t differ 
by a positive integer but there is no Frobenius series solution with s = s 2 . 
Equations (29) and (35) show that the missing solution y 2 is expressible as 


y 2 (*) = 


00 

2 ( 5 - s 2 )A k (.s)x k+ ’ 


Ut=0 


logx 


00 v 

+2[^-^ a M x * + “- < 37) 

= 0 l ds h = 8i 


The coefficient of log x is lim [(.s — sjyfx)], which has been seen to be pro¬ 
portional to j>i(x). 

Hence it follows that, in all cases when the differential equation , having 
x — 0 as a regular singular point with exponents s x and s 2t possesses only one 
solution 

00 

A(x) =2 A k xk + n = A 0 u l( X ) 

Jc = 0 


of the form (18), any independent solution is of the form 
y 2 (x) = Cu^x) logx+^V^'* 

Jt = 0 


(38) 
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where C is a constant. Thus, in place of using the results of Equations (33) or 
(35) in such cases , a second solution may be obtained by directly assuming a 
solution of this last form and by determining the necessary relationships between 
the coefficients B k and an arbitrarily chosen constant C^O. 


4.6. Example of an exceptional case . To illustrate the procedures 
developed in the preceding section, we consider the equation 



Ly = x —^ — y — 0. 
dx* 

(39) 

With the notation 

OQ 



y»W = y,A k (s)x k+s , 

(40) 

there follows 

k = 0 



Ly, = s(s - lMo* 1 " 1 +2 + s)(k + s - l)A k - 

k = 1 

Hence we obtain the recurrence formula 

(k + s){k + s - \)A k = A k _(k > 1) (41) 


and the two indices 

s k = 1, s 2 = 0. (42) 

Since the indices differ by unity, a solution of the form (40) is assured only for 
5=1. 

From (41) there follows 

A — A = ———dfi—— 

1 (5+1)5* 2 (s + 2)(s + l) 2 s * "" 

and in general, by inductive reasoning, 


■4j:( S ) : 


Aq_ 


(5 + fc)[(5 + k - 1) • • • (5 + 1)] 2 S 

The solution for which s = s k = 1 then becomes 


(fc 25 2). 


(43) 


fib 


= + 0 U!(X). 


(44) 


However, since A k {s)-+ oo when 5-*-0, for all k Jg 1, there is indeed no 
solution of type (40) for which 5 = 0. 

In order to obtain a second solution, we may refer to Equation (37). The 
coefficient of log x is seen to be 


% [Si4*(s)], =0 x* = + 0 J 


0 


ZikHk- 1)1 

_ A 

°£t(k + l)\kl 


= 4>«i(*)> 


(45) 
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when account is taken of the vanishing of C^4 0 ) a =o- The coefficient 




involved in the second series of Equation (37), is conveniently evaluated by 
logarithmic differentiation in the form 

« k -1 

—,+*2 — 

d s + k jri s + m 

- [^(s)] = - ———— -—— A 0 (fc Ss 2), 

ds (s + k)[(s + k - 1) • • • (s + l)] 2 

and hence there follows 


— [s^(s)] = - 


y(k) + y(k — 1) 

fc! (fc — 1)1 


A 0 (k ^ 2), 


with the abbreviation 


k 

2 = »> + ; + ; + - + -i 


lo (k = 0). 

It is found by direct calculation that Equation (46) also holds for k = 1, 
whereas the right-hand member must be replaced by A 0 when k = 0. Hence 
(37) gives 

y 2 (x) = 4u lW logx + 1-2 ^ x *\ ( 48 ) 

or, in expanded form, 

y 2 (x) = A 0 [(x + |x 2 + A* 3 H-) log x + (1 - x - |x 2 - Ax 3 -)]. 

The alternative procedure described at the end of the preceding section 
consists of substituting the relation of Equation (38) in the form 


(x) log x + 1 


y 2 (x) = CUj,(x) logx + J B k* k 


directly into (39), to obtain the condition 




log x + 2 


1 

- -«1 
X J 


dx x 


+ 2[(k + l)k B k+1 - B t ]x* = 0. (50) 

k = 0 

Since u x satisfies Equation (39), the coefficient of log x in (50) vanishes, and 
the introduction of (45) reduces (50) to the form 

| [( i+- & +c|yp - (TT ^>. o. 
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The requirement that the coefficient of the general power x k vanish becomes 

(fc + l)fc B* +1 - B k =- 2k + 1 ■ C (fc s 0). 

v ' * 1 * (fc + 1)! fc! 

By setting k successively equal to 0, 1, 2,..., we obtain 

Bq = C, — \B X 4^> -^3 == ^B\ aV) • • • • 

Here both B x and C are arbitrary and all the other coefficients are expressible 
in terms of these two constants, yielding the solution (49) in the form 

y*(x) = C [(x + \x 1 + ^x 8 + • • •) log x + (1 - |x 2 - 3 * 6 x 3 H-)] 

+ B t (x + \x 2 + ^x 3 H-). (51) 

The coefficient of B x is seen to be ^(x). Thus, if C and B x are left as 
arbitrary constants, this expression for y 2 (x) in fact represents the general 
solution of (39). The particular expression for y 2 obtained in (48), by the first 
method, is obtained from (51) by choosing C = — B x = A 0 . 

4.7. A particular class of equations. Many important second-order 
equations, of frequent occurrence in practice, can be obtained by specializing 
the constants in the equation 

(1 + R m x m ) & + - 1 (J> 0 + P m x m ) d -f + i (Q 0 + Q m x m ) y = 0, (52) 

ax* x ax x* 

where M is a positive integer. (In the case when M = 0, the equation is equi- 
dimensional.) Here the introduction of the assumption 

Kx)=2^ + * (53) 

fc —0 

leads to the condition 

2 /(* + fcMtX* +t_a + 2 + S( s + = o, 

fc*0 k= M 

where 

f(s) = S 2 + (Po — l)* 5 + Qo 

and - g m(s) = Rm(s ~ Mf + (P M - R M )(s -M) + Q M . 

Thus, for each exponent satisfying the indicial equation f(s) = 0, the 
recurrence formula is 


f(s + k)A k = 0 (fc = l,2,...,M-l), 
f(s + k)A k = -g(s + k)A k _ M (fc ^ M). 
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The first M — 1 conditions are satisfied by taking 

~ A 2 = • • • = A m _ ± — 0, 

after which the recurrence formula for k ^ M shows that all coefficients A k 
for which k is not an integral multiple of M can be taken to be zero. 
Accordingly, it is convenient to write 

OP 

yO) =2 B kX Mk+s (54) 

k = 0 

when seeking a solution of a special case of Equation (52). Here k has been 
replaced by Mk in (53) and B k has been written for A Mk . 

Further, it is seen that here an exceptional case can occur only when the 
exponents s x and s 2 are equal or when s l — s 2 ~ KM, where K is a positive 
integer. In such a situation, when only one solution of type (54) is obtained, 
a second solution can be found, as usual, by use of Equations (33) or (35). 
Since the expansion of (1 + R M x M )~ l converges when 

\x\ < \Rm\~ 1,m > (55) 

the solutions obtained for (52) also will converge in that interval. In particular, 
if R m = 0 the series will converge for all finite values of x (the value x = 0 
itself being excepted, as usual, when the real part of s is negative). 

Among the many important specializations of Equation (52), we note 
Bessel's equation, 

x 2 j{ + x ^ + (x*-p*)y = 0, (56) 

dx £ dx 

for which M = 2; Legendre's equation, 

d - X 2 ) ^ ^ + pip + l)y = o, (57) 

dx 2 dx 

for which M — 2; and Gauss's equation, 

X(1 - X) 3 ^ + \y - (a + P + l)x] ^ - a/?y = 0, (58) 

dx 2 dx 

for which M = 1. The solutions of these equations, in the neighborhood of 
x = 0, are studied in the following sections. 

Other notable special cases may be listed as follows. 

(1) The equation 

xji + (c-x)^-ay = 0, (59) 

dx 8 dx 

for which M = 1, is satisfied by the confluent hypergeometric function of 
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Kummer, y = M(a,c,x) (see Problem 8). If c = 1 and a = — n, where n is a 
positive integer or zero, one solution is the nth Laguerrepolynomial,y = L n (x). 
If c = m + 1 and a = m — n, where /w and n are integral, one solution is the 
associated Laguerre polynomial , 

y = L“(x) = £^L n (x), 

if m S ». 

(2) The equation 

^ - 2x ^ + 2ny = 0, (60) 

dx 2 dx 

for which M = 2, is satisfied by the nth Hermite polynomial, y = H n (x), 
when n is a positive integer or zero. 

(3) The equation 

(1 - x 2 ) - x ^ + n 2 y = 0, (61) 

dx 2 dx 

for which Af — 2, is satisfied by the wth Chebyshev polynomial, y = T n (x), 
when n is a positive integer or zero. 

(4) The equation 

- *) 7i + C a - (i + *>) x ] t + < b + n )y = °> ( 62 ) 

dx 2 dx 

for which M = 1, is satisfied by the nth Jacobi polynomial, y = J n (a,b,x), 
when n is a postive integer or zero. 

The functions mentioned are useful in many applications. It is a curious 
fact that they all satisfy equations which are special cases of (52). 

4.8. Bessel functions. Solutions of the differential equation 

* 2 71 + x T + ^ ~ p2)y = °* ( 63 > 

dx 2 dx 

or, equivalently, 

X <L( X< dx) + ^ ~ P ^ y = °’ ( 63a ) 

are known as Besselfunctions of order p. These functions are of frequent use in 
the solution of many types of potential problems involving circular cylindrical 
boundaries, as well as in other applications, in such fields as elasticity, fluid 
flow, electrical field theory, and aerodynamic flutter analysis. We suppose that 
the constant p is real Since only the quantity p 2 appears in Equation (63), we 
may also consider p to be nonnegative without loss of generality. 
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Since Equation (63) is of type (52), with M = 2, we may seek a solution of 
the form (54), 

00 

X*)=2 B ** 2 * +S - (64) 

k = 0 

Substitution into (63) yields the indices 

s i =P, % =-P (65) 

and the recurrence formula 


(s + 2k + p)(s + 2k- p)B k = -B k _ A (k ^ 1). (66) 

The exceptional cases may arise only if s 1 — s 2 = 2p is zero or an integral 
multiple of M = 2, that is, if p is zero or a positive integer. In such cases we 
can be certain only of one solution of type (64). 

In correspondence with the exponent s L = p, repeated use of Equation (66) 
gives 

B k (p) — (—l)*--- : - 

(2 + 2p)(4 + 2p) ■ ■ ■ (2k + 2 p) 2 *k\ 


= (-lf 


1 


B 0 


(k S 1), (67) 


(l + p)(2 + p)---(k + p)2 ik k\ 

and we see that all coefficients B k are defined. Thus a series of type (64) is 
determined, for s — p, in the form 


>>i(x) = S 0 


□u 

V 


(~lf* ! 


,k^.2k + p 


^(l+p)(2 + p) ■ * • (fc + p)2 2k k !J 


or, making use of Equation (52), Chapter 2, 


yM = B 0 T(1 + p) £; 


(-l)*x 2fc+3> 


,tj2 2fc /c!r(fc + p+l) 

This result is put into a more compact form if we use the abbreviation 
r(fc + p + 1) = (k + p)l and write 

/ \ 2 k+p 


,',(x)-2T(l + p)B,V 


— B 0 Ui(x). 


( 68 ) 


k\(k + p)l 

The series multiplying 2 V T(1 + p)B 0 in Equation (68) is known as the 
Bessel function of the first kind , of order p, and is denoted by J P (x), 


oc- 

p (*)=2 


(-iy 


■r* 


k = 0 


kl(k + p)l 


( 69 ) 
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In particular, when p = 0 and 1 we obtain the series in the forms 

J t (x) = 5 - -fl + -+ .... 

2 2 3 2! 2*2! 3! 2 7 3 !4! 


(70) 

(71) 


With j = s 2 = —p. Equation (66) yields the result of replacing p by —p 
in (67), 


B k (-P) = (-1)* 


1 


B n 


(1 “ P)(2 — p) * • * (/c — p) 2 2k ld 


{k ^ 1). (72) 


Thus, if p is a positive integer, all coefficients B k for which k ^ p become 
infinite, and no Frobenius solution is obtained, in such a case, corresponding 
to the exponent s = —p. However, if p is not zero or a positive integer, a 
second solution is obtained by replacing p by —p in the first solution, and 
hence may be taken in the form 


00 


/ Y \ 2Jc — v 




(73) 


Thus , if p is not zero or a positive integer , the complete solution of Bessel's 
equation (63) is a linear combination of the solutions (69) and (73), of the form 

y = C 1 J v (x) + C 2 /_ p (*). (74) 


Ifp = 0, the two solutions are identical. Moreover, ifp is a positive integer, 
the second solution J_ p (x) is not independent of J p {x). This statement is a 


consequence of the fact that if p is a positive integer n , the factor —-— 

(73) is zero when k < n, and hence (73) is then equivalent to C 


in 


00 

r - n (*)=2 


/ Y \ 2 k-n 


(UJflt-n)! 

or, replacing the index by k + n, 

A fe! (fe + «)! 

Hence, if n is an integer , we obtain 


/-„(*) = (-1 )"/„(*). 


( 75 ) 
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It should be noticed that although the higher coefficients in the solution 
y z (x) would become infinite as/? -* n (n = 1, 2, 3,...) if the coefficient B 0 
were held fixed, we have essentially replaced B 0 by a factor proportional to 
l/r(l — p) which vanishes as p ->n and so have obtained a solution J_ v (x) 
in which the coefficients which previously became infinite as p -> rt now 
approach finite limits, and the remaining coefficients tend to zero. 


To find a second solution complementing J v {x) in the exceptional cases, 
recourse may be had to the methods of Section 4.5. We illustrate the procedure 
in the case of equal exponents, p = 0. In this case we obtain a function 
by determining B k (s) from (66) and introducing the result into (64). The 
required second solution is then 


y^x) = 



where here 


so that 


y,(x)=J,B k (s)x ik+ \ 

k = 0 


yM = 


2^(0)^ 

-fc = 0 


log X + 2 B£(°) 

fc = 1 


(76) 


The recurrence formula (66) first gives 


B k (s) = (—1)* rr w 7—T7 TT 2 • 

[(s + 2)(s + 4) • • • (s + 2k)] 

To calculate B' k (s) it is convenient first to take the logarithm of the two sides 
of the equation, 

log [(- 1 )* M 1 = -2 log C(s + 2 )(s + 4 ) • • • (s + 2 k)-] 

L Bq J 

k 

= -2 2 lo g( s + 2m )- 

771 = 1 

Differentiation with respect to s then gives 

m = _ 2 y 1 

B k (s) + 2m 

m = _ 2 y j_ = _y i 

B k ( 0 ) ^ 2 m & m 


and hence 
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Thus, if we again introduce the abbreviation 


9*fc)=2 i= i +\ + --’+z 

4Ti m 2 k 

— A j 


(77) 


we obtain 


9 >( 0 ) = 0 


^(0) = - m BM = -**)[(-* [2 . - 4 , 6 ?0 ,^ l 


( 2 fe )] 2 


-Bo. 


(-D 

2 a *(/e !) 2 

and (76) then gives the required second solution in the case p = 0 in the form 

V2fc~l 


y 2 {x) = B 0 


00 

J 0 (x)logx +2(-l)* + V(fe) 


©■ 


*r = l 


(fc!)*J 


The coefficient of B 0 is thus a second solution of Bessel’s equation (63) 
when p = 0, 

x ^ + — + xy = 0. 
dx 2 dx 

It was taken as the standard form of the second solution by Neumann , and is 
usually denoted by 7 <0) (x). Thus any linear combination of J 0 (x) and Y (0) (x) is 
also a solution. The standard form chosen by Weber is defined in terms of J 0 
and 7 (0) by the equation 

2, 


Y 0 (x) = - [Y (0) (x) + (y - log 2) J 0 (x)], 

7T 

where y is Euler's constant , defined by the relation 
y = lim [ <p(k ) — log k ] 


(78) 


oo 


lim (l + ~ + ~ 
k~* oo \ 2 3 


+ 


+ | - log k 
k 


)- 0 . 


We thus obtain a second solution in the form 


Y 0 (x) = - 

IT 


5772157. 


x\**' 

2 , 


(79) 


(k!) 2 J 


[(log 5 + y) J 0 (x) +2 (-1)‘ + V(k) 

-;[('«* i + r)w + g-+ 

+ y §!?( 1 + 2 + 3 )“ '")]• 


( 80 ) 
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The function Iq(x) is known as Weber’s Bessel function of the second kind, 
of order zero. In German texts it is frequently denoted by N 0 (x). The complete 
solution can thus be written in the form 


y — CiJtfje) + C 2 ToC*)- (81) 

Weber’s definition of the function of the second kind [Equation (78)] is 
generally more convenient than that of Neumann, and is usually preferred, 
because of the fact that the behavior of the function y 0 (x) so defined, for large 
values of x, is more nearly comparable with the behavior of J 0 {x ) [see Equation 
(88)]. 

A similar but more involved calculation leads to expressions for Weber’s 
form of the Bessel functions of the second kind, of order n. 


Y n (x) = - 

IT 


/. x \ 1 y(" ~ * ~ 1) ! ( 2 ) 

(k>g- + yj jfx) ~~ Z' 


k -0 


k\ 


+ + ?<* + «)] 


2 

x fc = 0 


jr 

k\ (n + k)l 


(82) 


when n is a positive integer. Thus, in particular, 

W=£(io g \ + r) W -1 -1 + j 1 ^^) £ 

_ [ O + £) + (j + i + * 5 , .. 1 

l 2 / 2 6 2! 3! J' 


(83) 


It follows that if p = w, where n is zero or a positive integer, the general 
solution of (63) can be taken in the form 

+ ( 84 ) 

If p is not zero or a positive integer, the function Y v (x) is defined by the equation 


y ^ = (cos pir) J v (x) - ^ g5) 

P sin pn 

This definition can be shown to be consistent with Equation (82) as p-+n, and 
it defines Y p (x) as a linear combination of J P (x) and J_ v (x) otherwise. It should 
be emphasized, however, that the second solution Y v (x) is not needed unless 
/> = »• 

The general solution of Bessel’s equation is frequently abbreviated by use 
of the notation 

y = Z„(x), (86) 
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with the convention that (86) stands for (74) unless p is zero or a positive 
integer, and for (84) in these cases. 

The transformation y = —L transforms (63) to the equation 
V x 


d 2 u 

dx 2 


+ 


(* 



u = 0 


(see Problem 38, Chapter 1). For large values of x the term 


(87) 



is 


negligible in comparison with unity. Thus it may be expected that for large 
values of x the behavior of solutions of (87) will be similar to that of 

d 2 u 

corresponding solutions of the equation — + u = 0. Since such solutions can 

be written in the form u = A cos (x — y), where A and y are constants, we 
are led to the possibility that for large values of x any solution of (63) behaves 
like the function 


V X 


A , 

= - 7 = cos (x 
Vx 


<P\ 


for properly chosen values of A and y. A rather involved analysis shows that 
for the function J v (x) one has 


y 7 T 

whereas for Y v (x) there follows 


and y x = (2p + 1) - , 
7 t 4 


’ rr 


Thus we may write 
J B (x) r 


A 2 = J- and <p 2 = -+<p v 

77 2 




cos (x — a„) 


Y v (x) ~ J— sin (x - a„) 

y 1TX 


(x-> 00 ) 


( 88 ) 


where a„ = (2p + 1) - . (89) 

4 

The notation of (88) denotes that the ratio of two expressions connected by the 
symbol ~ approaches unity as x -> oo. We say that/„(x) behaves asymptotically 

like cos (x - * P ). 
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It follows from (88) that the complex function J v {x) + i Y v {x) has the 
asymptotic behavior 

J„(x) + i Y P (x) ~ 7 — e iix ~ ap) (x — oo), (90) 

N 7 TX 

whereas the conjugate complex function has the behavior 


TO - i y,(x) - 7 - (x -* oo). (91) 

^ 7 TX 

These complex functions are known as • Bessel functions of the third kind , or, 
more generally, as the Hankelfunctions of thefirst and second kinds , respectively, 
and the notations 

«?’(*) = J»(x) + i TO] (92) 

HT(x) = TO - i to) 

are conventional. These functions are particularly useful in studying certain 
types of wave propagation (see Section 9.13). 

The differential equation 

* 2 yi + x T - (P 2 + * 2 ) ^ = °> ( 9 3) 

dxr dx 

which differs from Bessel’s equation (63) only in the sign of x 2 in the coefficient 
of y, is transformed by the substitution ix = t to the equation 

.•* + 4 + 0’-pV-o > 

dt 2 dt 

which is in the form of Bessel’s equation (63). Hence, the general solution is of 
the form y = Z v {t\ or, in terms of the original variable x, the general solution 
of (93) is 

y = Z P (ix). (94) 

That is, if p is not zero or a positive integer, the general solution is of the form 
y = Ci Jfix) ~f~ C 2 J—fixf 
whereas otherwise it may be taken in the form 

y = c x J n {ix) + c 2 Y n (ix). 
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In place of using this function as a fundamental solution of (93), it is preferable 
to use the function I P (x) = i~ p J P (ix), 


ao 

',(*)= 2 


(r 


~ Q k\(k + p)\ 


(95) 


since this function is real for real values of p . This function is known as the 
modified Bessel function of the first kind , of order p . The terms in the series 
representing I p (x) differ from those in the series for J v (x) only in that the 
terms are all positive in the I v series, whereas they alternate in sign in the J p 
series. Thus, if p is not zero or a positive integer, the general solution of (93) 
can be taken in the real form 


y = Z v (ix) = c 1 I v {x) + c 2 /_„(*). (96) 

As a second real fundamental solution of (93), in the case when p = n, 
where n is zero or a positive integer, it is conventional to define the function 
K n (x) by the equation 


K n (x) = ^ i" +1 [J n (ix) + i y»(/x)] = - 2 i n+1 H™(ix), (97) 

leading to the general solution 

y = Z n (ix) = c x I n (x) + c 2 K n (x), (98) 

when n is zero or a positive integer. The function K n (x) is known as the 
modified Bessel function of the second kind , of order n. 

If p is not zero or a positive integer, the function K p (x) is defined by the 
equation 


^ ___ 2 fpOO 

P 2 sin pir 

which is consistent with (97) when p-+n. 


(99) 


For large values of x the modified functions have the asymptotic behavior 


*„(*)' 


V21TX 

e~* 

J-x 


(x->00). 


( 100 ) 


It is important to notice that the right members of (100) are independent of p. 


4.9. Properties of Bessel functions. It is readily verified directly that all 
power series involved in the definitions of all Bessel functions converge for all 
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finite values of x. However, in consequence of the fact that these series are in 
many cases multiplied by a negative power of x or by a logarithmic term, it is 
found that only the functions Jfx) and I v (x) are finite at x = 0 (when p S 0). 

For small values of x, retention of the leading terms in the respective series 
leads to the approximations 

J * (x) ~2*p! ^ ( 101 > 

Yfx) -(p fz 0), y 0 (x) ~ - log x, (102) 

7T 7T 

I -»w~rrTi x ~ p ( 103 > 

Z p I v P) • 

* „(*) - 2^ - 1)! 0), K 0 (x) ~ -log x, (104) 


in the sense that the ratio of two quantities connected by the symbol ~ 
approaches unity as x —► 0. 

For large values of x (x —► oo), we recapitulate the results listed in the 
preceding section: 



V 7 TX 

w 


* 2 , //; 2) (x)' 


V 77\X 


"■(■tt) 




The following derivative formulas are of frequent use: 


7- [* p >v( a *)] = 

ax 

-f[x~ p y P (ct.x)] = 


a x* JVi(* x ) 
-a x” y„-i( ax ) 

-ax -p y J , +1 (ax) 

ax' r ^ H (otx) 


(y = (2) ) 

O' = *); 

(y = J,Y,K,H ll \H (2) ) 

(y = /)• 


(106) 

(107) 


(108) 

(109) 


These formulas are established for and by considering their series 
definitions, and for the remaining functions by considering their definitions in 
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terms of J p and Y v . Thus, to prove (108) for J v , we note that from the definition 
(69) we have 


dx dx 2 2k+ »kl (fc + p)\ 


^_jyc a 2fe + j} ^2& + 2;p-l 

-Z 2 ^+»- 1 /c! ( fc + p_ i)! 


OLX V / - 

*tS /c! (/C + P - 1)! 

ax'Jj.^oa). 


From (108) there follows 


• I'j.O**) = 


a y J) - 1 (ax) - - y P (ax) (y = J ,Y,I ,H (1) ,H l2) ) 

X 


-a ^-x(ax) - ^ y v (&x) (y = X), 
x 


whereas (109) becomes 


• ^(a*) = 


-« y P+1 (ax) + r y P (ax) (y = J,Y,K,H (1) ,H (2 >) 


a y^ax) + £ y s (ax) (y = i). 
x 


By addition and subtraction of (110) and (111) we also obtain the relations 


2 — y P (»x) = a^.^ax) - y p+1 (ax)] 


J'p-i(ax) + y B+ i(«x) = S- y p { ax) 


(y = J,Y,H {1 \H {2) ), (112,113) 


2 dx f ®[^j>-i( a *) “h fj>+i(®^)]> 


(112a) 


2 — X„( a x) = -«[K»-i(ax) + Xj, +1 (ax)], 


(112b) 


4 _ 1 (ax) - / P+1 (ax) = — //ax), 


(113a) 


K,-i(«) - K, +1 («x) = - ^ Kj,(xx). 

ax 


(113b) 
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Relations (108-112) are useful in evaluating certain integrals and deriva¬ 
tives involving Bessel functions. In particular, setting p = 0 in (109), we 
obtain the relations 


f-?«(«) = 

dx 


-a *(«) (y = J,Y,K,H a \H (2) ) 

« M a *) (y = /)• 


(114) 


The relations (113) are useful in expressing Bessel functions of order p + 1 in 
terms of two corresponding functions of lower order p and p — 1 . 

The Bessel functions of order p, where p is half an odd integer , can be 
expressed in closed form , in terms of elementary functions . To establish this 
fact, we consider first the case p = \ and denote the general solution of (63) 
by y == Z 1 / 2 (x). If we write 

h(x) = Vx Z 1/2 ( x), 

Equation (87) shows that the function u(x) satisfies the equation 

d 2 u 


dx 2 


+ u = 0 


and hence is of the form u = A cos x + B sin x. Taking 

u = Vx/ 1/2 (x), 


we have also, from (108), 


7 - =VxJ.i / 2 (x). 
dx 


Hence, using (101), we find that 

m( 0 ) = 0 and m'( 0 ) 


2 1/2 Vl 


Thus we must have 4 = 0 . 


(-*)! r® 

jl 

, 2 ? = -, and there follows 


-fi 

” <7T 


or, finally, 



dw 

dx 



cos x, 


J ~1/2( X ) — 



(115) 


Also, since 7 1/2 (x) = /~ 1/2 / 1/2 (ix) and 7_ 1/2 (x) = f 1/2 7_ 1/2 (jx), we have 


J1/2W = 



f -1/2W 




cosh x. 


(116) 
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From (113), with a = 1 and we obtain the recurrence formulas 

Jfi + I/ 2 W = “ ^n-l/2(*) — 3 n- 3/2( X ) 

and /„+i/ 2 (x) = — 2n x 1 I n -i/i(x) + s/aOO. (118) 

which permit the determination of/ n+1/2 (x) and / w +i/ 2 (*) for all integral values 
of «, in terms of the functions in (115) and (116). Certain of those functions 
are listed in Table 2 of Chapter 2 (page 77). 





As is indicated by the asymptotic approximations (105), the functions J v {x) 
and Y v (x) are oscillatory in nature, the amplitude of oscillation about a zero 
value tending to decrease with VJfrrx and the distance between successive 
zeros of the function decreasing toward tt* It can be shown that the zeros of 
j p+i( x ) separate the zeros of J v {x)\ that is, that between any two consecutive 
zeros of/p+jOc) there is one and only one zero of J v {x). The same applies to 
the zeros of the functions of the second kind. The functions I v and K v are not 

* A brief table of values of zeros of certain Bessel functions is presented in the Appendix. 
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oscillatory. The former function essentially increases exponentially with x, 
whereas the second essentially decreases exponentially. Sketches of these 
functions are presented in Figure 4.1. 

4.10. Differential equations satisfied by Bessel functions. The solution of 
the differential equation 

* 2 02 + *T 1+{X*-P*)Y=0 (119) 

aX aX 

can be written in the form 


If we make the substitutions 
Y = 

and notice that then 

d_ 

dX 

Equation (119) becomes 

\f dxlf’dx\2/x 


Y = 

zjii 0- 

y 

g(x)' 

X 

v—' 

II ' 

>< 

dx d 

dx‘d 

dXdx 

~dffc~^f 


f dx\-f dx \g 

[d/y\ 


\l±(l 

L f' dx\e 


+ (/ 2 - P 2 )^ = 0 , 


dx L /' 


I 'Lf'dx\g/J w g 

+ j-(-)+7(/ 2 -P 2 )- = °- (123) 

dx W f R 


Reference to (120) and (121) shows that (123) is the differential equation 
satisfied by 

y = g(x)Z,\f(x)]. (124) 

In particular, if we set 

g{x) = x A e~ Bx \ fix) = Cx>, (125) 

Equation (123) can be reduced to the form 

x 2 ^. + x[il-2A) + 2rBx r ]^ 
dx 1 dx 

+ [ A 2 - p 2 s 2 + s 2 C 2 x 2s - rB(2A - r)x r + r 2 B 2 x 2r ] y = 0. 

This equation is somewhat simplified if we write 

1 — 2A = a, rB = b, A 2 — p 2 s 2 = c, s 2 C 2 — d f 

from which there follows 

A — , B = ~, C = — , p = —VA 2 - c. (126) 

2 r s s 
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With this notation, the differential equation takes the form 
dx 2 dx 

+ [c + dx 28 - b(l- a- r)x T + b 2 x 2r ] y = 0, (127) 


and the solution of (127), obtained by introducing (125) and (126) into (124), 
is of the form 



y-x.’e-': 2 ,( 5 ^ *•). 

(128) 

where 


(129) 


If — is real, Z v is to be interpreted by (74) or (84), whereas if — is imaginary, 
s s 

Z p stands for (96) or (98), the choice in either case depending upon whether p 
is not or is zero or a positive integer, respectively.* 

Thus, if it is possible to identify a particular differential equation with 
(127), by suitably choosing the constants in (127), the solution is given im¬ 
mediately by (128) in terms of Bessel functions of order p , where p is given 
by (129). We list here certain useful special forms with corresponding solutions 
readily obtainable in this way. 

x 2 y" + xy' + (k 2 x 2 —p 2 )y = 0, y = Z v {kx) ( k i=- 0). (130a) 

x 2 y" + xy’ - (k 2 x 2 +p 2 )y = 0, y = Z v {ikx) (k ^ 0). (130b) 

+*/ — (/5 2 — ax Zl )y = 0 , y = Z ph (^x^ (as # 0 ). (130c) 

y" + kx m y = 0 , y=VxZ 1 x 2 (mk^-2k). (130d) 

+ 2 1 

£( x ’f) y= * Tz ’(rr x j 

where s = + 1, p = (ks =£ 0). (130e) 

2 2s 

The restricted cases in (130a-e) are all readily solvable as equidimensional 
equations (see Section 1.6). 

4.11. Ber and bei functions. In certain problems it is convenient to obtain 
a desired solution as the real or imaginary part of a complex function, in terms 

* Because of the ambiguity of the signs of the radicals in (128) and (129), both the 
order p and the coefficient of x a can be replaced by their negatives, and hence can be 
taken to be nonnegative when they are real, in (128) and in its specializations (130a-e). 
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of which a simplified formulation of the problem is possible. In such cases 
differential equations with complex coefficients may occur. In particular, 
equations are rather frequently obtained which are reducible to the form 

+ * ¥ - ( p 2 + '■ * 2 ) y = °> ( 131 > 


where p is a real constant. Since (131) is equivalent to (130b) if k 2 = i or 
k — i 1/2 , the solution of (131) can be expressed in the form 

y - z*0‘ 3/2 *). (132) 

The solutions of (131) which are finite at x = 0 are thus multiples of the 
function J p (i z,2 x). This function is a complex function whose real and 
imaginary parts are written ber,, * and bei„ x, respectively, 

ber„ x + i bei„ x = J p (i V2 x) = i p I p (i 1/2 x). (133) 

The polar notation 

ber„ x + i bei„ x = M p (x) e i9p{x) (134) 

is frequently used. 

We consider, in illustration, the case p = 0. In this case the zero subscripts 
are conventionally omitted in the notation for the real and imaginary parts, 


y 0 (/ 3/2 x) = ber x + / bei x. (135) 


From the definition (69) we obtain, with p = 0, 

(—l) m i 3m ^j 2m 


•/ 0 (i 3/2 *) = ]> 


( m !) 2 


We now separate this series into two parts, in the first of which m takes on 
even values and in the second of which only odd values of m occur. If we 
replace m by 2k in the first series and m by 2k + 1 in the second, we obtain 


4fc + 2 


7/ 3/2 ^ V \2/ V \2/ 

°' X) s tj[(2fc)!] 2 [(2fc + l)!] 2 • 

Noticing that 

i 3k = (-l) 3 * = (-1)*, ( 6t + 3 = (-1)* i 3 = (- l) fc+1 i, 

we obtain finally 

© 




k 4fc + 2 


(—n* 

*=o E(2fc + 1)!] 2 


( 136 ) 
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A comparison of (135) and (136) gives the results 


„r 


her x = V (— l) k _ . 

6 K 2 fe )!] 2 

x 4 x 8 

= 1 - — + —- 

2 a 4 2 2 2 4 2 6 2 8 2 


(137) 


and 


bei 


00 

*=2(-d* 


i=0 

X 2 

2 2 


(r 

[( 2fe + l)!] 2 

i Y io 

+ 


2 2 4 2 6 2 ' 2 2 4 2 6 2 8 2 10 2 ' 

Analogous series expansions defining the functions ber p x and bei P x for 
general values of p are obtained by similar methods. 

Similar functions of the second kind , which are not finite at x = 0, are 
defined by the relation 


ker p x + i kei P x = i~ p K P (i 1/2 x). 


(139) 


The general solution of (131) can then be written in the form 

y = [ Cl ber p x + c 2 ker p x] + i[c ± bei p x + c 2 kei P x]. (140) 

To illustrate the occurrence of Bessel functions of order zero in practice, 
we consider particular solutions of the partial differential equations 

d 2 U 
dx 2 
dHJ 
dx 2 


and 


1 dU 

. d 2 U 

(141) 

x dx dt 2 

1 dU 

dU 

(142) 

x dx ^ dt 


It is found that in many physical problems in various fields, a physical property 
U depending on a single distance variable x measured from a reference axis of 
symmetry, and on a time variable r, must satisfy one or the other of these 
equations, the quantities X and p involving known physical constants in¬ 
dependent of time and position. It is frequently important to determine 
solutions of the form 

/(x) sin cot + g(x) cos cot , 


where co is a constant. However, instead of proceeding directly to such a 
determination, it is more convenient to consider the required solution as the 
real or imaginary part of a complex solution of the form 

U = y(x) e i<at , 

where y(x) is a complex function of the form y{x) = F(x) + i G(x). 


( 143 ) 
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Substitution of (143) into (141) and subsequent cancellation of the factor 
e iu)t show that the function y{x) must satisfy the differential equation 

x t* + ? + = °- ( 144 > 

dx‘ ax 

If A > 0, the general solution of (144) is given by (130a) in the form 
y = Z 0 (V I cox), whereas if X < 0, the general solution is of the form 
y — Z 0 (iV—X cox). In particular, if physical considerations require the solu¬ 
tion to be finite when x = 0, the solutions must be of the form C J 0 {VX cox) 
when X > 0 and C I 0 (V—X cox) when X < 0, where in either case C is a 
constant (which may be complex). 

In a similar way, substitution of (143) into (142) gives the equation 

x + — — i ftcoxy = 0 (145) 

dx 2 dx 

to be satisfied by the complex amplitude function j/(x). If pc > 0, comparison 
of (145) and (131) shows that the most general solution of (145) which is finite 
when x = 0 is of the form 

y = CJ 0 (i 3/2 Vjbico x) = C(ber Vpco x + i bei V fxco x). (146) 

If /z < 0, the corresponding solution is of the form 

y = C J 0 (i l/2 V —ft<u x ) 

or, equivalently, 

y — C(ber V—pco x — i bei V—/nco x), (147) 

as may be seen by taking the complex conjugate of the equal members of (145). 

Useful tables of Bessel functions are included in Tables of Functions , 
compiled by Jahnke, Emde, and Losch (Reference 7), the notation N v (x) 
being used in place of Y v {x). In addition, the real and imaginary parts of the 
functions J 0 (i 1/2 x), H^ l \i 1/2 x), and i 1/2 J l {i 1/2 x), i 1/2 H[ l) (i 1/2 x) are tabulated 
therein. The first two functions are independent solutions of the equation 

x2 T l 2 + x^-(p 2 -ix 2 )y = 0 (148) 

dx £ dx 

when p — 0, and the last two functions are solutions when p = 1. Supplemen¬ 
tary material, including tables of zeros of Jfx), is also included. Brief tables of 
the functions appearing in (140) are included in Dwight’s Tables (Reference 3). 


4.12 . Legendre functions. Solutions of the differential equation 


d 2 y 


dy 


(l — x 2 ) — 2 x -— + p(p + l) y = ° 


dx 2 


dx 


or, equivalently, 


dx 


dy 


(1 — x 2 ) —J + p(p + 1 ) y — 0 


(149) 

(149a) 
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are known as Legendre functions of order p, where p is assumed here to be real 
and nonnegative.* They are of particular use in the solution of potential 
problems involving spherical boundaries. 

We may notice that x = 0 is an ordinary point for (149), so that one could 

assume y — ^ with the knowledge that both A 0 and A x will be 

arbitrary. However, since (149) also is of type (52), with M — 2, it is somewhat 
more convenient to use the method of Section 4.7. Thus the introduction of 


y(x)=^B k x 2k+3 (150) 

k = 0 

into Equation (149) readily yields the exponents 

* = 1, j 2 = 0 (151) 

(as was anticipated) and the recurrence formula 

(s + 2k)(s + 2k - l)B k = -(p - s - 2k +2)(p + s + 2k - 1 )B k _ v (152) 

With s — 0, this formula yields the result 


B*(0) = (-!)* 


[p(p ~ 2 )(p - 4) • • • (p - 2k + 2)] 
[1 • 3 • 5 • • • (2fc - 1)] 


or 


x 


[(p + 1)(P + 3)(p + 5) • • • (p + 2k — 1)] g 
[2 • 4 • 6 ■ • • (2k)] °’ 


BM = ( — ^ [p(p - 2) • • • (p - 2k + 2)] 

(2k)! 

X [(P + 1)(P + 3) • • • (p + 2k - 1)]. (153) 

Similarly, when 5=1, Equation (152) gives 


B k (l) = [(P - 1)(P - 3) • • • (p - 2fc + 1)] 

X [(P + 2)(p + 4) • • • (p + 2k)]. (154) 

The solutions corresponding to the exponents s = 0 and s = 1 are then of 
the respective forms 


B*(0)* 2 *, 

*=1 k =1 

* Since p(p 4- 1) is unchanged when p is replaced by —{p + 1), the solutions for 
p == —p 0 are the same as those for p = p 0 — 1 . 


Bo x +2 ^*( 1 ) x 


Zk + l 
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The coefficients of B 0 in these expressions are here denoted by u p (x) and v p {x\ 
respectively, so that we write 


«»(*) = 


_ P(P + 1) x 2 , P(P ~ 2)(p + l)(p + 3) x t 
2! 4! 

P(P ~ 2)(p - 4Xp + 1 )(p + 3)(p + 5) ^ f 


and 


(p - l)(p + 2) ^ . (P ~ D(P ~ 3)(p + 2)(p + 4) x5 
3! 5! 

(p - l)(p - 3)(p - 5)(p + 2)(p + 4)(p + 6) j . , , 


(155) 


(156) 


It may be seen that if p is an even positive integer n (or zero) the series (155) 
terminates with the term involving x n , and hence is a polynomial of degree n. 
Similarly, if p is an odd positive integer n, the series (156) terminates with the 
term involving x n . Otherwise, the expressions are infinite series. The results of 
Section 4.4 show that the series converge when — 1 < x < 1; they diverge 
otherwise (unless they terminate), as can be verified directly. 

Thus the general solution of Equation (149) could be expressed in the form 


y — Cl U p (x) + c 2 v p (x) 


when —1 < x < 1. However, a different terminology is conventional, for 
reasons which are now to be explained. 

We consider first the cases when p = «, where n is a positive integer or 
zero. These are the cases commonly arising in practice. When p = n, one of 
the solutions (155) and (156) is a polynomial of degree n , whereas the other is 
an infinite series. That multiple of the polynomial of degree n which has the 
value unity when x = 1 is called the «th Legendre polynomial and is denoted 
by p„(x). 

Thus we have, when n is even, 


and, when n is odd. 


PnW = 

PnW = 


^n(^) 

«n(l) 

(157a) 

v„(x) 

”n(l) ’ 

(157b) 


The first six Legendre polynomials are readily found to be 

P 0 (x) = 1, AW = *> AW = K3 * 8 - 1), 
P 3 (x) = K5* 3 - 3x), A(*) = i(35x4 - 30x* + 3), 

AW = K63* 8 - 70jc® + 15x). 


(158) 
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For later reference, it is noted that the functions u n (x), with n even, and 
v n (x), with n odd, can be shown to have the following values at x = 1 : 


, /1 v , 2*4*6***w 

«o(l) = !» «n(0 = (- 1 ) 2 


1 • 3 • 5 • • • (n - 1) 

(» = 2,4,6,...), (159a) 


«i(i) = i, v n (i) = (-i)"* 1 2 ‘ i .3: 5 ' : ( : n 7 ~~ 


(n = 3,5,7,...). (159b) 


When p is an even integer n , the solution v n (x) is in the form of an infinite 
series, whereas if p is an odd integer n 9 the solution u n (x) is an infinite series. 
Suitable multiples of these solutions are called Legendre functions of the second 
kind and are denoted by Q n (x). It is conventional to take the multiplicative 
factors as (— l) n w n (l) and (— l)X(l), respectively, leading to the definition 


-f„(l) «„(*) (« odd) 

«„ 0 ) (« even), 


(160) 


where the constants w n (l), n even, and i? n (l), n odd, are defined by (159a,b). 
However, since the series appearing in (160) converge only when \x\ < 1, the 
functions Q n (x) are defined by (160) only inside this interval. 

Thus, when p is an integer n, a certain multiple of that solution (155) or 
(156) which is a polynomial is written as P n (x ), and a certain multiple of the 
other (infinite series) solution is written as Q n (x\ so that the general solution 
of (149) in this case is written in the form 


y = C! P n {x) + C 2 Q n {x). (161) 

It can be shown by direct (but involved) calculation that P n (x) and Q n (x) 
both satisfy the recurrence formula 

ny„(x) = (2n - 1 ) xy^ix) — (« — 1 ) y„- 2 (x). (162) 

Equation (162) permits the determination of expressions for Legendre func¬ 
tions in terms of corresponding functions of lower degree. 

We next express Q 0 (x) and Q x (x) in closed form, by using the methods of 
Section 1.10. Reference to Problem 34, Chapter 1, shows that the functions 
Q n (x) are expressible in the form 

Q n (x) = A n P n (x)j —f^-— i + Bn P n (x), 

where A„ and B„ are suitably chosen constants. In particular, since P 0 (x) = 1, 
there follows 

Qo(x) = + B o. 
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v A 0 , l + x 

Qo(x) = ~ log :- 

2 1 — x 


From (160) we obtain Q 0 (0) = ufl)vf0) = 0 and Q' 0 (0) = «o(l)t^(0) = 1. 
Hence there follows A 0 = 1, £ 0 — 0, and we have the result 

Qo(x) = - log —— = tanh -1 x. (163) 

2 1 — x 

Similarly, when n — 1, since jPj(x) = x there follows 


Ci(x) = A 1 


or, if |x| < 1, 


x 2 (l — x a ) 


+ B t x 


Qi(x) = Ai- log - i) +B,x 
\2 1 — x / 


From (160) we have 

Qi(0) = -PiO) ufO) = -1 and CKO) = -^(1) u((0) = 0. 

Hence we must take A 1 = 1 and B 1 = 0, and so obtain 

Qi(x) = - log — 1 = x Q 0 (x) — !• (164) 

2 1 — x 

The series expansions of Q 0 (x) and Q^x), in powers of x , are readily shown 
to be in agreement with the series indicated in (160). 

Use of the recurrence formula (162) now permits the determination of 
Q n (x) for any positive integral value of n. In this way one obtains the 
expressions 

Qfx) = Pfx) Qfx) - fx, 

Qfx) = P 3 (x) Qfx) - fx 2 + |, ( I65 j 

Qfx) = Bfx) Qfx) - ¥x 3 + ft*, 

Qfx) = Pfx) Qfx) - s ix* + 4£x 2 - & . 

r x dx 

For values of x such that |x| > 1, the integral J -—takes the form 

- log + C = coth -1 x + C. 

2 x — 1 

Thus, i/|x| > 1, the function 

Qfx) = \ log = coth -1 x (166) 

2 x — 1 

is a solution of (149) which complements the polynomial solution P 0 (x) = 1 
outside the interval (—1,1). Corresponding solutions Qfx) for integral values 
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of n, in the range .|x| > 1, are obtained by using the notation of (166) [in place 
of (163)] in Equations (164) and (165). 

If p is not an integer, a certain combination of the series (155) and (156) 
can be determined so as to remain finite and take on the value unity at x = 1 
(See Problem 43). This function is called Pj>(x), and a second independent 
combination is denoted by Q v {x), so that the general solution of (149) in the 
general case is written in the form 

y = c i p p(x) + c 2 Qp(x). (167) 

The function P v (x) so defined, however, will not also remain finite at the 
point x = — 1 unless p is integral, and the function Q v {x) cannot be finite at 
x = 1. Thus, the only Legendre functions which are finite at both x = 1 and 
x = — 1 are the Legendre polynomials P v (x),for which p is integral. 

Rodrigues' formula, which expresses P n (x) in the alternative form 


P n (x ) 


1 d n (x 2 - 1)" 
2"n! dx n 


(168) 


is particularly useful in dealing with certain integrals involving Legendre poly¬ 
nomials. Proof that (168) is indeed consistent with (157) for all positive integral 
values of n is omitted here (see Problem 41), but it is readily verified that (168) 
reduces, in the special cases of (158), to the forms given. 

If \x\ < 1, the substitution x = cos 6 transforms Legendre’s equation 
from the form (149a) into the form 

-±--^(sin0^) +n(» +l)y = 0 (169) 

sin 0 dd\ dO/ 

or, equivalently, 

^ cot e + «(» + !) y = °. (169a) 

when p = n, and hence (169) has the general solution 

y — c 1 P„(cos 0) + c 2 (?„(cos 6). (170) 

Equations of such a form frequently arise in connection with solutions of 
various types of potential problems using spherical coordinates. It may be 
remarked that Q n ( cos 6) is not finite when cos 6 = ±1, that is, when 6 = kn, 
whereas /* n (cos 6) is merely a polynomial of degree n in cos 0. In particular, 
we have the expressions 

P 0 (cos 0) = 1, P x (cos 0) = cos 0, 

P 2 (cos 0) = J(3 cos 2 0-1) = J(3 cos 20 + 1), 

P 3 (cos 0) = $(5 cos 8 0 — 3 cos 0) = $(5 cos 30 + 3 cos 0) 


• ( 171 ) 
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When \x\ < 1, the functions 

PJ?(x) = (1 - x 2 r /2 , Qn = (1 - *T /2 (172) 

Ma UX 

are called the associated Legendre functions of degree n and order m, of the first 
and second kinds , respectively. They can be shown to satisfy the differential 
equation 

d-^g-2.4; + [„ ( „ + i) - T ^ 3 ],=°, ( ,73) 

which differs from (149) only in the presence of the term involving m 9 and 
reduces to (149) when m = 0. When \x\ > 1, the definitions (172) are modified 
by replacing (1 — x 2 ) by (x 2 — 1). 

The substitution x = cos 0 transforms (173) into the equation 

^ ^ cot 0 + [«(n + 1) - m 2 CSC 2 0] y = 0, (174) 

which thus is satisfied by P™(cos 0) and Q™(cos 0). 


4.13. The hypergeometric function. Solutions of the differential equation 

x(l - x)& + \y - (a + fi + l)x]^ - = 0 (175) 

dx* dx 

are generally called hypergeometric functions , since their series representations 
are, in a sense, generalizations of the elementary geometric series. Since (175) 
is of type (52), with M — 1, the series (54) reduces here to the usual form 

QO 

Xx)=2b*x* + s . (176) 

k = 0 

The exponents are found to be 

5 = 0, 1 - y, (177) 

so that only one solution of the assumed form can be expected when y is 
integral. The recurrence formula is obtained in the form 

(s + k)(s + k + y — 1 )B k 

— (s + k + a — 1 )(s + k + P — 1 )B k _ 1 (k ^ 1), (178) 

from which there follows 


B (s) = K 5 + a X 5 + <* + 1) • • * (s + a + k — 1)] 

[(s + l)(s + 2) • • • (s + fc)] 

x K s + ftX s + P + 0 * * * (s + ft + k — 1)] ^ (k^i i) 

C(s + y)(s + y + 1) • • • (s + y + k — 1)] 0 - 


( 179 ) 
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Corresponding to the exponent s = 0, we thus obtain the solution 
°l ^ [1 • 2 • • • k][y(y + 1) • • • (y + fc - 1)] 

(180) 

The coefficient of B 0 in (180) is written as F( a, P; y; x), and the series is known 
as the hypergeometric series or function , 


F((x,p;y;x) = 1 


Y , a(a + + 1) a , .. . 

1 * y + 1 ■ 2 • y(y + 1) 


(181) 


It is found that the series (181) converges in the interval |x| < 1 and 
also that, when x = +1, the series converges only if y — a — p > 0 and, 
when x = —1, the series converges only ify—a-0-fl >0. 


It may be noticed that if a = 1 and p = y, the series becomes the 
elementary geometric series 


F(l, P; P; x) = 1 + x + x 2 + • • • + x n + • • • 

= r— (1*1 < 1). (182) 


It is seen also that because of the symmetry in a and p, these parameters are 
interchangeable, 

F(o c, P; y; x) = F(p, a; y; x). (183) 

The solution (181) does not exist (in general) when y is zero or a negative integer . 
Corresponding to the exponent s = 1 — y, we obtain the solution 


y = (l +2 [( *- y + lx * ~ ■ ' • y 

' k-i |_1 • 2 • • • AcJ 

x ltf~Y + m - y + 2) •••(/?- y + fc)] 

[(2 — y)(3 — y) • ■ • (fe + 1 — y)] J 


(184) 


The series in braces in (184) is seen to differ from that in (180) only in that a, /?, 
and y in (180) are replaced by (a — y + 1), (/? — y + 1) and (2 — y), respec¬ 
tively, in (184). Hence (184) can be written in the form 


y = B 0 x 1-, F(a - y + 1, 0 - y + 1; 2 — y; x). (185) 

The solution (185) does not exist (in general) when y is a positive integer greater 
than unity. When y — 1, the solution (185) becomes identical with (181). 
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Thus, if y is not zero or an integer , the general solution of (175) can be 
expressed in the form 

y = c 1 i r (oc,/?;y;x) + c 2 x 1 ” y F(a - y + 1, p - y + 1; 2 — y\ x), (186) 

when |x| < 1. The exceptional cases can be discussed by the methods of 
Section 4.5. 

Many elementary functions are expressible in terms of the hypergeometric 
function (181). In particular, the following examples may be given: 

(l-x)-‘ = F(a,/?;/?;x), 

(1 + X)-* + (1 - X )-* = 2f(± , ; i ; x 2 ), 

[1 + VT^~xy k = 2-* f(£ , ; k + 1; x), 


log (1 — x) = x F( 1,1; 2; x), 



4.14. Series solutions valid for large values of x. In the preceding 
sections we have considered series solutions valid in an interval centered at 
the point x = 0, and have noticed that if solutions valid near a point x = x 0 
were desired, such solutions could be conveniently obtained by first replacing 
x — x 0 by a new independent variable t and then seeking series solutions of 
the form 

from the new equation. In such cases, the point x = x 0 , naturally should be 
not worse than a regular singular point. 

Thus, if series solutions of Bessel’s equation of order zero in powers of 
x — 1 were required, we could set t = x — 1 and thus transform that 
equation to the form 

(1 + ,) § + l + (1 +'^ =0 - 

Since the point t = 0 is an ordinary point , two solutions of the form^ A n t n 
can be obtained and rewritten finally in the desired form^ d n (x — l) n . 

In order to investigate the behavior of solutions for large values of x, we 
are led to the possibility of replacing 1/x by a new independent variable t , and 
then of studying the behavior of solutions of the new equation for small values 


2 An( ' x 
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of t> since / -* 0 as \x\ -* oo. If the new equation has the point / = 0 as an 
ordinary point, we obtain two solutions of the form^ A n t n = 

whereas for a regular singular point at leas t one solution ^ A n t n+s = A n x~ n ~~ 9 

is obtained. 

With the substitution x — ljt, the equation 

71 + «i(^) x + = 0 ( 187 ) 

dx £ dx 

bKomes sHHHiHd+HiH 0 ' (188) 

If the point t = 0 is an ordinary point (or a singular point) of (188), it is 
conventional to say that “the point x — oo is an ordinary point (or a singular 
point) of (187).” The use of such a phrase is motivated by the fact that if t = 0 
is an ordinary point (or regular singular point) of (188), then (187) possesses 

solutions of the form^> A n x~ n (or^ v4 w x~ w ~ 8 ). 

Equation (188) shows that in order that x = oo be an ordinary point of 
(187), the functions 

i[ 2l -„,(!)] and (189) 

must be regular at t = 0, whereas in order that x = oo be a regular singular 
point of (187), the functions 


Hi) 


must be regular at t — 0. 

To illustrate, we notice that if a x and a 2 are constants in (187), the point 
x = oo is an irregular singular point unless a x — a 2 — 0, since the functions 
ajt and ajt 2 are not regular at t — 0. 

BesseVs equation (63) also has an irregular singular point at x = oo, since 
the function 


MH 


is not regular at t = 0. Thus, Bessel’s equation has x — 0 as a regular singular 
point and x = oo as an irregular singular point. All other points are ordinary. 
Legendre's equation (149), however, has a regular singular point at x = oo. 


™ d Hi) 


and in, ! _£!£±i> 

r 2 2 \t/ t 2 -l 



sec. 4.14 I Series solutions of valid for large values of x 


169 


are regular at t = 0, whereas the functions (189) are not regular at t = 0. 
Thus, it is seen that Legendre’s equation has regular singular points at 
x = ±1 and at x = oo and ordinary points elsewhere. 

The expansion of Q n (x) in inverse powers of * can be expressed in terms 
of a hypergeometric series in the form 

nWiT in + 1/I + 1 /i + 3 l\ 

QnW ~(n + *)!( 2 xr+' F [-T~' ~ 2 ~ ; “~ 2 “ ; x*)' 

For the hypergeometric equation (175) we find that x = oo is an ordinary 
point only if either a = 0, /?=lora=l,/? = 0, and is a regular singular 
point otherwise. Thus, except for the cases noted, the hypergeometric equation 
has regular singular points at * = 0, x = 1, and x = oo and ordinary points 
elsewhere. The general solution, valid when |jc| > 1, is of the form 

y = Cl X~ a f(q c, a — y + 1; 0 C — £ + 1; 

+ c 2 x p F {^9 P — y + i i P — a + l; “ j, 

provided that — a is nonintegral. (See Problem 52.) 

If, in the hypergeometric equation (175), we replace* by a new independent 
variable *//?, we obtain the equation 

which has regular singular points at * = 0, * = /?, and * = oo, and whose 
general solution, when \x\ < 1, is given by (186) with * replaced by *//?. If now 
we let -> oo, Equation (191) formally becomes 

x ~Ti + (y — x ) T' ~ = °- ( 192 ) 

dx 4 dx 

In the transition from (191) to (192), we have moved the singular point at 
x = in (191) into coincidence or “confluence” with the second singular point 
at * = oo. For this reason, (192) is known as the confluent hypergeometric 
equation . This equation is a special case of (52), as was pointed out at the end 
of Section 4.7. It is of interest to notice that * = oo is an irregular singular 
point of (192), formed by the confluence of two originally distinct regular 
singular points. 

In cases where * = oo is an irregular singular point, it is frequently possible 
to obtain series of the type 


oo 
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such that formal substitution of the series into the differential equation reduces 
the equation to an identity. However, the series so obtained generally do not 
converge for any finite values of x. Still, they generally do have the property 
that if a finite number, N, of terms is retained, the sum, S N (x), of these terms 
approximates a solution y(x) in such a way that not only the difference 
y(x) — S N (x) but also the product — S^O)] approaches zero as 

|jc| —► oo. Such series, called asymptotic expansions of a solution y(x) 9 are of 
use not only in studying the nature of solutions for large values of \x\ but also 
in actually calculating values of such solutions to within a predictable accuracy. 
The reason is that in such cases the error associated with calculating y(x) by 
using N terms is of the order of magnitude of the next following (neglected) 
term, provided that that term is numerically smaller than the last term retained. 
[This, of course, is not a general property of all divergent (or convergent) 
series.] Although this error eventually increases without limit as N increases, 
the first few successive terms frequently decrease rapidly in magnitude when x 
is large, so that it may be possible to stop with a term preceding a term of the 
order of magnitude of the tolerable error. * 

The asymptotic approximations given in Equations (105-107) for the 
Bessel functions represent in each case the leading term of asymptotic expan¬ 
sions of this sort, which may be listed as follows: 

f) 

+ V v (x) cos (x - J 

HtXx)~J- lU P (x) + i F P (x)] e'K-f), 

^ 7 TX 

h T(x )~ J— [U P (x) - i Kj,(x)] 

^ 7 TX 

Ip(x)~;-f- W v {x), 

V 27 TX 

K„(x)~-Z-L W p (-x), (199) 

y 7 T 


(194) 

(195) 

(196) 

(197) 

(198) 


* For further information on asymptotic expansions, see H. Jeffreys and B. S. Jeffreys, 
Methods of Mathematical Physics , Chap. 17, Cambridge University Press, London, 1956. 
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where the asymptotic series for U p , V p , and W p are of the form 

P 2! (8x) 2 

(4 p 2 - 1 2 )(4 p i - 3 2 )(4 p* - 5 a )(4p 2 - 7 2 ) 

+ 4! (8*)« 

VM = V - l 2 _ (4p 2 - l 2 )(4p 2 - 3 2 )(4p 2 - 5 2 ) . 

^ ' 1! 8x 3! (8x) 3 

W v (x) = UJLix) - iVJix) 

= j _ 4p 2 - l 2 (4p 2 - l 2 )(4p 2 - 3 2 ) _ 

1! 8x 2! (8x) 2 


( 200 ) 

( 201 ) 


( 202 ) 


These expansions are frequently useful in the solution of problems involving 
Bessel functions of large argument, when the accuracy afforded by the leading 
term is insufficient or subject to question. 

Asymptotic series, as defined above, are sometimes also called semi- 
convergent series. 
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PROBLEMS 


Section 4.1 

1. Determine the interval of convergence for each of the following series, including 
consideration of the behavior of the series at each end point: 


^ 2 n x 

»=• l 


3 n n 


n = l 




n = l 


« 2 > 

2. Show that 


X X‘ 


2 n(x + l) n 


n=l 


^ V *» + !)•••(* + »-1) „ 

(d) ^-n-*"> 


n = l 
oo 


(0 2 

»=i 

V (n!) 2 
w=0 

n=0 ' ' 


(a)e x = lH-1-f- • • • 4-1- 

W 1! 2! n\ (n 


e°i x 


r n+l 


+ 1 )! 

wcosx l 2 , + 4! +( l) (2m)! + ( l) (2m+2)! X ’ 

where 0 < 0 12 < 1. 


Section 4.2 

3. Obtain the general solution of each of the following differential equations in 
terms of Maclaurin series: 
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4. For each of the following differential equations, obtain the most general 
solution which is of the form v = '^> A k x k : 


(a) 


d 2 y 

di? 


+ 7 = 0 , 


(b) 


d*y 

dx 2 


- (x - 3) y = 0, 




d 2 y 


dy 


(e) ( a : 2 + x)j~i ~ (x 2 - 2 )— - (x + 2) y = 0 , 


’dx 2 

(f) x ^- d JL^ o 

dx 2 dx 


Obtain three nonvanishing terms in each infinite series involved. 


Section 4.3 

5. (a-f) Locate and classify the singular points of the differential equations of 
Problem 4. 


Section 4.4 

6. Use the method of Frobenius to obtain the general solution of each of the 
following differential equations, valid near x = 0: 

«*§ + o 

d 2 y dy 

(c) *5? + 2 * + J *-* 

c/ 2 v dy 

(d) ,(l-,)^-2^+27 = °. 


7. Use the method of Frobenius to obtain the general solution of each of the 
following differential equations, valid near x = 0: 

d 2 y </y 

(d) (1 - cos x) — 2 - ~ sin a: + j = 0. 

Obtain three nonvanishing terms in each infinite series of parts (a-c). In part (d), 
obtain two such terms in each series. 
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8. Find the general solution of the differential equation 


x 


cPy 

dx 2 


+ (c - 



-ay = 0 , 


valid near x = 0, assuming that c is nonintegral. The solution which is regular at 
x = 0 and which is unity at that point is called the confluent hypergeometric 
function and is usually denoted by M(a , c; x). Show then that if c is nonintegral, the 
general solution is of the form 

y = c x M(a , c; x) + c 2 x x ~ c M(l + a — c, 2 — c; x). 


9. (a) Show that the equation 


dy 

dx 2 ^ dx 


“7 = 0 


possesses equal exponents ^ = s 2 — 0 at x = 0. 

(b) Obtain the regular solution, and denote by u^x) the result of setting the 
leading coefficient A 0 equal to unity. 

(c) Assume a second solution of the form 


y 2 (x) = Cu^x) log* + v(x), 


where C # 0, and show that y(*) must satisfy the equation 


d 2 v dv 

x ~ x - v = -2C 

dx 2 dx 


du x 
dx ’ 


(d) Obtain one solution of this equation in the form 


v(x) = 2 B k x k+ *2 = 2 £***. 

4=0 


showing that C and 2? 0 are arbitrary, but taking C = 1 and B 0 = 0 for convenience. 
Hence obtain the general solution of the original equation in the form 

y = c x MjO) + Calico) log X + p(jc)]. 


10. (a) Show that the equation 

x 


d*y 

dx 2 


“ 7=0 


possesses exponents s x — 1 and s 2 = 0 at * = 0. 

(b) Obtain the regular solution, corresponding to s 1 = 1, and denote by 
u ± (x) the result of setting the leading coefficient equal to unity. 

(c) Assume a second solution in the form 

y 2 (x) - C «i(x) log * + v(x), 

where C # 0, and show that t>(*) must satisfy the equation 

d 2 v _ luy duA 
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(d) Obtain one solution of this equation in the form 

oo oo 

v(x) = 2 BkX k+H = 2 BkXk ' 

showing that Cand B 1 are arbitrary, but taking C = 1 and B 1 = — 1 for conven¬ 
ience. Hence obtain the general solution of the original equation in the form 

y = c i u x (x) + c 2 [u x (x) log x + K*)l- 

11 . (a) Show that a particular solution of the nonhomogeneous linear differ¬ 
ential equation 

cPy dv 

x\\ + R x x + • • •) —3 + x(P 0 + P x x + • • •) ~ 

+ (Go + Qi x + • • m )y = x r (d 0 + d x x + •••)» 

where r is any constant, and where all series converge in some interval about 
x = 0 or terminate, can be obtained in the form 

00 

y = x r (A 0 + A t x + •••)= ^ A * xk+r < 

k = 0 

if neither of the exponents s x and s 2i for which 

s 2 + {P 0 ~ D* + Go = 0, 

equals r or exceeds r by a positive integer. 

(b) For an equation of the form 

cPy dy 

(1 + a x x + * * •) — 2 + (b 0 + b x x + * * ) "fa 

+ (c 0 + c x x + •) y = d 0 + d x x + • • •, 

which hence possesses an ordinary point at x = 0 and a regular right-hand member, 
deduce the existence of a particular solution of the form 

00 

y = v(x) S 3 x 2 (A 0 f A x x + ' ’ = 2 

k=0 

[If the equation is written in the form y” + a x y' + a 2 y = x r ~ 2 d , the 
series solutions will converge at least inside the largest interval in which the 
series representing the resultant functions xa x , x 2 a 2 , and d would all converge. In 
the exceptional cases noted in part (a), logarithmic terms may be involved.] 

12 . Determine a particular solution of each of the following equations, in the 
form of a series valid near x = 0, by the method of Problem 11. In each case, 
obtain four nonvanishing terms. 
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Sections 4.5 and 4.6 

13. Obtain the general solution of the equation 

cPy dy 

x z? + z-y-° 

by the method of Section 4.5. (Compare Problem 9.) 

14. Obtain the general solution of the equation 

d 2 y 


by the method of Section 4.5. (Compare Problem 10.) 

15. Obtain the general solution of the equation of Problem 8 when a = c = 1 
by the methods of Section 4.5. 

16. Obtain the general solution of the equation of Problem 8 when a = 1 and 
c = 0 by the methods of Section 4.5. 


Section 4.7 

17. The differential equation 

ePy dy 

x dj +{ - { - x) T x +n y=° 


is known as Laguerre's equation. 

(a) Verify that this equation is a special case of (52), with M = 1, and show 
that the exponents at x = 0 are both zero. 

(b) Obtain the regular solution in the form 


yi(x) = b 0 


i + 2 (-d* 
jfci 


n(n - 1 )(n - 2) • • • (#i - k + 1) 

(A:!) 2 * 


(c) Show that this solution is a polynomial of degree n when n is a non¬ 
negative integer, and verify that the choice B 0 = 1 leads to the Laguerre polynomial 
of degree n, with the definition 


n\ x 6 


L n (x) -1- L 7i + L r;- 


l 1! 


2 2! 


+ 


(-*) n 


n\ 


where LI represents the binomial coefficient n\j[{n — k) \ &!]. 


18. The differential equation 


d 2 y 

d& 


dy 

-*£ + *v-0 


is known as Hermite's equation. Verify that this equation is a special case of (52), 
with M = 2, and obtain the general solution in the form 

y(x) = c 1 u x (x) + c 2 u 2 (x) 



Problems 


177 


where 


and 


«i(x) = 1 


n x 2 rt{n — 2) x 4 «(/i — 2)(/i — 4) jc 6 


1 1! 


+ 


u 2 (x) = * — 


1 X s (n 
+ — 


1-3 2! 

1 )(n - 3) x b 


+ 


1-3-5 3! 

in — \)(n — 3)(/t — 5) x 1 


1! 


3-5 


2! 


3-5-7 


3! 


+ 


[Hence verify that the solution u^x) is a polynomial of degree n when n is a positive 
even integer or zero, whereas u 2 {x) is a polynomial of degree n when n is a positive 
odd integer. Certain multiples of these polynomials are called Hermitepolynomials.] 

Section 4.8 

19. Evaluate the following quantities, from the series definitions, to three-place 
accuracy: 

(a) 4(0.3), (b) y 0 (0.2), (c) / 0 .7 6 (0.2), 

(d) / 2 (1), (e) H^KO.2), if) *4(0.5). 

20. Find the general solution of the simultaneous equations 

dx 

t-“-° 

dt 

21. By making an appropriate change of variables, obtain the general solution 
of the differential equation 

d 2 y dv 

iAx + A-£ + A\Ax + B)y = 0. 

Section 4.9 


22. Use Equations (101-107) to evaluate the following limits: 

l x Yi(; 

o 

Jnix) 


(a) lim x 1/3 JLi/ 3 (x), 
*-*>0 


(b) lim x Yjix), 

x —*0 


(d) lim ■ 

Z—+0 X 


(c) lim x 2 K 2 (x), 

Z -+0 

(e) lim xtf/^x)] 2 + [Y v (x)] 2 }. 

Z—OO 

23. Prove from the series definition that 


— [x~ v /„(ax)] = -ax-Vj^ax). 

24. By using Equations (108) and (109), together with integration by parts, 
deduce the following reduction formulas: 

(a) J x m /„(x) dx = x m J n+1 (x) - (m - n - 1) J x m_1 /„+i(x) dx, 

(b) J x m J n (x) dx = -r*4.i(x) + (m + n - 1) J x m ~ x J n ^(x) dx. 
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[Notice that the first reduction eventually yields a closed form, by iteration, when 
m — n is an odd positive integer, whereas the second reduction does so when 
m + n is an odd positive integer. When m and n are both even or both odd integers, 
appropriate use of one or both of the reductions will yield the sum of a closed 
form and a multiple of the integral J* J 0 (x) dx. Whereas this integral cannot be 

further simplified, the function j* J 0 (t) dt is a tabulated function.] 

25 . Use the results of Problem 24 to deduce the following formulas: 

(a) J x v + x J v (ax) dx = ^ x p+1 J P+1 (<xx) + C, 


(b) f x x ~ v JJslx) dx = - - x l ~ p J v _ x (clx) + C, 

J a 

(c) J x 3 J 0 (x) dx = x 3 J x (x) - 2x 2 J 2 (x) + C, 

(d) J x 6 J x (x)dx = x e J 2 (x) - 4x 5 J 3 (x) + 8x* / 4 (x) + C, 

(e) J J z (x) dx - -J 2 (x) - + C 

(f) J xJ x (x) dx = -xJ 0 (x) 4- J J Q (x) dx + C, 

(g) J x~ x Ji(x) dx - -J x (x) + j J 0 (x)dx + C, 

(h) J J 2 (x) dx = -2J x (x) + J J 0 (x) dx + C. 

26. Establish the relation 

/ 0 W == - I cos (x sin 0) dO 
n Jo 

by verifying that the right-hand member satisfies Bessel’s equation of order zero and 
investigating its value when x = 0. (The other Bessel functions have similar integral 
representations. See Problem 27, below, and Problem 45 of Chapter 5.) 

27. (a) Deduce from Problem 26 that 

2 M 2 

J x (x) = - sin (x sin 6) sin 6 dd. 
w Jo 

(b) By integrating the right-hand member of this relation by parts, show that 
1 2 

“ Ji(x) = - I cos (x sin 6) cos 2 6 dO. 
x IT Jo 
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(c) Deduce from Problems 26 and 27(b) that 


2 f */2 

/ 2 00 = - cos (x sin 0) cos 20 dO. 

n Jo 

28. Establish the relation 


by first considering the expansion 


2 r ” / «w 


X 

$e 


x_ 
2 r 



2<-»’ 


(J<r/2r)* 


-ZZ*- 1 ** 


j=0 A: —0 


(xl2) i+k ^._ k 
j\k\ 


replacing j by n + k , where w is a new index of summation, and then identifying the 

coefficient of r n in the resultant series. [The function r) is known as the gen¬ 
erating function for J n (x).] 

29. (a) Use Abe Vs formula , Equation (65) Of Chapter 1, to show that the 
Wronskian of any two solutions of Bessel’s equation (63) or of the modified 
equation (93) is always of the form A/x, where A is an appropriate constant. 

(b) From this result deduce that 

J p (x) y' v {x) - y,(x)j;(*)-| 


and, by considering the limiting form as x -*■ 0, show that C = 2/w and hence 

J v (x) Y£x) - Y p (x)J' p {x) = 3. • 

(c) In a similar way, show that 

J p {x)JL v (x) -J_ p (x)J p (x) = —-- sin pn, 


I p (x) K;(x) - K v (x) i;(x) - -I. 

I v (x)IL„(x) - /_„(*) /;(*) = — ~ sin pn. 

[Make use of Equation (59), Chapter 2.] 

30. Use the result of Problem 29(b), and the methods of Section 1.9, to obtain 
the general solution of the equation 

* 2 5^ + * % + (x * ~ pi)y = xf{x) 

in the form 


y 



— J 9 (x) 



Y P (S) d( 


+ Ci J P (x) + c, Y p (x). 
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Section 4.10 

31. Obtain the general solution of each of the following equations in terms of 
Bessel functions or, if possible, in terms of elementary functions: 

, d 2 y dy 

(a) X d? ~ 2 d'x JrXy=0, 

«* 3 -£♦«*- o- 




d 2 y 

(d)*^ 2 + (2* + l) 


d 2 y dy 

(e) x d?-7x~ xy = 0 ’ 

d 2 v 

(f) xi di + a2y = 0 ’ 

(h) ,g + (. + 2,>S + ^-0, 

(i) * + (1 + 4* 2 ) + *(5 + 4x 2 )j = 0. 


32. Show that for the differential equation 


d 2 y dy 

' 3 ? + 3 ^ + 4 ''>•- 0 


the condition ^(0) = 1 determines a unique solution, and hence that /(0) cannot 
also be prescribed. Determine this solution. 

33. Find the most general solution of the equation 

for which 

lim 2nx y(x) = P, 
z-+0 

where P is a given constant. 

34. The differential equation for small deflections of a rotating string is of the 
form 
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Obtain the general solution of this equation under the following assumptions: 

(a) T = T 0 x n , P = Po x n ; T 0 = L*p 0 a> 2 . 

(b) T = TqX 71 , p = pQi n 2; T 0 = L 2 pQ(*) 2 . 

(c) T — TqX 2 t p = p 0 5 Tq — 4pqCo 2 . 

Section 4.11 

35. From the series definitions (137) and (138), and the definition (134), calculate 
the value of each of the following quantities to four significant figures: 

(a)berl, (b) bei 1, (c) A/ 0 (l), (d) 0 O (1). 

36. Establish the following relations, assuming that i m = e 3 ™ 74 : 

(a) ber'x + / bei' x ~ —/® /2 / 1 (/ 8/2 jc) — A/^a:) 

V2 

(b) ber x x = — (ber' x — bei' *), 

V2 

(c) beii a: = — (ber' x + bei' *). 


37. (a) Use Equations (133) and (107) to obtain the results 

e xlV 2 e */V2 

berj, * — —= cos <p p , bei,, x-7==- sin <p P , 

v2t7a: v2tta: 

as oo, where 

X TT pir 

’*■ Vl “5 + T' 

(b) Use Equations (139) and (107) to obtain the results 


ker^ x 

as x -* 00 , where 



keip a: 



X TT DTT 

= vl + 8 + T ■ 


38. (a) Show that Equation (131) can be put into the form 
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(b) Noticing that this equation is satisfied by the complex function y = 
ber* x + i bei* jc, deduce the results 

d _ ber p x 

~ (x ber, x) = -x bei p x + p 2 ——» 

d 0 beij, x 

— (x beii x) = x ber 0 x -f- zr- 

dx v p r x 


(c) Show similarly that the functions ker* x and kei p x satisfy completely 
analogous equations. 


Section 4.12 

39. Determine particular solutions of the partial differential equation 

1 a 


I 9u\ a / bu\ 

( sin e lo) + Jr \ ~dr) ==0 


sin0 dd 

of the form U(r,0) = r n y(Q) f where n is a constant and y is independent of r. 

40. (a) Use Equations (157) and (159) to obtain an expression for P n (x) in 
descending powers of x in the form 


(2 n - 1)(2* - 3) • • • 3 • 1 T 
P n (x) = - -- * n - 


n(n - 1) 
2(l)(2/i - 1) 


r n- 2 


n{n — l)(/i — 2)(rt - 3) 

+ — ■ T— -—-- X 1 


:»- 4 — • • • J # 


2 2 (1 • 2)(2« - l)(2n - 3)‘ 

(b) Verify that the coefficient of x n ~ 2k in the expression for P n (x) is 
t (2n-2k)\ 

Cnk ~ (_1) 2 n k\ (« - k)\ (n - 2k)l ’ 
where k may vary from 0 to nj2 or ( n —1)/2, according as n is even or odd. 

41. (a) Use the binomial expansion to obtain the result 

i! 


<*■-ir _ 2 

k =0 


(b) Hence show that, with the notation of Problem 40(b), 
d n N 

j- (x* - 1)» = 2"n! J = 2"n! P n (x), 

k^O 


where N = zi/2 or (n — l)/2, according as n is even or odd. [This establishes 
Rodrigues' formula (168).] 

42. Establish the relation 

00 

(1 - 2 rx + r®)- 1 ' 2 = 2 r n P n (x) ( |x|, |r| < 1) 
nZ 0 
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by first obtaining the binomial expansion 

[1 - /•( 2x - lOl-i' 2 = l+^(2*-r) + ^r*(2x-r) 2 + 
1 • 3 • • • (2* - 3) , 

P-1- ' -n-l (2 X _ .An-1 

+ 2 n ~\n - 1)! ( ’ 


1 • 3 • • • (2« - 1) 

+-- r " _ r)n + 


then picking out the coefficient of r n in this expression, and using the result of 
Problem 40(a). [Show that the coefficient of r k in (2x - r) m is 


(~D fc 


m(m - 1) • • * (m — k) 


k\ 


(2 xr 


when k ^ 1 and is ( 2x) m when k — 0, and notice that no terms beyond those written 
can involve r n . The function (1 — 2 rx + r 2 )~ 112 is called the generating function for 
Pn(x).] 

43. (a) Show that the substitution t — 1 — x transforms Legendre’s equation to 
the form 

' (2 -') J -f 2(1 -t)% +p(p+l)y=0. 


that this equation has one solution regular at t = 0, with exponent zero, and that 
all other solutions become logarithmically infinite at t = 0. 

(b) Determine the regular solution, and hence show that the solution 
P v (x) of Legendre’s equation which is finite at x = 1 and which is unity at that point 
is given by 

00 

P p (x) - 1 + 2 [(/> + !)(/> + 2) • • • (p + *)] 

(i — xy° 

X [(-/>)(1 —p)---{k -!-/>)] ; )2 

near x == 1. 

(c) Verify that this result is in accordance with Equations (158) when 
p = 0,1, and 2 by writing out the terms in the series. 

Section 4.13 . 

44. (a) Show that the change in variables x = 1 - t transforms the hyper- 
geometric equation (175) to the form 
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(b) By comparing the coefficients in this equation with those in Equation 
(175), deduce that the general solution of (175) can be written in the form 

y = F(a, 0; a + jff - y + 1; 1 - x) 

+ c 2 x y ~*~P F(y — p 9 y - a; 1 - a — 0 + y; 1 — x) 

near the second singular point at x = 1, if a -f p — y is nonintegral. 

45. (a) Show that Jacobi's equation , 

i/ 2 v dy 

*(1 -*)^f 2 + [a -(1 + + «(*> + /0y=0, 


is a hypergeometric equation. 

(b) Deduce that the general solution, near x = 0, can be expressed in the 

form 


y = c x F(n + b , —n; a; x) 4- c 2 x 1-a F(n + b — a + 1,1 — n — a; 2 — a; x), 
if a is nonintegral. 

46. Show that a solution of Jacobi’s equation (Problem 45) which is regular at 
x = 0 can be written in the explicit form 


(n + b)n x (n + b)(n 4- b + l)n(n - 1) x 2 
J n {a, b,x) = 1 “ — + a( a + l) 2! + 


if a is not zero or a negative integer, where 

J n (a, b , x) = F(« + b, -n\ a\ x). 

(Notice that this solution is a polynomial of degree n when n is a positive integer or 
zero.) 


Section 4.14 

47. Show that the following differential equations each have an ordinary point 
at x = oo and in each case obtain two independent solutions expressed in the 

form y = ^ ^k x ~ k •' 

(.)*-g + (l +W g- 0 , (W ^g + ^| +/ - 0 . 


48. (a) Show that the differential equation 


X A 

dx* 


+ 7 = 0 


has a regular singular point at x = oo and obtain two independent solutions 
directly in the form y = A k x~ k ~\ 

(b) Obtain the same solutions by first making the change in variables 
x = 1 It. 
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49. Verify that the substitution x = 1 jt transforms the hypergeometric equation 
(175) to the form 

d 2 y dv olB 

*0 - t)-^ + [(i - a - P) - (2 - y)/]^ + -^ = 0, 

and that this equation possesses a regular singular point at t = 0 unless aft = 0 
and a + p = 1, in which case f = 0 is an ordinary point. 

50. Show that the exponents of the differential equation obtained in Problem 49 
are a and p at / = 0 and deduce that the transformed equation possesses solutions 
of the forms t a u(t ) and v(t), where u(t) and v(t) are regular at / = 0, unless a 
and p are equal or differ by an integer. 

51 . Verify that the substitution y = t a u(t) transforms the equation of Problem 
49 to the form 

d 2 u du 

K 1 - t)— 2 + [(1 + « - P) - (2a - y + 2)/]— - oc(l + a - y)u = 0. 

52. Show that the equation obtained in Problem 51 is of the form of (175) if 
P is replaced by 1 + a — y and y is replaced by 1 + a — p in (175), and hence 
deduce that the functions 


i*’ 


1 + a — y; 1 + 




l + P - r> l - * + P 


3 


are independent solutions of the hypergeometric equation (175) for large values of 
x unless either a and p differ by an integer, in which case one of these expressions is 
undefined, or a = p, in which case the two expressions are identical. 

53. Use Equations (194) and (195) to verify the three-place values 

(a) / 0 U0) = -0.246, (b) y 0 (10) = 0.056. 

54. Show that the relations (194-199) are equalities for p = 

55. Assume as a formal solution of the modified Bessel equation of order zero, 


d 2 y 1 dy 
d? + xdx~ y =°’ 


an expression of the form 


y n+j e T 


uu 

2 AkX ~ 


Vc+8) 


k—0 


and obtain the formal requirement 

(r a - DAoX-' + [(r 2 - 1 )A X + r(l - 2s)A 0 \x^ 

00 

+ 2 Ur* - Wk +2 - K1 +2k + 2s)A k+l +{k+ s) i A k ]x-‘-*- t = 0. 


Jfe-0 
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Hence deduce that, if A 0 ^ 0, there must follow either 
1 (2k + l) 2 

r = 1, s=-, A k+1 = — + ^ A k (k^O) 

or 

1 (2k + l) 2 

Ak+1 ^-L—± Ak (* S 0). 

Thus obtain the formal solutions 


y x (x) ~ ci 
y 2 (x) ~ c 2 


1 

1* 1* • 3 2 

_ + 1! (8jc) + 2! (8x) ! 

1 X 
> 

e~ x 

r i 2 i 2 • 3 2 

i i 

v; 

1! (8jc) 2! (8jc) s 



(x -> co). 


[With c x = 1 / V 2tt, c 2 — v 7 tt/ 2, these results are respectively the asymptotic (but 
divergent) expansions of 7 0 ( x) and K 0 (x), the first terms of which are given in Equa¬ 
tion (107). In accordance with the statement at the end of Section 4.14, retention of 
only the first term would introduce an error of less than approximately 1 per cent 
for values of x larger than about 12.] 



CHAPTER 5 


Boundary-Value Problems and 

Characteristic-Function 

Representations 


5.1. Introduction. In many problems the solution of an ordinary 
differential equation must satisfy certain conditions which are specified for 
two or more values of the independent variable. Such problems are called 
boundary-value problems , in distinction with initial-value problems , wherein all 
conditions are specified at one point. 

A condition or equation is said to be homogeneous if, when it is satisfied by 
a particular function y(x ), it is also satisfied by cy(x ), where c is an arbitrary 
constant. For example, the requirement that a function or one of its derivatives 
(or some linear combination of the function and/or certain of its derivatives) 
vanish at a point is a homogeneous condition. In the present chapter we are 
mainly concerned with homogeneous linear differential equations and asso¬ 
ciated homogeneous boundary conditions. 

In illustration, we may require a solution of a homogeneous linear equation 
of second order, of the form 

77 + fli(x) Y + y = 0 ( 1 ) 

dx z ax 

which vanishes at the two points x — a and x = 6, 

m = 0, y(b) = 0. (2) 

Since the general solution of the differential equation is of the form 

y = c x t/jO) + c 2 u 2 (x), 

187 


( 3 ) 
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where u x and u 2 are linearly independent solutions and c x and c 2 are constants, 
the boundary conditions constitute the requirements 


Ci u x (a) + c 2 u 2 (a) = 0 ' 
Ci u x (b) + c 2 u 2 (b) = 0 , 


( 4 ) 


One solution of these equations is c x = c 2 = 0, leading to the trivial solution 
y == 0. If the determinant of the coefficients of c x and c 2 does not vanish, then 
(by Cramer’s rule) this is the only solution . Hence, in order that nontrivial 
solutions exist, it is necessary that the determinant of coefficients vanish, 

ufa) u 2 (a) 

= 0. (5) 

u x (b) u 2 {b) 


If this condition exists, the two equations in (4) are in general equivalent and 
one constant can be expressed as a multiple of the second by use of either 
equation, the second constant then being arbitrary. Thus, if (5) is satisfied , the 
second equation of (4) may be discarded and the first equation then gives 
c 2 u 2 (a) = —c x u x {a). If we write c x = Cu 2 {a), there follows c 2 = —Cu x (a\ 
and the solution (3) becomes 

y = c [u 2 {a) ujx) - H x (a) u 2 {x)l (6) 

with C arbitrary. 


It should be noticed that (6) is a nontrivial solution only if u x (a) and 
u 2 (a) are not both zero. If u x (a) = u 2 (a) = 0, the first equation of (4) is the 
trivial identity, and the second equation must be used to relate c x and c 2 . 
This process leads to a nontrivial solution of the form 

y = C [u 2 (b) u x {x) - u x (b) u 2 (x)\ 

assuming that u x (b) and u 2 (b) are not also both zero. If u x (x) and u 2 (x) 
should both vanish at x = a and at x = b, then (3) would satisfy (2) for 
arbitrary values of both c x and c 2 . 


In many cases one or both of the coefficients a x {x) and a 2 (x) in (1), and 
hence the solutions u x {x) and u 2 (x) y depend upon a constant parameter X which 
may take on various constant values in a particular discussion. In such cases 
the determinant (5) may vanish for certain definite values of A, say X = X ly 
X 2> .... For each such value of A a solution of type (6), involving an arbitrary 
multiplicative factor, is then obtained. Problems of this sort are known as 
characteristic-value problems ; the values of A for which nontrivial solutions 
exist are called the characteristic values of A, and the corresponding solutions 
(with convenient choices of the arbitrary multiplicative constants) are called 
the characteristic functions of the problem. The terms “eigenvalues” and 
“eigenfunctions” are also frequently used. 
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In the remainder of this chapter we first consider certain examples of such 
problems, and then establish and investigate certain rather general properties 
of characteristic functions which are extremely useful in a wide class of related 
problems. 


5.2. The rotating string. We consider the problem of determining the form 
assumed by a tightly stretched flexible string of length L and linear density p, 
rotating with uniform angular velocity c o about its equilibrium position along 
the x axis. It is assumed that the initial tension in the string is so large that 
additional nonuniform stress introduced by the curvature of the string is 
relatively negligible. Denoting the displacement from the axis of rotation by 
y(x) and the uniform tensile force by T\ and considering only small displace¬ 
ments and slopes, the condition of force equilibrium is of the form 

Tp, + P co 2 y = 0. (7) 


If we consider a small element of the deformed string, projecting into 
the interval (x, x 4- Ax), the y component of the tensile force is given by 

— T^j at the end (x,j) and by ( T yj at the end (x + Ax, y 4- A y), 

where s is arc length measured along the string. The differential resultant 

d l dy\ 

force on the element is thus given by — I T — I Ax. If the distributed 

external force, per unit distance along the string, in the y direction is 
denoted by Y, then the requirement of differential force equilibrium is 


d_ 

dx 



Ax + YAs - 0. 


By dividing by Ax, letting Ax 0, and replacing Y in the present case by 
the inertia force pco 2 y, we thus obtain the equation 



With this approximation and the assumption of nearly uniform tensile 
force, we obtain Equation (7). 
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Restricting attention to the case of a string of uniform density, we define 
the constant parameter 


and write (7) in the form 


a=^- 

T 

3 + 


( 8 ) 


( 9 ) 


If one end of the string is attached to the axis of rotation at the point 
x = 0, the end condition 

yt 0 ) = o (10) 

must be satisfied. If the other end is also attached to the axis, the second end 
condition is 

y(L) = 0. (11a) 

If, however, the second end is attached to a yielding support equivalent to an 
elastic spring which exerts a restoring force proportional to its stretch, toward 

dy 

the axis of rotation, the second end condition is of the form T — = — ky , 
where k is the “spring constant.” With the abbreviation x 


a = ■ 


kL 


where a is a dimensionless constant inversely proportional to the elastic 
modulus of the spring support, this end condition can be written in the more 
convenient form 

a Ly\L)=-y(L). (lib) 

In the limiting case where a = 0, Equation (lib) reduces to the condition of 
fixity (11a); in the limiting case a = oo, the end at x = L is not restrained 
from motion normal to the axis of rotation, and we are led to the “free-end” 
condition 

/(L) = 0. (11c) 


In order that the hypothesis of nearly uniform tension be realized, it 
must be supposed that the “free end” is, however, restricted from 
appreciable movement in the direction of the axis of rotation. 

The most general solution of Equation (9) satisfying (10) is of the form 
y = C sin Vl x. (12) 

If the end x = L is fixed , the condition of (1 la) becomes 

C sin VI L = 0. 


(13) 
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Hence, nontrivial solutions of this problem exist only if A has a value such 
that 

VXL^= mr (n = 1,2,.. .). (14) 


If these values of A are ordered as A 1? A 2 , . . ., A n ,. 
magnitude, we can then write 

L 2 ’ 


.., with respect to their 


( 15 ) 


where n is an integer. For each such value of A, the solution (12) can be written 
in the form 


y = c <p„(x). 


where 9? n (x) = sin-. (16) 

Lj 

It is clear that only positive integral values of n need be considered. 

Thus the boundary-value problem consisting of the differential equation (9) 
and the homogeneous boundary conditions (10) and (1 la) has no solution other 
than the trivial solution y = 0, unless A has one of the characteristic values 
given by (15). Corresponding to each characteristic value of A, there exists a 
characteristic function <p n (x), given by (16), such that any constant multiple of 
this function is a solution of the problem. 

Each characteristic value A„ corresponds to a definite value of the angular 
velocity co (for given T and p), according to the notation of (8), 

Wm = T * J~ (" = 1»2, ...)• (17) 

L N p 

These velocities are known as the critical speeds of the rotating string. 

The present analysis indicates that for speeds smaller than to l9 


^ 7T 

0 < CO < - 

L 



the only stable position of the string is its undeformed position along the axis 
of rotation. However, if the speed is continuously increased until the first 
critical speed is attained (co = co x ), a possible new equilibrium form or 
deflection mode 

v = C sin 77-— 

L 

may exist. Corresponding to the second critical speed (co = co 2 = 2co x ) another 
mode 


y = 


C sin 2v — 
L 


may exist, and so on. 
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It may be seen that only the shapes of the string modes are determined, the 
amplitudes being apparently arbitrary. This indeterminacy is a result of the 
approximations made in deriving the linearized formulation of the problem 
and can be removed by a more nearly exact analysis of the true nonlinear 
problem. 

dx 

Thus, if use is made of the additional relation T — = T 0 = constant, 

which follows from the condition of force equilibrium in the x direction 
(in the absence of external force components in that direction), the 
tension T can be eliminated from the relation 


d_ 

ds 



4 - pco 2 y = 0 


to yield the nonlinear equation 


d 2 y 

r ° d? + pwy 



= 0. 


When p is constant, the appropriate solution of this equation can be 
obtained by use of so-called elliptic integrals * after which T is given by 
the relation 


T - 



If the end x = L is attached to the axis of rotation by an elastic spring, the 
requirement that (12) satisfy (lib) becomes 

-ccVl L cos VA L = sin VI L. 

With the introduction of a dimensionless parameter p, of the form 

/< = VlL, (18) 

this condition can be written 

tan^ = — <xp. (19) 

That there are an infinite number of values of /1 which satisfy (19), for a given 
value of a, is readily seen if the two curves^ = tan p and y = —<xp are plotted 
together and the desired roots are recognized as the values of p corresponding 

* The integrals 

C<P dq> f* ,_ 

F(k,<p) = - -= and E(k,q>) = Vl - k 2 sin 2 ® dw, 

J 0 Vl-k*sin*<p Jo 

where 0 < k < 1, are known as elliptic integrals of the first and second kind 9 respectively, 
and are tabulated. For reductions expressing related integrals in terms of these integrals, 
see P. Franklin, Treatise on Advanced Calculus , pp. 218-228, John Wiley & Sons, Inc., 
New York, 1940. 
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to the intersections.* If we order the positive roots with respect to magnitude 
as 9 p n9 ... 9 the corresponding characteristic values of A are given 

by 

h=& ( 20 ) 

and the corresponding deflection modes are of the form 

9>n00 = sin • (21) 

Finally, the corresponding critical speeds are given by 



In the limiting case a == ao, when the end x — L is not restrained from 
moving normal to the axis of rotation, Equation (19) gives 

n 2n — 1 .--v 

cos p = 0, p n = —-— t r. (23) 

The characteristic values of A are thus 

K = ^ (» = 1» 2, • • .), (24) 

with corresponding characteristic modes 

. . . 2n — 1 x , oc . 

<Pn(x) = sin —-— 7T - , (25) 

and the critical speeds are given by 


2n - l 77 It 
° )n ~ 2 L'J p 


(26) 


5.5. The rotating shaft. We next consider the determination of the 
possible deflection modes of an originally straight shaft of length L, rotating 
with uniform angular velocity co about its equilibrium position along the x 
axis. According to the elementary theory of bending of beams, the deflection y 

* Once approximate values of roots of transcendental equations such as (19) have been 
obtained graphically, improved values often can be obtained by a “feedback” method, in 
which an approximation is inserted in one side of the equality and the resultant equation is 
then solved for the next approximation. Newton's method (see Section 7.10) is also useful. 
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from the straight form is determined (approximately) by the differential 
equation 



where E is Young’s modulus, /is the moment of inertia of a cross section about 
an axis perpendicular to the xy plane, and p is the linear density of the shaft 
material. 

If we consider the portion of the shaft to the left of an arbitrary cross 
section (x positive to the right, v positive upward), the influence of the right- 
hand portion of the shaft on the portion considered can be resolved into a 

vertical shearing force S and a bending 
moment M. We choose the convention 
that S is then positive downward and 
M is positive when counterclockwise 
(see Figure 5.1). Thus, if the portion 
considered is to be in equilibrium, S 
must equal the algebraic sum of the 
actual upward forces (distributed and 
concentrated) acting to the left of the 
section considered, and M must equal 
the resultant clockwise moment, about the section chosen, of all forces acting 
on the portion of the shaft to the left of the section. With these conventions, 
there follows also 




x 


Figure 5.1 


If we consider a small element of the shaft, in the interval (x, x + Ax), 
and assume small deflections and slopes, the differential unbalanced vertical 

dS 

force acting on the element is given by - — Ax and the differential 

unbalanced counterclockwise moment is— A* -S Ax. With the 

dx 

distributed external load intensity (positive in the positive y direction) 
denoted, by Y(x), the conditions of differential force and moment equi¬ 
librium become 


dS 


dM 


- — Ax + Y Ax = 0, — Ax - S Ax = 0, 

dx dx 


and there follows 


dM 


dS 
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The elementary theory of bending leads to the approximate relationship 
EI/R = M , where l/R is the curvature of the shaft and is approximated 
cPy . 

by — if the slope of the shaft is small. We thus obtain the relations (28) 
and (29), in addition to the equation 


d*_ 

dx 2 



- Y(x), 


which reduces to (27) if Y is replaced by the inertia loading pco 2 y. 


In addition to the differential equation (27), four boundary conditions 
must be prescribed, two conditions being imposed at each end of the shaft. 
Types of end conditions of particular interest are the following: 

(1) Hinged end. In this case the lateral displacement y and the moment M 
must vanish, at the end considered, giving the two conditions 


d 2 v 

y = 0, El ^ = 0. 
dx 2 


(30a) 


dy 


(2) Fixed end. Here the displacement y and the slope -j- must vanish, 


J'-O, ^-0. 

dx 


(30b) 


(3) Free end. If no moment or shearing force is applied at an end, there 
follows 


EI — 0, 
dx 2 



(30c) 


(4) Sliding clamped end. If one end of the shaft is constrained to retain 

dy 

zero slope but is completely free to move in the y direction, the slope — and 
the shear S must vanish at that end, li " 



(30d) 


(5) Elastically supported end. If the motion of one end in the y direction is 
partially restrained as by an elastic spring, with modulus k ly the magnitude of 
the shearing force must be k x times the displacement. 


d_ 

dx 



~ ±k x y. 


(30e) 
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If the change in slope of the end is also partially restrained as by a spring 
system such that the restraining moment is proportional to the slope, the 
second condition at that end is of the form 

£/^ = ±fc 2 —. (30f) 

dx* 2 dx 

By taking the four possible combinations of the limiting forms of these 
conditions when k 1 and k 2 are zero or infinitely large, the four preceding cases 
are attained. Thus k x = oo, k 2 = 0 gives (30a); k x = k 2 = oo gives (30b); 
k\ = k 2 = 0 gives (30c); and k x = 0, k 2 — oo gives (30d). 

We restrict attention to the case of a uniform shaft, for which £7 and p are 
constant, and introduce the constant parameter 

A = ^. (31) 

El 

The differential equation (27) then becomes 

— Ay = 0, (32) 

with general solution of the form 

y = c x sinh WXx + c 2 cosh X x + c 3 sin VXx + Ci cos^Ax. (33) 

In the special case of a rotating shaft hinged at both ends , we take the origin 
at one end of the shaft and impose the boundary conditions 

y(0) = /(0) = 0, y(L) = y\L) = 0. (34) 

From the conditions at x — 0 we obtain 


c 2 + c t = °» C 2 — c i — 0 * 

from which there follows 

c 2 = c i = 0. (35) 

To simplify the notation in the remaining work, it is convenient to introduce 
the dimensionless parameter fi, where 

t x = < r XL, iS = col}Jj- r (36) 

Making use of (35) and (36), we then write (33) in the form 

X X 

y = c x sinh /x - + c 3 sin n - . 


( 37 ) 
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The last two conditions of (34) then become 


c x sinh (jt + c 3 sin \i — 0 
c x sinh fjL — c z sin p = 0 


(38a,b) 


These equations are compatible only if the determinant of coefficients vanishes, 


sinh (i sin fi 
sinh [i —sin fi 


= —2 sinh [A sin /a — 0. 


Since the value fi = 0 leads to a trivial solution 7 = 0, the only permissible 
values of /1 which are of interest are the positive roots of the equation sin p — 0, 


t* n = (n= 1,2,.. .)• 


(39) 


For such values of Equations (38a,b) require that 

c i — o. 


(40) 


Hence the characteristic functions corresponding to permissible values fi n are 
of the form y — c 3 (p n (x), where 


W . nn*, 

= s ' n — • 


(41) 


These deflection modes are of the same form as the modes of a rotating 
flexible string with fixed ends. The characteristic values of A in the present case 
are given by (36), 


A 


n 



(42) 


and the critical speeds are given by 


L 2 ^ p 

The smallest critical speed corresponds to n = 1. If we denote this fundamental 
critical speed by £2, 



then the nth critical speed is given by 

o> n = n 2 £3. (45) 


Thus, whereas Equation (17) shows that for a rotating string with fixed ends 
the successive critical speeds increase in proportion to the integers, Equation 
(45) shows that for a shaft hinged at both ends the speeds increase in proportion 
to the squares of the integers. 
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5.4. Buckling of long columns under axial loads . As a final example, we 
next consider a long shaft or column subjected to an axial compressive force P 
applied at an end and investigate possible modes of lateral deflection from the 
initial equilibrium position along the x axis. The differential equation deter¬ 
mining the deflection y, according to the elementary theory, is then of the form 


d*_ 

dx 2 



+ p^-o. 

dx 2 


(46) 


The bending moment M P at an arbitrary section x, due to a com¬ 
pressive force P applied in the negative x direction at the end x = L, is 
given by P[y(L) — y(x)]. Hence (see Section 5.3) the effect of the axial load 
can be taken into account if a fictitious distributed lateral loading of 
intensity 


Y P M = 


d 2 M P 
dx 2 



is introduced. If the actual distributed lateral load intensity is denoted by 
Y(x\ the differential equation governing lateral deflection of the column is 
then 



= Y(x) 



This equation reduces to'(46) in the absence of distributed lateral loading. 


The boundary conditions to be imposed depend upon the nature of the end 
restraints, as was outlined in the preceding section. 

Restricting attention to a uniform column, and writing 


Equation (46) then becomes 



d* l y , 

dx 4 dx 2 


= 0 , 


(47) 

(48) 


with general solution of the form 

y — c x sin Vx x + c 2 cos VI x + c 3 x + c 4 . (49) 


In the special case when the two ends x = 0 and x = L are both hinged , 
the conditions 

y( o)=/(0) = o 


at the end x = 0 give c 2 + c 4 = 0 and c 2 = 0, from which there follows 

c 2 = c 4 = 0, (50) 
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and Equation (49) takes the form 

y = c x sin Vk x + c 3 x. (51) 

The conditions 

y(D=y"(L) = 0 

at the end x = L then give 

c x sin VX L + c 3 L = 0, c x sin VX L = 0 (52) 

so that nontrivial solutions of the problem exist only if sin VX L — 0 and 
c 3 = 0. Thus the characteristic values of X are of the form 

K = ^ (n = 1,2,...), (53) 

L 2 

and the corresponding characteristic functions are the deflection modes 

<Pn(x ) = Sin — . (54) 

Lj 

The values of the axial load P corresponding to these modes are known as the 
critical buckling loads , and are given by (47) and (53) in the form 

FI 

P n = nW2i („ = 1,2,...). (55) 

For axial loads smaller in magnitude than the smallest critical value 

( 56 ) 

the column is stable only in its unbent position. That is, if the column is 
artificially imparted a small amount of bending, it will tend to return to its 
initial straight form. When P = P v however, this theory predicts that under a 
small disturbance it will assume a form 

y = c sin , (57) 

known as the fundamental buckling mode. Although the linear theory does not 
predict the amplitude C of the sinusoidal deformation, a more nearly exact 
analysis shows that the amplitude will increase with a small increase in the 
axial load P above the critical value P lf until bending failure of the column 
occurs. The critical value (56) is known as the Euler load of a column hinged 
at both ends. 

In practice, failure is not caused entirely by bending except for very 
long columns, and the structure may fail before the Euler load is attained. 
However, the Euler load does give an upper limit of stability in the 
undeformed position. 
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The higher modes cannot be attained in practice unless additional con¬ 
straints are introduced. 

If the end x = 0 is hinged and the end x = Lis fixed, we find, by imposing 
the conditions 

y(L)=y'(L) = 0 

on Equation (51) and introducing the dimensionless parameter 

<58) 

that the critical loads are then of the form 

Pn=l*\ (59) 

where fi n is a positive solution of the transcendental equation 

tan [i = [jl. (60) 

The corresponding deflection modes are of the form 

sin Hn ~ 

<Pn(*) = --( 61 ) 

sin ju n L 

Since the smallest positive root of (60) is approximately 

fa = 1.4377-, 

the Euler load in this case is approximately 

FT 

^ = 2.057^. (62) 

L 2 


5.5. The method of Stodola and Vianello . A certain iterative procedure, 
which often is useful for the approximate determination of the characteristic 
numbers and functions of a boundary-value problem, is sometimes known as 
the method of Stodola and Vianello . Before outlining the application of this 
procedure to problems of a general type, we first illustrate the method by 
considering a previously solved problem. 

In the case of a rotating string fixed at its ends (Section 5.2), the boundary- 
value problem consisting of the differential equation 


and the end conditions 


d*y 
dx 2 


+ Ay = o 


(63) 


y(0) = 0 , y(L) = 0 


( 64 ) 



sec . 5.5 / The method of Stodola and Vianello 


201 


was found to have the characteristic values 

= (» = 1,2,.. .), (65) 

with corresponding characteristic functions 

<Pn = Sin — . (66) 

JLj 

The method to be presented is a method of successive approximations leading 
to approximate expressions for the smallest characteristic value and the corre¬ 
sponding characteristic function, although the method can be modified in such 
a way that the higher modes are obtained.* 

We first transpose the term involving A to the right in Equation (63), to 
obtain 

<67) 

Next, we replace the unknown function^ on the right-hand side of (67) by a 
conveniently chosen first approximation^*). It is preferable that this function 
satisfy the prescribed end conditions although this is not necessary. The result¬ 
ing equation, 

= -**(*), (68) 

then can be solved directly and the two constants of integration can be deter¬ 
mined so that the solution satisfies the prescribed end conditions. It is clear 
that the solution so obtained will contain the parameter A as a factor, and 
hence can be written in the form 

7 = Vito- (69) 

Now, if the originally assumed function y x (x) were actually a characteristic 
function of the problem, the function y(x) given by (69) would necessarily 
become identical with the assumed function j x (*) if A were assigned the corre¬ 
sponding characteristic value. That is, the corresponding characteristic value 
of A would be given by the constant ratio ji(*)//i(x). 

Thus, if we take 

7TX 

y x (x) = sin — , 

* See Problem 32. Also see, for example, L. Beskin and R. M. Rosenberg, “Higher 
Modes of Vibration by a Method of Sweeping,” Journal of the Aeronautical Sciences , 
Vol. 13, No. 11, pp. 597-604 (1946). 
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the solution of (68) for which y(0) = y(L) = 0 is readily found to be 
y(x) = A — sin — . 

7r jL/ 


In order that ^(x) = y(x), we must then have X = tt 2 /L 2 , in accordance 
with (65) and (66). 

However, sincere*) is generally not a characteristic function, the functions 
^(x) and f x (x) will in general not be in a constant ratio. Still, as will be shown 
in a later section, if a convenient multiple of f x (x) is taken as a new approxima¬ 
tion y 2 (x) and the process is repeated indefinitely, the ratio y n (x)/f n (x) tends 
toward a constant value over the interval (0,L) as the number n of cycles is 
increased, and this constant value is exactly the smallest characteristic value X v 
Also, the successive functions y^x), y 2 (x ),..., y n (x\ converge to the corre¬ 
sponding characteristic function. 

Successive estimates of the characteristic value X 1 may be obtained after 
each cycle by requiring that the functions y n {x) and j>(x) = Xf n (x) agree as well 
as possible (in some sense) over the interval (0 ,L). In particular, a simple 
procedure consists of determining X so that the integral, over (0,L), of the 
difference between the functions be zero. Thus the nth approximation to the 
smallest permissible value of X is given by 


1 K/jm* ' 


(70) 


To illustrate this procedure in the present problem, we choose as our first 
approximation the function 

yi(x) = x(L - x). 


which satisfies the end conditions (64). If y is replaced by y x (x) on the right- 
hand side of (67), there results 




and the solution of this equation satisfying (64) is found by direct integration 
in the form 


y = n {x *~ 21x3 + L3x) “ A/l(x) - 


If the integrals of y x (x) and y(x) = Xf^x), over (0 ,L), are equated, there 
follows 


I? , L 6 



sec. 5.5 / The method of Stodola and Vianello 


203 


from which the first approximation to the smallest characteristic value of A is 

;(i) __ 12 

1 L 2 

Comparison with the exact value 7T 2 jL 2 = 9.870 jL 2 shows that the error is 
about 1.3 per cent. 

If now we take 

yi( x ) — -X 4 — 2LX 3 + L 3 x 

as the initial approximation of the next cycle, we obtain 


y = A/ 2 (x) = — — (x 6 — 3Lx 5 + 5 L 3 x 3 — 3L 5 x), 

and Equation (70) gives the second approximation to A 2 , 

;(2) _ 9.882 , 

1 L 2 ’ 

which differs from the exact value by about 0.12 per cent. 

The procedure as illustrated in this problem applies without essential 
modification to somewhat more involved boundary-value problems. Thus, 
for example, we may have differential equations of the form 


d_ 

dx 


or 




+ Ar(x) y = 0 


+ Ar(x) y = 0 


(71a) 

(71b) 


with appropriate homogeneous end conditions. If the term involving A is 
transposed to the right and if the factory in its coefficient is then replaced by a 
suitable approximation ^(x), the resultant differential equation can be solved 
by direct integration for a new function of the form y — A/i(x) and the remain¬ 
ing procedure outlined above is directly applicable. 

In place of using Equation (70) to determine successive approximations to 
A 1# one may make use of either of the following formulas (see Section 5.9): 


or 


v „ JN'Ob.wr * 

J* r(x)f n (x) y n (x) dx 

(72a) 

f* r(x)/„(x) y„(x) dx _ 

^inj _ •'o 

Jo [/»(*)3 2 dx 

(72b) 
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Either of these formulas will in general give a better approximation to the true 
value of the last form being in general the most accurate.* In illustration, 
we list the results of using the three formulas to estimate L 2 A X in the preceding 
example. 


n 

(70) 

(72a) 

(72b) 

1 

10.00000 

9.88235 

9.87096 

2 

9.88235 

9.86975 


00 

9.86960 




The tabulated values of Z, 2 A ( 1 n) show that in this case only one approximation, 
using (72b), is needed to obtain an approximate value of X x correct to within 2 
parts in 10,000. 

As a further application we investigate the Euler load of a column of 
length L, so constructed that its bending stiffness factor El is of the form 


£/(x) = C^, 


(73) 


where C is the maximum stiffness factor (at x = L). We suppose that both 
ends of the column are hinged. Then the bending moment M(x) at a section x 
is due entirely to the axial load P and is given by M = —Py(x). Hence, from 
Equation (28) of Section 5.3, the relevant differential equation is of the form 

c ijj + p y=°- ( 74 > 


(See also Problem 13.) If we introduce the dimensionless parameter 

(75) 


(76) 

The end conditions are of the form 

7(0) = 0, y(L) = 0. (77) 

* It can be shown that, in the general case of (71a) or (71b), the result of using (72a) 
in the nth cycle is comparable with the result of using (70) in the (2n)th cycle, while the 
result of using (72b) in the nth cycle is comparable with that of using (70) in the (2n -f l)th 
cycle. If the initial approximation is such that Ly 1 = constant, these pairs of approximations 
are respectively equal. 


Equation (74). becomes 


2 PL 2 

M = T 


cPy fi 2 . 

^ + t y = o. 


dx* 
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According to Equation (130d) of Chapter 4, the general solution of (76) is 
of the form 

y^yTxzfafy 

or y = cJxJ x ( 2 + cj~x Y\ ■ 

Since, for small values of x, we have 

the condition j(0) = 0 requires that 

c 2 = 0, 

and the remaining condition y(L) = 0 requites that /i be a solution of the 
equation 

U2fx) - 0. (78) 


A rounded value of the smallest positive root of this equation (see Appen¬ 
dix B) is 


= 1.916. 

Correspondingly, the Euler load is given by 

(79) 

^i=^| = 3.670|, 

and the fundamental buckling mode is given by 

(80) 

«K*) = Vx (3.832^)- 

(81) 

To find an approximate value of p, we take as our first approximation the 
function 

yi(x) = x(L - x). 

From (76) we then have 

from which there follows 

(82) 

y — — (x 3 — 3 Lx 2 + 2L 2 X) - fi%(.x). 

6 L 

The condition 

(83) 

J 0 L yi(-x) ^ = /‘ 2 dx 

(84) 
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then gives, as a first approximation, 


= 2 , 

(85) 

leading to an approximation 


*0 

II 

-u 

( 86 ) 

for the Euler load. A second approximation gives 


n™ = 1.936, P[ 2) = 3.750- 2 . 

(87) 


If the condition 


jo K*) [y n (x)] 2 dx = H 2 jjj r(x)f n (x) y n (x) dx 


with 



corresponding to (72a), is used in place of (84) to determine approximations 
to fi ly the improved values p[ l) — 1.936 and /4 2) = 1*917 are obtained. Use of 
(72b) leads to the successive approximations 1.922 and 1.916. 

An investigation of the convergence of the iterative procedure to the lowest 
characteristic mode, as well as an indication of modifications leading to the 
determination of higher modes, is presented in Section 5.9. 


5.6. Orthogonality of characteristic functions. Two functions (p m (x) and 
cp n {x) are said to be orthogonal over an interval (a,b) if the integral of the 
product 9 9 m <p n over that interval vanishes: 

£ <Pm(x) <P„(X) dx = 0. ( 88 ) 

More generally, the functions 9 o m (x) and (p n (x) are said to be orthogonal with 
respect to a weighting function r(x), over an interval (< a,b ), if 

£ r(x) <Pm(x) < p „( x ) dx = 0 . ( 89 > 

Finally, a set of functions is said to be orthogonal in (a,b) if all pairs of 
distinct functions in the set are orthogonal in (a,b). 

An extremely useful property of boundary-value problems of a rather 
general type consists of the fact that the sets of characteristic functions corre¬ 
sponding to such problems are orthogonal with respect to a weighting function. 
In order to establish this fact, we consider first the boundary-value problem 
consisting of the linear homogeneous second-order differential equation 


( 90 ) 
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and suitably prescribed homogeneous boundary conditions, to be specified 
presently, at the ends of an interval (a,b). The functions p, q, and r are 
assumed to be real. In terms of the operator 


L 


±1 _d\ 

dx V dx! 


, d 2 , dp d , 

+ d — P T1 + ~ ~r + 
dx 1 dx dx 


(91) 


Equation (90) can be written in the abbreviated form 


Ly + Ar(x)y = 0. 


(92) 


We notice that any equation of the form 

a. oOO + Oi(-'c) ~ x + 0 2 W + Aa s (x)] y ^ 0 

cart be written in the form of (90) by setting 


P = 


fSlrf* 



(93) 


(94) 


Suppose now that X x and A 2 are any two different characteristic values of 
the problem considered and that the corresponding characteristic functions 
are y — (pfx ) and y — yfx), respectively. There then follows 


dx( P + ^ ^ 9>1 = ° 

dxi P ~c.be ) +( ' q + ^ <Pi = 0 


If the first of these equations is multiplied by <p 2 (x) and the second by <ft(x), 
and the resultant equations are subtracted from each other, there follows 



- A 2 ) rcp x y 2 = 0, 



(96) 


Integrating the right member by parts, we obtain 

-f &('£)-£('£)]*■ 
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Since the last integrand vanishes identically, there follows finally 

(4 - r <pi<Pi dx = [ k *)[%(*) ( 97 > 


In view of the fact that both y^x) and q> % (x) satisfy the conditions prescribed 
in connection with (90) at the points x — a and x — b, the right-hand member 
of (97) clearly vanishes if at each end point a prescribed condition is of one of 
the following forms: 

y = 01 


^ = o 

dx 


(when x — a or x = b). (98a,b,c) 


y+zia-o 

dx 


The fact that the right-hand member of (97) vanishes at an end point 
for which ^(x) and y 2 (x) satisfy (98c), for arbitrary values of a, follows 
from the identity 

- <Pi<p' 2 “ («P 2 4- a <p' 2 ) <p[ - (<p L + <p’ 2 . 


Further, if it happens that 
p(x) = 0 


when x = a or x = b. 


(99) 


then vanishing of the right-hand member of (97) at x = a or x = b is assured 

dy dy 

if only y is required to be finite at that point and if either -j- is finite or p-j- 
tends to zero at that point. x x 

Finally, if 

p(b) = p{a), (100) 

the right-hand member of (97) vanishes if the conditions 

y{b) = y(a), y\b) = y'(a) (101) 


are satisfied. It should be noticed that (101) will be satisfied, in particular, if 
the solutions y^x) and y 2 (x) are required to be periodic , of period b — a. 
In the cases listed, there follows 

£ K*) n( x ) n( x ) dx = 0 if A 2 ^ (102) 

that is, if the characteristic functions correspond to different characteristic 
numbers, then they are orthogonal with respect to the function r(x). 

A boundary-value problem consisting of a differential equation of type (90), 
together with two homogeneous conditions of the types noted, is called a Sturm- 
Liouville problem. It can be shown that, except in the case of the periodicity 
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conditions (100) and (101), to each characteristic number A n there corresponds 
only one characteristic function (p n (x), From the homogeneity of the problem 
it is clear, however, that each such function involves an arbitrary multiplicative 
factor. 

As an example, the problem 
d 2 y 

+ y(0) = y(L) = 0 

has the characteristic values A n = n 2 rr 2 jL 2 with corresponding characteristic 
functions proportional to the functions = sin (mxjL). Since in this case 
r( x) = 1, there follows from (102) 

C L C L mrrx nrrx 

J y m (x) y n (x) dx = J sin -J- sin — dx = 0 (m -A n ), 

when m and m are positive integers. This fact is readily verified indepen¬ 
dently by direct integration. 

In most applications, the functions p(x) and r(x) in Equation (90) are 
positive throughout the interval (a,b), including the end points, while the 
function q(x) is nonpositive in that interval. Furthermore, when one or both of 
the end conditions is of type (98c), with a =£ 0, normally a is negative when 
the condition is imposed at the lower limit x — a but is positive when the 
condition is imposed at the upper limit jc == b. We will speak of a Sturm- 
Liouville problem satisfying these restrictions as a proper problem. 

For a proper Sturm-Liouville problem, it is known that all characteristic 
numbers are real and nonnegative , and that the corresponding characteristic 
functions are real (or can be made real by rejecting a possible complex 
constant multiplicative factor). 

Furthermore, the weighted integral of the square of a characteristic 
function <p n (x), 


C„ = p r(x)[> n (x)] 2 dx, 

*> a 


then has a positive numerical value. If the arbitrary multiplicative factor 
involved in the definition of (p n (x ) is so chosen that this integral has the value 
unity , the function <p n (x) is said to be normalized with respect to the weighting 
function r(x). A set of normalized orthogonal functions is said to be ortho¬ 
normal. 


Thus, in the above example, we find by direct integration that 


Cn =f L / n dx=f 

Jo Jo 


. 2 nnX . L 
sim —j- dx = - • 
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Hence, in order to normalize the functions sin (tinx/L) over (0,L) we would 
divide them by the normalizing factor Vl/2. The set of functions 


PnC*) = 



is thus an orthonormal set in (0 ,L). 


Orthogonality properties of sets of characteristic functions generated by 
certain boundary-value problems of higher order are readily established. Thus, 
in the case of a problem involving th c fourth-order differential equation 


d*_ 
dx? 



+ 0(x) + Ar(x)] y = 0 


(104) 


and appropriate homogeneous boundary conditions, the methods used above 
lead to the equation 

- Aj) iy<Pi<P 2 dx = [{9> 2 (s9>i')' - Viisr'D'} 

- s(<p' 2 (p'i - <Pi<Pd + Piw'i ~ Vi'PdTai ( 105 ) 

where (p t (x ) and (p 2 (x) are characteristic functions corresponding to distinct 
characteristic numbers and and primes indicate differentiation with 
respect to x. It follows, in particular, that the functions cp x and <p 2 are orthogonal 
with respect to r(x) over (a,b) if at each end of the interval there is prescribed 
one of the following pairs of conditions: 


>>- 0 , 


^ = 0 
dx 


y = o, 



o 


dy 

dx 


0, 



when x = a or x = b. (106a,b,c) 


5.7. Expansion of arbitrary functions in series of orthogonal functions . 
Suppose that we have a set of functions {<p n (x)}, orthogonal in a given interval 
(< a,b ) with respect to a certain known weighting function r(x), and desire to 
expand a given function f(x) in terms of a series of these functions, of the form 

/(x) = /4 0 <p 0 (x) + A x <p x (x) + A 2 <p 2 (x) + * * • 


( 107 ) 
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If we assume that such an expansion exists, and multiply both sides of (107) 
by /*(*) <p k (x), where <p k (x) is the kth function in the set, we have 

00 

r(x)f(x) <p k (x) = ]> A n r(x) <p n (x) <p k (x). 

71=0 

Next, if we integrate both sides of this last equation over the interval (< ajb ) and 
assume that the integral of the infinite sum is equivalent to the sum of the 
integrals,* there follows formally 

00 

f* r(x)f(x) <p k (x) </* = 2 A n J* r(x) <p n (x) <p k (x) dx. (108) 

n -0 

But by virtue of the orthogonality of the set all terms in the sum on the 

right are zero except that one for which n — k, and hence (108) reduces to the 
equation 

A n r(x)|>„(x)] 2 dx = f" r(x)f(x) <f n (x) dx. (109) 

Thus Equation (109) determines the constants involved in the required series 
(107) as the ratio of integrals of known functions. 

With these values of the constants a formal series^^H^nC *) ls determined. 
It should be emphasized, however, that we have not established the fact that 
this series actually does represent the function f{x) in the interval ( a,b ). In fact, 
we have not even shown that the series converges in ( a,b ) and hence represents 
any function in that interval. We may, however, speak of the series so obtained 
as the formal representation of the function f{x). 


In illustration, we have seen that the set of functions {sin (nux/L)} is 
orthogonal over (0,L), with the weighting function r(jr) = 1. In the formal 
representation of the function f(x) = * in a series of these functions, the 
constants A n are given, in accordance with (109), by the equation 


or 


C L n mx . C L . nrrx 
A n sin 2 —- dx = \ x sin —— dx 

Jo L Jo L 

2L 2L ( —l) n+1 

A n - -cos nn ~ -. 

rnr 7 t n 


Hence we obtain the formal expression 
2(-l) w+1 


2L^r(-l) w +l nrrx 2L n 7TX 1 2irx \ 

= — > -sin —- = — ( t sin -- sin ——b • • • I • 

ir ^n L ir \\ L 2 L / 

n = 1 ' ' 


The general problem of determining whether the formal expansion obtained 
actually represents the given function in the interval involved is a difficult one 

* This assumption is justified if the series (107) is uniformly convergent in ( ajb ). 
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and is beyond the scope of this work. In connection with this problem, it may 
be noticed that if the function f(x) to be expanded were orthogonal to all the 
functions <p n of the set, with respect to the weighting function r(x) 9 all co¬ 
efficients in the formal expansion would vanish and no expansion would be 
obtained. However, it can be shown that, except for artificial functions of no 
physical interest, there are no functions which are orthogonal to all members 
of any set generated as characteristic functions of a proper Sturm-Liouville 
problem. In this sense we say that the sets so generated are complete . 

If the Sturm-Liouville problem is proper, and if also the relevant functions 
/?(*), q{x\ and r(x) are regular in the interval (a 9 b), then it is known that the 
formal representation of a bounded piecewise differentiable function f(x) in a 
series of the generated characteristic functions converges to f(x) inside ( a,b ) at 
all points wheref(x) is continuous , and converges to the mean value £[/(*+) + 
/(*—)] at points where finite jumps occur. Certain cases in which one or both 
of the functions p and r vanish at an end point of the interval are also of 
importance, as has been noted; although they require individual treatment, it 
has been shown that in the special cases to be treated here the convergence of 
the formal representation is again described by the preceding statement. The 
series may or may not converge to the value of the given function f(x) at the 
end points of the interval. 


Thus, in the preceding illustration, the theorem stated shows that the 
expansion obtained converges to the function f(x) = x at all points inside 
the interval (0,L). Since all terms in the series vanish at both end points 
x = 0 and x = L, whereas f{x) vanishes only at x = 0, it is seen that the 
series also represents f(x) = x at x = 0, but does not represent it at the 
second end point x = L. From the convergence at the point x — L/2 we 
obtain, in particular, 


L 

2 






and hence establish the useful result 


111 t r 


It is important to notice the very great generality of such expansions. In 
the case of the power series expansions of Taylor and Maclaurin, a function 
cannot be representable over an interval unless that function and all its deriva¬ 
tives are continuous throughout that interval, and even these stringent con¬ 
ditions are not sufficient to ensure representation. However, in the present case 
of expansions in series of characteristic functions, a representable function 
may itself possess a finite number of finite discontinuities, and may even be 
defined by different analytical expressions over different parts of the interval 
of representation. 
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Expansions of the type considered will be of particular usefulness in the 
solution of boundary-value problems involving partial differential equations , 
as will be seen in Chapter 9. We next point out certain other useful applications 
of the theory. 

5,8, Boundary-value problems involving nonhomogeneous differential equa¬ 
tions . Suppose that we require the solution of the nonhomogeneous dif¬ 
ferential equation 

[£ ( p £) + qy ] + Xry=F{x) (i io) 

which satisfies prescribed homogeneous boundary conditions of the type listed 
in (98). Using the operational notation of (91), we may write (110) in the form 

Ly + Xry = F(x). (Ill) 

With the given problem we may associate the boundary-value problem con¬ 
sisting of the homogeneous equation 

Ly + by = 0 (112) 

and the prescribed boundary conditions. This problem determines a set of 
orthogonal characteristic functions {<p n (x)}, such that the nth function y n (x) 
corresponds to a characteristic number A n , 

L (p n (x) + l n r(x) cp n (x) = 0. (113) 

Assuming that the required solution of Equation (111) exists, we express it 
as a series of the form 

y =2 a nV»(*) (11 4 ) 

and attempt to determine the coefficients a n . For this purpose we introduce 
(114) into the differential equation (111). Then, since (113) gives 

L<p n = ~Kr<Pn, 

Equation (111) becomes formally 

a - *») «■?.(*) = (ns) 

Hence, if we use (109) to calculate the coefficients A n in the expansion 

/(X) = ^ =2 An<Pn(x), (116) 

r(x) ^ 

assuming that F(x)/r(x) is bounded and piecewise differentiable, a comparison 
of Equations (115) and (116) determines the required coefficients a n as solutions 
of the equations 


(A A„) a n A n , 


(117) 
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so that, provided that A is not a characteristic number, the solution (114) of 
the nonhomogeneous problem becomes simply 

y =2 r^T = w> (x) + + • • • • ( 118 ) 

X A w X Xq X Xj 


It is immediately verified that the above derivation, beginning with 
Equation (111), is unchanged if the operator L in (111) is interpreted as the 
fourth-order operator , 


L 


d*_ 
dx 2 


s(x) 


dx 2 . 



+ q(x) 


(119) 


in Equation (104), and if boundary conditions of the type listed in (106) are 
then assumed. 

From these results one may draw certain important conclusions. We have 
seen that if F{x) is identically zero , the problem consisting of (110) and the 
prescribed homogeneous boundary conditions has nontrivial solutions only if 
A has a characteristic value A = A fc . Equation (118) shows that if F(x) is not 
identically zero, the corresponding problem has a solution in general only if A 
does not take on one of the characteristic values of the homogeneous problem. 
More specifically, the solution (118) becomes nonexistent as A -► A fc unless it 
happens that A k = 0, that is, unless the integral 

£ r(x)f(x) <p k (x) dx = j* F(x) <p k (x) dx 

vanishes, so that F(x) is simply orthogonal to <p k (x). In that special case, 
Equation (117) shows that the coefficient of <p k (x) in (114) is arbitrary. 


In connection with the physical problems of rotating strings and shafts 
(Sections 5.2 and 5.3), the presence of a prescribed function of the axial 
distance x on the right-hand side of the relevant differential equation 
would correspond to the presence of a distribution of transverse load. 
The above conclusions indicate that, fornoncritical rotation speeds, definite 
deflection shapes are determined but that (according to the linearized 
theory) as a critical speed is approached, the amplitude of the deflection 
will in general increase without limit. 


5.9. Convergence of the method of Stodola and Vianello. We may also 
make use of these developments in investigating the convergence of the iter¬ 
ative methods of Stodola and Vianello (Section 5.5). Considering the problem 
consisting of Equation (71), 

£[p(x) + Ar(x) y = 0, 


( 120 ) 
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and appropriate homogeneous boundary conditions, the first cycle in the 
procedure consists of assuming an initial approximation y x (x) and determining 
the solution of the differential equation 


d_ 

dx 



dy 

dx~ 


= -*K*) yi(.x), 


( 121 ) 


which satisfies the boundary conditions. The initial approximation may be 
imagined as expressed in terms of a series of the exact characteristic functions 
of the problem, say 

OO 

*(*) =2 A n<Pn(x), (122) 

n -1 

WherC dxi d ~dx \ = V'W (n = 1,2,3,...) ( 123 ) 

and where 0 < | A, | < | A 2 | < • • •. 

The solution of (121) can also be written in the form 

PC 

y(x) =2 a n<Pn(x)- ( 124 ) 

«=1 

To determine the coefficients in (124), we introduce (124) into (121) and obtain 


or, using (123), 


00 r- -i 00 ^ 

2 fl »T* pW-J = -2r(x) 2 K<pJ<x), 
n = l dxl dx J ", 

oo oo 

-2 fl »*»K*) <p n (x) = -2r(x) 2 A n<Pn(x). 


Hence, the coefficients in (124) are determined in the form 


«» = £ An (125) 

and (124) becomes 

00 v ^ 

X*) = A 2 ~f 9 nix) 

n = 1 n 

or X*) = 9 p,(x) + ^ y 2 ( x ) 4- ^(x) 4 - J 

= j-[^i?>i(x) + ^ /t 2 <p 2 (x) + ^ /l 3 <p 3 (x) + • • -j. (126) 
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If the last expression in brackets is taken as the initial approximation 
in the second cycle, the resulting solution is found, by a repetition of the above 
process, in the form 

y(x) = j^A x (p x (x) + (jj A 2 <p 2 (x) + (j) A 3 <p 3 (x) 4- 

and, similarly, in the Mh cycle we have the initial approximation 

y N (x) = A x <p x (x) + A 2 cp 2 (x) + ^ A 3 <p 3 (x) 4- (127) 

and the corresponding solution 

y(x) = j\a x <p x {x) + A 2 <f 2 (x) + ^ A 3 cp 3 (x) -f-• (128) 

Since X x is the smallest characteristic number, the ratios A 2 /A 2 , A x /2 3 ,.. ., 
are smaller than unity and increasing powers of these ratios tend to zero as 
N oo, showing that successive approximations always tend to a multiple of 
the characteristic function corresponding to the smallest characteristic number 
X l unless A 1 — 0, that is, unless the initial approximation is orthogonal 
to ^ x (x) with respect to r{x). It is also clear that the ratio y N (x)lf N (x ), where 
fx(x) = y(x)jX, tends to the limit X l9 as was stated in Section 5.5. 

It is seen also that if the condition 

£ r(x) <p x (x) X*) dx = £ r(x) <p x (x) y N (x) dx (129) 

is imposed in the Mh cycle, there follows from the orthogonality of the system 

y A i( K*)[>i(x)] 2 dx = A x ( r{x)[q> x {x)Y dx 
or X = X v 

Hence, if the characteristic function <p x (jt) were known exactly in any cycle of 
the calculation, Equation (129) would identify X with the exact value of X x . 
Although (pfx) is not known exactly, an approximate determination of X 1 may 
be accomplished by replacing ^(jc) by its approximation jivW or /n( x ) in 
(129). This consideration is the motivation of Equations (72a) and (72b). 

Modifications of the iterative procedure which permit numerical deter¬ 
mination of the higher characteristic modes depend essentially on approximate 
methods of “subtracting off” the terms involving the lower modes in successive 
cycles. 

5.10. Fourier sine series and cosine series. Since the boundary-value 
problem 


7? 4- h = 0; y( 0) = 0, y(L) = 0 


(130) 



sec, 5,10 I Fourier sine series and cosine series 


217 


has the characteristic functions 

<p n (x) = sin ^ (» = 1,2,3,...) (131) 

JLj 

corresponding to the characteristic numbers A n = /2 2 7 t 2 /L 2 , the results of the 
preceding section state that if a function/(x) can be represented by a series of 
the form 

f(x) = sin — + A 2 sin — H- 

L L 

00 

=2 sin — (o < X < L), (132) 

then the coefficients A n are given, in accordance with (109) with r(x) = 1, by 

A n j sin 2 —/(x)sin^^rfx. (133) 

This formula is a consequence of the orthogonality of the characteristic 
functions cp n — sin (nirx/L) with respect to the weighting function r(x) = 1, 

Psin — sin — dx = 0 (m # »). (134) 

Jo L L 

Since, by direct integration, 

f^sin 2 ^dx = ± (n = 1, 2, 3,...), (135) 

Jo L 2 

there follows 

A n = 7 f /(x) sin ^ rfx. (136) 

L Jo L 

It may be noticed that the coefficient A n in (136) is given by twice the average 
value of the product /(x) sin (/i7rx/L) in the interval (0,L). 

The average value of a function F(x) in (a,b) is defined by the integral 

If /(x) is piecewise differentiable in the interval (0,L), the series (132) con¬ 
verges to f(x) at points of continuity, and to the mean of the two values approached 
from the right and left at a finite discontinuity. 

The series (132) is known as the Fourier sine series representation of f(x) 
in the interval (0 ,L). It is seen that all terms or “ harmonics ” in (132) dire periodic 
and have the common period 2 L; that is, the common period is twice the length 
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0 / l/re interval of representation (0,L). Also, if jc is replaced by — x, the algebraic 
sign of each harmonic is merely reversed. Functions having this last property 
are known as odd functions of x. 


In general, a function F(x ) is said to be an odd function if F( — x) = 
— F(x) and an even function if F( -x) = Fix). In a graphical representation, 
y = Fix), an even function is symmetrical with respect to the y axis, 
whereas an odd function is antisymmetrical; that is, an odd function is 
symmetrical with respect to the origin of the coordinate system. Thus the 
functions sin mx and x k , where k is an odd integer, are odd functions, and 
the functions cos mx and x k , where k is an even integer, are even functions. 
Such functions as e* and log x are neither even nor odd. It is clear that the 
product of two even functions or of two odd functions is an even function, 
whereas the product of an even function and an odd function is an odd 
function. Further, the derivative of an even function is an odd function, 
and conversely; the integral of an odd function is an even function, whereas 
the integral of an even function is the sum of a constant and an odd 
function. 


It follows that in the interval (—L,0) the series (132) represents the function 
—/(— x). Since all terms have the common period 2L, the behavior of the 
series in (—L,L) is repeated periodically for all values of x . 

If fix) is an odd function of x , the series (132) accordingly represents fix) 
not only in the interval (0,L) but also in the larger interval (—L,L). If in 
addition, f{x) is periodic , of period 2 L, the series represents fix) everywhere 
(with the usual convention regarding points of discontinuity). 

Thus, the sine series representation of the odd function fix) = x 9 given 
as an illustration in the preceding section, represents x in the larger interval 
(—£,L)exceptattheend points x = ±L, and repeats this behavior periodically 
for all values of x (see Figure 5.2). 

To obtain the Fourier sine series representing/^) = e x in the interval 
(0 ,tt), we set L = tt in Equations (132) and (136) and obtain 


..- 2 r 

rr Jo 


e®sin nx dx = -- 


tt n -f- 1 


(1 — e" cos n-rr). 


Thus the desired expansion is of the form 


, 2 [ > + 1 
7T - 2 


2(e’ — 1) . „ 

sin x - 1 - - sm 2x 

5 

, 3(e' + 1) . , 

10 


(0 < x < tt). (137) 


The series (137) represents e x when 0 < x < n, and vanishes at the end points 
x = 0 and x = n. In the interval — n < x < 0 the series represents the function 
—er*, and, in general, the series represents an odd periodic function which 
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coincides with e x when 0 < x < rr, with — e~ x when — n < x < 0 , which is 
zero when x — —i r, 0, tt , and which is of period 2i r. 

Similar series developments involving cosine terms, rather than sine terms, 
may be obtained by considering the boundary-value problem 

Tl + b = 0; /(0) = 0, y'(L) = 0, (138) 

dx 2 

which has the characteristic functions 


cp n (x) = cos — (n = 0,1, 2,...) (139) 

Lj 

corresponding to the characteristic numbers = n 2 7T 2 /L 2 . It is important to 
notice that q> 0 (x) = 1 is a member of the set (139), corresponding to A 0 = 0. 
The functions (139) possess the orthogonality property 

J ' L rmrx mrx , f x /1 

cos-cos- dx = 0 (m 7 ^ n), (140) 

o L L 

as can be independently verified by direct integration. The constants in a series 
representation of the form 

/(x) = A 0 + Ai cos ^ + A 2 cos ^ 4- 

L L 

oo 

= >1 0 +2' 4 » cos!? 7 1 (0 < x < L) (141) 

are given by (109), with r(x) = 1, in the forms 

4, f L dx = f L f(x) dx, A n f^cos 2 — dx = f L f(x) cos — dx, 

Jo Jo Jo L Jo L 
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Since 


J ' L 2 nnx 

cos 2 - 

o L 


dx 



• there follows 

A 0 = \ f L f(x)dx 

LJ o 

A 2 f* . «7TX . 

^n = 7 f(x)cos—dx 
LJ o L 


(n = 1, 2, 3,...) 
(n = 0), 


(n = 1, 2, 3,...) 


(142) 


(143) 


Hence fAe coefficient A 0 in (141) fc /Ae average value of f(x) in (0,L), whereas 
the coefficient A n , when n 0, w /Ae average value of the product 
f(x) cos (unx/L) in (0,L). 

With these values of the coefficients, the series (141) is known as the Fourier 
cosine series representation of/( jc) in (0 ,L). It is seen that all harmonics in 



(141) are even functions of x and are again periodic , of period 2 L. Although 
representation of a piecewise differentiable function f(x), in the sense described 
previously, is in general valid only when 0 < x < L, the series will also 
represent the function/(— x) in the interval — L < x < 0 because of the even¬ 
ness of the harmonics as functions of x. Hence iff(x) is an even function , that 
is, if /(— x) = f(x), the series will represent f(x) in the double interval 
—L < x < L. If in addition , f(x) is periodic , of period 2 L, the series will 
represent f{x) everywhere (with the usual convention regarding points of 
discontinuity). 

Thus the cosine series representation of the odd function f(x) = x in (0,L) 
would represent x only in (0,L), and would represent./(— x) = —x in (—L,0) 
(see Figure 5.3). 
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To obtain the Fourier cosine series representing/(x) = e z in the interval 
(0,7r), we set L — 77 in (141) and (143) and obtain 


. 1 f',, e r — 1 

A 0 = - \ e*dx = -, 

77 Jo 7r 


77 Jo 


cos nx dx = - 


77 7t 1 


(e* cos n77 — 1) 0). 


Thus the desired expansion is of the form 




1 e* + \ . e" 

-cos x H- 


1 


cos 2x 


- cos 3x H-1 (0 sS x g 77). (144) 

The series (144) must represent e x when 0 < x < n, and must represent e~ x 
when 77 < x < 0. In general, the series represents an even periodic function 
which coincides with e x when 0 < x < tt and with e~ x when —77 < x < 0, 
and which is of period 277. Since this periodic function is continuous everywhere 
when made so at x — 0 and x = 77, the series must converge to the values 
of e x at these points, as well as in the interior of (0,77). 

We notice that the two expansions (137) and (144) both represent e x inside 
the interval (0,77) but represent entirely distinct functions outside this interval. 
It may be remarked that half the sum of the two series will represent a periodic 
function which is zero when —77 < x < 0 and which coincides with e x when 
0<x<77. At x = 0 this composite series, consisting of both sine and cosine 
terms , converges to the value J, whereas at the points x = ±L the series 
converges to the value le n . 


5.11. Complete Fourier series. It has now been seen that any reasonably 
well-behaved function f(x) can be represented in the interval (0,L) by a series 
consisting either of sines or of cosines with common period P — 2 L, and that 
for an odd function /(x) the sine series representation is valid in (—L,L), 
whereas for an even function /(x) the cosine series representation is valid in 
(—L,L). We next show that if both sines and cosines of common period 2 L are 
used, a representation valid in the interval (—L,L) can be obtained for any 
function/(x) which is piecewise differentiable in (—L,L). 

It is clear that any function /(x) can be expressed as the sum of an even 
function f e (x) and an odd function / 0 (x), 

fix) =/e(x) +/ 0 (x), (145) 

since if we write 

Ax) = wix) +/(-*)]+ mx) -/(-*)], 


( 146 ) 



222 


Boundary-value problems / chap . 5 


the first bracket is an even function of x , whereas the second bracket is an odd 
function. The preceding theory states that the expansions 


oo 

/.(*) = A o +2 A « cos 

n = i 

fo(x) =2 B " Sil1 ^ 


(147) 


are valid in the interval (—L,L), if the coefficients are calculated by the 
formulas 

CL 

feto dx. 


A °~lI o 

^„ = 7 f//x)cos^dx, 
LJo L 

B„ = 7 f/oWsii 

LJo 


mrx , 

sm- dx. 

L 


Since all integrands are even functions of x, we clearly may replace by 
L in each case. Finally, if we use (145) to replace f e (x ) by f(x) — f 0 (x ) in 

the first two integrals and replace f 0 (x) by f(x) — f e {x) in the third integral, 
and notice that the integral of an odd function over a symmetrical interval 
(— L,L) vanishes, there follows 

A 0 = ^z\ fix) dx ~ -7 f foix) dx = f f(x) dx, 

2 LJ-l 2 LJ-l 2 LJ-l 


a 1 [ L ,, \ mrx j 1 f L mrx , 

A n = 7 f(x) cos —- dx — - f 0 (x) cos — dx 

LJ-l L LJ-l L 

-it 

Bn = 7 \ L fix) sin ^dx-\ f L f e (x) 

LJ-l L LJ-l 

-it 


L* 

. mrx , 

sin- dx 

L 


' \ nirx j 

f(x) cos- dx, 

l L 


" r/ v . nirx , 

f(x) sin- dx. 

l L 


Hence, introducing (147) into (145), there follows 


f(x) = A 0 +y (a k cos ^ + B n sin (-L < x < L), (148) 

where A 0 = 1 P /(*) dx, ,4„ = ± f* /(*) cos ^ dx, 

2LJ-l LJ-l L 

B n = 7 f /(*) sin ^ dx. (149) 

LJ-l L 
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The series (148) is the complete Fourier series representation of/(x) in the 
interval (—L,L). It is seen that again A 0 is the average value of f(x), the average 
now being calculated over the interval of representation (—L,L), whereas A n 
and B n are twice the average values of f(x) cos (rinx/L) and f(x) sin (nv-x/L), 
respectively , over the same interval . For an even function there follows B n = 0 
and the cosine series previously obtained results, whereas for an odd function 
A 0 = A n = 0 and the previously obtained sine series results. If f(x) is neither 
even nor odd, the series (148) will contain both sines and cosines of period 2 L 
and will represent /(x), in the sense described, in the interval (—L,L) of length 
2 L. Because of the periodicity of all terms in the series, this representation is 
repeated periodically for all values of x. 

To obtain a Fourier series of period 2tt, representing /(x) = e x in the 
interval (— 77 , 77 ), we set L = tt in (148) and (149) and obtain 


A n 


if* 1 1 

— e x dx = — (e* - *“') = - sinh tt, 

IrrJ-n 2 tt tt 

\ x , 2 cos mr . . , n 

- e cos nx dx — —-- sinh tt (n ^ 0), 

TT * — tt TT n "j“ 1 

\ r . . 2 n cos tin . ^ 

e x sin nx dx — ---sinh tt. 

7 T d — ir TT It ~|~ 1 


The desired expansion is thus of the form 


r sinh tt 

e x =- 

TT L 


2 1 
l — cos jc + - cos 2x — - cos 3x + 


4 3 

+ sin x — ~ sin 2x + - sin 3x + 


(-77 < x < 77) (150) 


or 


e * = 


sinhi 




(-i r 


\ n 2 + 1 


(cos nx — n sin nx) 


(-77 < x < 77). (151) 


The series (150) converges to e x at all points inside the interval (—77,77). Since 
e x = cosh x + sinh x, it follows that the even terms in (150) represent the 
function cosh x in (—77,77), whereas the odd terms represent sinh x: 


, sinh tt 

cosh x =- 

77 



n = l 


nr 

/1 2 +1 


cos nx 


{—tt x ^ it), 


. . „ sinh tt V 

sinh x = 2- 2^ 


n a + 1 


sin nx 


{—tt < x < tt). 
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If we think of x as measured as counterclockwise distance along the 
circumference of a circle of unit radius, then the interval —tt<x<tt corre¬ 
sponds to the entire circumference of the circle. As x -> ir from smaller values 
or as x —► — 7 r from larger values, the same point on the circle is approached 
from different directions and the same values are assumed by any term in the 
series. This fact suggests that at the two end points x — the series (150) 
converges to the mean of the two values of f(x) at these points, that is, to the 
value i(e n + e~ n ) = cosily. This can be shown to be actually the case. 

In general, it can be shown that the series (148) converges at both end points 
x = ±L to the value \[f(L) + /(—L)], that is , to the mean of the two values 
off{x) at the end points. Hence, if f(L) = /(—L), the series converges to f(x) 
at the end points. The sine series (132) vanishes identically at the end points of 
the interval ( 0 ,L) and hence converges to f (x) at these points only if f (x) vanishes. 
The cosine series (141) converges tof(x) at both end points of the interval (0,L). 

We next show that the constants in (148) can be determined in such a way 
that the given function f(x) is represented in any specified interval of length 
2 L, that is, of length equal to the common period of the trigonometric functions 
involved. Suppose that a function f(x) is specified in an interval (a , a + 2 L) 
and that it is required that the coefficients in (148) be determined so that (148) 
represents f(x) in the usual way in that interval. We consider a new function 
f*{x) defined for all values of x in such a way that/*(*) coincides with f(x) 
in the given interval, and furthermore that f*(x) is a periodic function, of 
period 2 L. Then if f(x) is replaced by f*(x) in the definitions of the constants 
(149), the corresponding series (148) clearly will represent the periodic function 
f*(x) for all values of x (in the usual sense), and hence, in particular, will 
represent f(x) in the interval (a, a + 2 L). But since the integrands in (149) are 
then periodic functions, of period 2 L, the range of integration may equally 
well be taken as any interval of length 2L. In particular, we may choose the 
interval over which representation is desired, and over which/*(x) = f(x). 

It follows that if a representation of the form 

m = A 0 + 2 COS + B n sin (152) 

n~ 1 

is required over the interval (a, a + P), the coefficients are to be determined by 
the equations 

a 1 r +P f, w J 2 f a+ * 2 mrx. 

A o=p] a /(*) dx > An= ~p) a A-*) C0S ~p~ dx ' 

2 f a+p ,, . . 2nnx , 

B n = “ f(x) sin —— dx. (153) 

r J a P 

In particular, representation in the interval (0 ,P) is obtained by setting a = 0. 
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These general results are also obtainable directly by considering the 
boundary-value problem 

+ ly = 0; y(a) = y(a + P), y\d ) = y'(a + P) 

for which the characteristic values l n = 4 « 2 7 t 2 /P 2 correspond to the two- 
parameter characteristic functions 

. 2mrx , , 2mrx 
<Pn = c n sin -y + d n cos -y . 

The orthogonality of these functions for arbitrarily assigned values of both c n 
and d n , in the interval (a, a + P), corresponds to the relations 

f a+p . 2m7rx . 2nnx , _ , . x 

sin-sin- ax = 0 (m 7 ^ n), 

•'a P P 

f a+p 2 m 7 rx 2n,Trx , * , . . 

cos-cos- dx = 0 (m ^ n), K (154) 

Ja P P 

f a+p . 2mnx 2mrx , A 

sin-cos- dx = 0 

J a P P 

These relations are readily established by direct integration. 

As a final example, we suppose that it is required to find a Fourier series of 
period 6 which in the interval (1,7) represents a function /(x) taking on the 
constant value +1 when 1 < x < 4 and the constant value — 1 when 4 < x < 1. 
With a = 1, P — 6 , the series (152) becomes 


fix) = /1 0 +2(' 4 » cos -p + B « sin ^)> (155) 

n = 1 

where, in accordance with (153), 

A 0 = l - J/(x) dx = i[ J\ dx + J T (-1) <**] = 0. 

>4 1 f 7 r/ n7TX J 1 r f 4 nnx , f 7 W7TX , 1 

A n = - /(x) cos — dx = - cos — dx — cos- dx 

n 3 J 1 3 3Ui 3 J 4 3 J 

1 L . 4h7t . tin . lmr\ , m 

= — 2 sin-sin-sm — (n 7 ^ 0 ), 

M7rL 3 3 3 J 

D 1 f 7 r/ \ j 1 r f 4 • n7Tx j r ? • nirx j 1 

Bn = 3 J/M S.n — dx = -[ J 1 sm — dx - sm — dxj 

4m7t n 7 t lmr\ 

-cos-cos- . 

3 3 3 J 


= - — 2 
I17T - 
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By virtue of the relations 


. 4wr . nn 

sin — = cos nn sin — , 
3 3 


. 7wr . nn 
sin — = sin — , 
3 3 


Ann nn 

cos — = cos nn cos — , 
3 3 


Inn nn 

cos-= cos — , 

3 3 


these results take the form 


A r, A r. 1 — cos nn . nn 

A 0 = 0, A n = —2-sin — 

nn 3 

„ « 1 — cos nn nn 

B n = 2-cos — 

nn 3 


(156) 


Since the factor 1 — cos nn is zero when n is even and 2 when n is odd, it 
follows that the required series contains only harmonics corresponding to the 
odd integers. The series can be written in the form* 



V" 1/ H7r . nnx . nn nnx\ 

> -Icos — sin-sin — cos — I 

n\ 3 3 3 3 / 


(157) 


We notice that this series is equivalent to the form 


fix )=- 2 isin 

n no dd " 


nn(x — 1) 
3 


This form could have been obtained more directly, in this case, by first trans¬ 
forming the variable by moving the origin to the point x = 1. 

Any function/( x) of period P which also satisfies the relation 

f i X+ 2 ) = -/(x) (158) 


is called an odd-harmonic function , since it is readily shown that the Fourier 
series representation of such a function possesses only harmonics correspond¬ 
ing to odd integers. The function in the preceding example is of this type. 


5.12 . Fourier-Bessel series. Expansions in terms of Bessel functions arise 
most frequently in connection with a boundary-value problem involving the 
differential equation 

X *T1 + x T- + 0 “ 2 ** - P 2 ) y = 0 (159) 

dx* dx 

* The phrase odd*’ is used in summations to indicate that n is to take on the values 
* * 1, 3, 5. 
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or, equivalently, 

Reference to Equation (130a), Chapter 4, shows that the general solution of 
this equation is of the form y = Z p (ux) or 

, c x J p (fix) + c 2 J- p (/j.x) (p not an integer), 
y — j (161) 

{ c x J P (px) + c 2 Yp{fix) (p an integer). 

Equation (160) is identified with (90) if we write 

2 

p(x) = x, q(x) = — — , r(x ) = x, X = /1 2 . (162) 

x 

Restricting attention to the interval (0,L), we see that since p{ 0) = 0, the 
results of Section 5.6 show that the characteristic functions of the problem are 
orthogonal in (0,L), with respect to the weighting function r(x) == x, if at 

dy 

x — 0 it is required merely that y be finite and x be zero and if at x — L 
a homogeneous condition is prescribed. x 

The conditions of finiteness at x = 0 require that we take 


c 2 — 0 

in (161). If at x = L the condition 

(163) 

y(L) = 0 

(164a) 

is prescribed, the characteristic values of n are determined as the roots of the 
equation 

JpkPrX) = 0. 

Similarly, the end condition 

(164b) 

y\L) = 0 

requires that the characteristic numbers u n satisfy 

(165a) 

= 0, 

whereas the more general condition 

(165b) 

k y(L) + y(Q = 0 (*k0) 

determines p n as a solution of the equation 

(166a) 

k JpiUnL) + Un Jp(MnL) = 0. 

(166b) 


In all these cases the characteristic functions are of the form 


<P«(x) == Jp(t*nX), 


( 167 ) 
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where fi n is a solution of (164b), (165b), or (166b), and the results of Section 5.6 
show that these functions are orthogonal in (0,L) with the weighting function 
r(x) = x, , L 

J 0 * JvfamX) Jp(p n x) dx = 0 (m ^ n). (168) 

Although Equation (160) is one of the exceptional cases described in 
Section 5.7 in that p(x) and r(;c) vanish at the end point x — 0, and also q(x) 
is not regular at x = 0 unless the order p of the Bessel functions is zero, still 
it can be shown that the formal series (107), with coefficients determined by 
(109), will converge to f(x) inside the interval (0,L) under the same conditions 
as those stated with reference to the Fourier series. 

We must, of course, be careful to include all the characteristic functions 
of the problem involved. From the definition of the Bessel functions J p {x\ it 
is clear that the relation 

JJL-x) = (~l) p J v (x) 

is satisfied. Thus, roots of (164b), (165b), and (166b) exist in pairs, symmetri¬ 
cally located with respect to the point x = 0. However, since replacing p n by 
—p n in (167) either does not change <p n (x) or merely multiplies it by a numeri¬ 
cal factor, the negative values of p n need not be considered. If p 0 — 0 were a 
characteristic number, the corresponding function <p 0 (x), as given by (167), 
would be identically zero (and hence not a characteristic function) except in 
the case when the order p of the relevant Bessel functions is zero . When p = 0, 
only (165b) permits the solution p 0 — 0. Thus, it is necessary to consider only 
the set of functions {^ w (x:)} corresponding to positive characteristic numbers 
p n (n = 1,2, 3,...) in all cases except in the case o/(165b) whenp — 0, in which 
case the function (p 0 = 1 corresponding to ju 0 ~ 0 must be added to the set. 

Temporarily excluding this exceptional case, the coefficients in the series 

/(*) = J P {pyx) + A 2 Jfpvx) + * • * 

00 

=2 A n J ,M (0 < x < L), (169) 

n = l 

where the numbers fi n are the positive solutions of one of Equations (164b), 
(165b), and (166b), are given, by virtue of (109), by the equation 

A n x[J v ((i n x)f dx = x/(x) J P (ji n x) dx. 

The coefficient of A„ is independent of/(x) and can be determined once and 
for all. Denoting it by C„, we then have 



i f* 

K = — x/(x) J p (ji n x) dx, 

C„ Jo 

(170) 

where 

C„ =/* x[J p (fi n x)Y dx. 

(171) 
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To determine the factors C n , we proceed by an indirect method as follows. 
With the notation of (167) we have 




since the function <p n (x) satisfies (160) when [i = [i n . If both sides of (172) are 
d(p n 

multiplied by 2x —the resulting eqqation can be written in the form 


(^x 2 -p 2 )f (<pl) 

dx 


dx\ dx) 


If both sides of this equation are integrated over (0,L), and the resulting left- 
hand side is simplified by an integration by parts, there follows 

[(/“W - P 2 )<Pn]0 ~ 2 /“nj o X< Pl dx = - J^. 

If we notice that <p w (0) = J v (0) = 0 when p > 0, that / o (0) = 1, and that 
x Jp(x ) = 0 at x = 0 , it is readily seen that the integrated terms vanish at the 
lower limit. Thus we obtain the important relation 

C n — dx 

= ^ {(ltiP - p*)[<f n (L)T + L 2 [^^] 2 } (173) 


where 


<Pn(x) = JMnX). 


We also have 


<P„(L) = JfPnQ 

and, making use of Equation (111), Section 4.9, 

= 4- J p(Mn X ) = ~Pn Jp + MnX) + ~ Jfj*„x), 

dx dx x 

so that there follows 

= -n n J v+1 (/i n L) + V - (p n {L). 
dx L 

Thus, if fJL n satisfies (164b), there follows 9 o n (L) = 0 and 

Cn = | [-W^)] 2 - 
dtpJL) 

If (i „ satisfies (165b), there follows —-— = 0 and 


lAfi — P 2 


[J>„L )] 2 


(175a) 


(175b) 
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Finally, if //„ satisfies (166b), /Aere follows = ~k ( Pn(Q and 

C n = ^ _ ■ £ + — [J>„L)] 2 . (175c) 

2/4 

In the exceptional case noted above, when expansion in terms of the 
functions Jfji n x) is required, where fx n is a solution of the equation 

Jo(u n L) = 0 or /*„ Jfn n L) = 0, (176) 

the presence of the additional characteristic number = 0 introduces a 
constant term vt 0 , leading to the series 


oo 



f{x) = A 0 +2 A n J 0 (fl„x), 

n = i 

(177) 

where 

' 4 ° = L 2 Jo xf(x)dx 

(178) 


and the remaining coefficients are given by Equations (170) and (175b) with 

P = o. 

Although the explicit evaluation of the integral appearing in (170) is 
usually not feasible, even when f(x) is of a simple form, the integral can be 
evaluated approximately for as many values of n as are required, by numerical 
or graphical methods. 

Expansions of the types considered are of frequent use in connection with 
the solution of certain boundary-value problems involving partial differential 
equations, the particular type of expansion to be used being determined by 
the nature of the problem. 

As an application, we determine the expansion of the function fix) — 1 
in the interval (0,L), in a series of the form 

1 = A 1 J o(/*i*) + Jq(h%x) + • * • 


00 


= 2 A " J oG“»*) (0 < x < L), 

n = 1 

(179) 

where fx n is a solution of 


o' 

II 

(180) 

In this case Equations (170) and (175a) give 


1 C L 

A n = — X d 0 (fl n x) dx, 

C n Jo 

(181) 


C„==|[A0i„L)] 2 . 


where 


(182) 
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Also, making use of Equation (108), Section 4.9, we have 


and hence 


/*»* J 0 (MnX) = — [X Jyifi n Xy] 
ax 


f L if 1 L L 

* Jofan*) dx = — x Uti n x) = — (183) 

Jo fx n L Jo fi n 


With the results of (182) and (183), Equation (181) becomes 

A = _?_ 

and the desired series is of the form 


1 


If we write 


2 Jpjfax) 2 J Q ({i 2 x) 

fhL J i(HiL) F 2 ^ J i(/^2^) 


= y 2 j 0 (// w x) 


= a n , 

so that a n is the «th zero of J 0 (x), the expansion takes the form 


(184) 

(185) 

(186) 

(187) 

a x Jf a x ) a 2 J^) 

A table of the first 40 zeros a ri and of the corresponding values of /i(a n ) is 
given in Jahnke-Emde-Losch, Tables of Higher Functions. For the first three 
zeros, the rounded values 

<*! = 2.4048, *A( a i) = 0.5191, 
a 2 - 5.5201, Jf a 2 ) - -0.3403, 
a 3 = 8.6537, /i(a 3 ) = 0.2715 

are given. Hence the leading terms of (187) become 


2 

1 ■=- 


f) ^ 2 f) 


+ 


= 1.602 J 0 ^2.405 ^ - 1.065 J c ^5.520 £) + 0.8512 J 0 ^8.654 jj 


+ 


Since the Bessel functions involved are even functions of x , the series must 
represent 1 not only in (0,L) but also in the symmetrical interval (—L,L). At 
the end points x ~ ± L the series clearly does not converge to the given 
function, since all terms in the series vanish. 


5,13, Legendre series, Legendre’s differential equation, 
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or, equivalently, 

£[o - * 2) S + p(p + y = °* w 

can be identified with (90) if we write 

p(x) = 1 - x 2 , q(x) = 0, r(x) = 1, A = p(p + 1). (190) 

Since the function p(x) vanishes at the points * = ±1,the results of Section 5.6 
state that any two distinct solutions of (188) which are finite and have a finite 
derivative at x = ±1 are orthogonal, with respect to the weighting function 
r{x) = 1, in the interval (—1,1). Since (188) possesses solutions which are 
finite at x — ±1 only if p is a positive integer or zero (see Section 4.12), this 
condition of finiteness determines permissible values of p in the form 

P = n (n = 0, 1, 2, 3,. . .). (191) 

The corresponding solutions which are finite when x — i 1 are proportional 
to the Legendre polynomials 

<Pn = P«(x). (192) 


(193) 


and the above reasoning leads to the conclusion 

P m (x) p n (x) dx = 0 (m # n). 

Just as in the preceding cases, a function f(x) which is piecewise differen¬ 
tiable in the interval (— 1 , 1 ) can be represented by a series of the functions 9 o ny 

f(x) = A 0 P 0 (x) + AJ^x) + A 2 P 2 (x) H- 


=2 ^« P «(*) ( 1 < X < 1). 


(194) 


71 = 0 


The coefficients A n are given by the equation 


A n [Pn(x)T dx = f(x) P n (x) dx. 


(195) 


In order to evaluate the integrals appearing in (195), it is frequently useful 
to express P n (x) by Rodrigues' formula [Equation (168), Section 4.12], 


1 d n 

P n (x) = —— (x 2 — \) n . 
nW l n n\dx nK 


(196) 


Hence we may write 

f 1 /(x) P n (x) dx = -i- f /(x) f- n (x 2 - 1)» dx. (197) 
J-i 2 n n\J-i dx n 


If the right-hand member of (197) is integrated by parts N times, where n 9 

assuming that the first N derivatives off(x) are continuous in (—1,1),* and if it 

* Otherwise, integration by parts may not be valid. 
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is noticed that the first n — 1 derivatives of (x 2 — l) n vanish when x = ± 1, 
Equation (197) becomes 


J-, /w w ' -br j bH lib- »■] * 


In particular, when N = n there follows 


(N g n). (198) 


P f(x) P n {x) dx = ( — ^ P (x 2 - 1)" dx (199) 
J-i 2 w n! J-i dx n 

iff{x) and its first n derivatives are continuous throughout the interval (—1,1). 
Replacing/(x) by P n (x) in (199) and noticing that, from (196), 


d n P n (x) 1 d 2n , 2 

dx n 2 n n\dx 2n 


1 (P n 

1 a / v .2n 


2 n n! dx 2n 

we obtain, from (199), 

J ^ C PnW] 2 dx = 


(x 2n - nx in - 2 + 
(2 n)\ 


•) = 


(2n)! 
2"n! ’ 


j: 


(1 — x 2 )" dx. 


( 200 ) 


( 201 ) 


2 2n (n !) 2 

The integral on the right can be evaluated by successive reductions (involving 
integration by parts) in the form 
ri 

(1 - x 2 )" dx = 2 ■ 


/: 


Thus Equation (201) takes the form 


/: 


[P„(x)] 2 dx = 


•••4-2 

2 2 n+1 (n!) 2 

(202) 

1)• • • 5 • 3 

(2 n + 1)! ’ 

2 

2 n + 1 


(203) 


and Equations (195) and (199) give for the coefficients in the expansion 


fix) = A 0 P 0 (x) + A.Pfx) + ■■■ 

00 

=2 A » p »(x) (- 1 <*< 1 ) 


the alternative forms 


n = 0 

2n + iri 


fix) P„(x) dx 


r 


(204a) 


(204b) 


where, again, the second form in (204b) is necessarily correct only if f{x) and 
its first n derivatives are continuous in (—1,1). 

Since P n (x) is an even function of x when n is even , and an odd function 
when n is odd , it follows that iff(x) is an even function of x, the coefficients A n 
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will vanish when n is odd; whereas if f(x) is an odd function of x 9 the coefficients 
A n will vanish when n is even. 

Thus, for an even function f(x ), there follows 


(0 (n odd) 

A n — I fl (205) 

[( 2 n + 1 ) J 0 f(x) P n (x) dx (n even); 

whereas for an odd function f(x) we have 

f(2 « + 1 ) JV(x) p n(x) dx (n odd) 

A, = \ Jo (206) 

(o (n even). 

If we are interested in representing a given function f(x) merely over the 
interval ( 0 , 1 ), it is then clear that a series containing only even polynomials 
can be obtained by using (205), or, if preferred, a series containing only odd 
polynomials can be obtained by using (206). Either of these series will then 
represent f(x) inside the interval ( 0 , 1 ), and the first series will represent /(—x) 
and the second —/(— x) in the interval (— 1 , 0 ). 

Finally, we remark that expansions valid in the more general interval 
(— L,L) are readily obtained by replacing x by x\L in the preceding develop¬ 
ments. This procedure leads to the expansion 


where 




+ 


( x < L), 


2/Mf) 


n = 0 

2 n -j- 


2n + 1 ■ l L (L 2 - x 2 ) nd -^&dx, 
2 n+ 1 n!L n+1 J-/, dx n 


(207) 


(208) 


which generalizes (204). 

It is clear that if f(x) is a polynomial of degree k , all derivatives of f{x) of 
order n vanish identically when n> k. Hence it follows from (204) or (208) 
that any polynomial of degree k can be expressed as a linear combination of the 
first k + 1 Legendre polynomials. 

As an application, we determine A 0 , A v and A 2 so that 

x 2 = AqP 0 (x ) + A-yPfx) + A 2 P 2 (x), 


the higher coefficients vanishing by virtue of the above remark. Since x 2 is an 
even function of x, the remaining odd coefficient A x must also vanish: 


A x = 0. 



sec. 5.13 I Legendre series 


235 


To calculate A„ and A 2 , we use the second form of (204b) and obtain 

4, = ± P 1 -x 2 dx = - A 2 = -^~ P (1 -x 2 ) 2 -2 dx = \, 

2 J -i 3 8-2 J-i 3 

and hence 

* 2 = hlP oW + 2P 2 (x)]. (209) 

The truth of this identity is verified by reference to the expressions for P 0 (x) 
and P 2 (x) in Section 4.12 [Equation (158)]. 

As a second application, we determine the Legendre expansion in (—1,1) 
of a function f(x) which vanishes when — 1 < x < 0 and which takes on the 
value unity when 0 < x < 1, 



(-1 < x < 0) 
(0 < x < 1). 


( 210 ) 


Since /(x) is discontinuous in (—1,1), the second expression in (204b) cannot be 
used. The basic relation becomes, in this case, 



Hence, referring to Equation (158), Section 4.12, there follows 
A o = i £ 1 dx = i 
A i = f £ xdx = |, 

4s = f •i£(3x 2 -l)dx = 0, 

A 3 = \ • i £ (5x 3 - 3x) dx — — h, 

and so forth. Since/(x) can be considered as the sum of the constant \ and an 
odd function of x, it is seen that A 0 is the only nonvanishing even coefficient. 
The first terms of the desired series are of the form 


fix) = $p 0 (x) + IA(*) - i\ p z(x) + kiPfx) + • • • 


In general, we find 

'1 (n = 0) 

0 (« = 2,4,6,...) 

£p b (x) dx = 2^1 i_(1 • 3 • 5 • • • n) 2 

1 ^ n(n + 1) n! 


(—1 < x < 1). (211) 


(n = 1, 3, 5,.. .)• 
( 212 ) 
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For since (189) gives 

r d 0 rfP n 1 


we obtain 


"(« + 1) P n dx = -^(1 - x 2 ) = W 

If h is eww, we have /^(O) = 0, whereas if n is odd. Equations 
(156), (157b), and (159b) of Section 4.12 give 


*=! (1 • 3 • 5 • 
Pn( 0 ) «(-!)* - -r 


nf 


Thus, the expansion (211) can be written in the form 

/(x) = i + V (-1)^ *L+J (1 • 3 • 5 • • • n) 2 
2 2n + 2 n • n\ 

(—1 < X < 1). 


(213) 


5.14. The Fourier integral. We have seen in Section 5.10 that the functions 


/ \ • nn 
<Pn(x) = sin —X 


(«= 1,2,3,...) 


form an orthogonal set in the interval 0 < x < L and that a function /(x) 
can, in general, be represented as a series of these functions in the stated 
interval. The question arises as to the possibility of a similar representation 
in the complete semi-infinite interval x > 0. However, since the functions 
q> n (x) vanish when L -> oo, it is clear that such a representation cannot be 
obtained by merely replacing 1 \L by zero in the series (132). 

If we consider the relation 


2 f L . . , sin (u 2 — u x )L 

sin u x x sin u 2 x ax = ——-—- 

LJo 2 (u 2 — u x )L 


sin (u 2 + u x )L 
(u 2 + u x )L 


(214) 


we notice that the expression on the right vanishes if u x and u 2 are distinct 
integral multiples of n/L and is equal to unity (in the limit) if u x and u 2 both 
take on the same integral multiple of tt/L. This is, of course, in accordance 
with the results of Section 5.10. In addition, however, we notice that as L-> oo 
the right-hand member of (214) approaches zero for any positive values of u x 
and u 2 so l° n g as u 2 ¥=■ M i» but that if u 2 = u x , the right-hand member 
approaches unity. That is, if we write 

= sin ux, (215) 

we obtain 


2 C L (0 

Jim - ?> ui (x) <p Ui (x) dx = 

L-+co o 11 


(«1 ^ M 2 ) 

(»1 = M 2 ). 


( 216 ) 
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Thus two functions of form (215), corresponding to any two positive values 
of w, have a sort of orthogonality property in the semi-infinite interval (0,oo), 
and we are led to the conclusion that a representation of a function/( jc) in a 
semi-infinite interval must involve all possible functions of type (215), where u 
is any positive number and is not restricted, as in the finite case, to a set of 
discrete values. 

In the finite case /(x) is expressed as a linear combination of functions of 
the latter type, that is, as an infinite series , 

ao 

f(x) = 2 A n sin (0 < X < L), 

where the constants A n specify the contributions of the successive harmonics 
in the series. In the limiting case L —► oo, if we write the contribution of sin ux 
to the representation of /(jc) in the form A(u) sin ux , the complete representa¬ 
tion of /(x) should be obtained by superimposing these contributions by 
means of an infinite integral , 

/(x) = A(u) sin ux du ' (0 < x < oo). (217) 

Assuming that such a representation exists, for a sufficiently well-behaved 
function/(x), it remains to determine A(u) for all positive values of w, that is, 
as a function of u. In the following developments we indicate a formal method 
of determining A(u ), and afterward state conditions under which the result 
obtained is correct. 

In determining the function A(u ), we are guided by the analogous pro¬ 
cedure of Section 5.10. Thus, we first multiply both sides of (217) by sin w 0 x, 
where u 0 is any positive value of w, 

/(x) sin UqX = sin u 0 x A(u) sin ux du. 

We next integrate both sides of the result with respect to x over the interval 
(0,L), where L is destined to become infinite, and so obtain 

JqV(x) sin UqX dx — j 1 ^ sin u 0 x {J* A(u) sin ux du } dx 
or, assuming that the order of integration may be interchanged, 

J>x) sin UqX dx — J* A(u) sin ux sin u 0 x dx J du. (218) 

We denote the right-hand member of (218) by R L ; then, making use of 
(214), we obtain 

D 1 f°° A(u) . r , w 
R l = - — 1 - jL - sin L(m — u 0 ) du 

2 Jo u — u 0 

_ 1 | cc _j4(u)_ s . n L(|u + U(j) du (219) 

IJqu + Uq 
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With the substitution L(u — u 0 ) = t in the first integral of (219) and the 
substitution L(u + u 0 ) = t in the second integral, this expression takes the 
form 


- \ J14*+i) 5 r id '“i L a (-“• +(220) 


Now, if Uq > 0, we see that as L -> oo the second integral formally approaches 
zero, whereas the first integral takes the value 



Thus, as L -► oo, Equation (218) gives formally 

j /(x ) sin m 0 x dx = lim R L — - A(u 0 ) (m 0 > 0). (221) 

Jo oo 2 

Replacing w 0 by m in (221), we have determined the function A(u) required in 
(217) in the form 

A(u) — - I /(x)sinwxdx. (222) 

7T Jo 

To distinguish the dummy variable x in (222) from the current variable x 
in (217), we replace x by fin (222) before introducing (222) into (217), and so 
obtain 

2 f 00 f 00 

/(x) — - I sin mx f(t) sin ut dt du (0 < x < oo). (223) 
7r Jo Jo 

This expression is known as the Fourier sine integral representation of/(x) 
and can be shown, by more rigorous analysis, to be valid when x > 0 if/(x) is 

piecewise differentiable in every positive interval and if the integral |/(x)| dx 

exists . As in the Fourier series theory, the integral represents/(x) at points of 
continuity, and represents \[f(x+) + /(*—)] at finite jumps. 

In a similar way, the Fourier cosine integral representation 

2 f 00 f 00 

/(x) = - cos mx f(t) cos ut dt du (0 < x < oo) (224) 
7T Jo Jo 

can be obtained, subject to the same restrictions. 

It is clear that (223) represents —/(—x) when x < 0, whereas (224) repre¬ 
sents /(—x) when x < 0. Thus, if/(x) is an odd function, the representation 
in (223) includes all values of x; whereas if/(x) is an even function, the same is 
true of (224). As in the finite case, we can make use of these facts to obtain a 
representation valid for all values of x by using both sine and cosine harmonics. 


* See Problem 12(b), Chapter 2. 
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Thus, if we write/(x) —f e (x) +f 0 (x ), where f e is even and f 0 is odd, we verify 
that 


f- 1 f« 

cos mx f{t) cos ut dt du = - 

J- oo 77 J<) 

= 2 
77 Jo 


cos mx / e (0 cos ut dt du 


COS MX / e (0 COS M^ dr du 


-fe(x) (—00 < X < oo), (225a) 


and, similarly, 

i r 00 r°° 

sin mx /(O sin ut dt du = f 0 (x) (—oo < x < oo). (225b) 

77 Jo J— oo 

Hence, adding (225a) and (225b), we obtain the representation 

fix) = P° [A(u) cos mx + B(u) sin mx] du (~oo < x < oo), 
where /4 (m) and B(u) are defined by the expressions 


= i r°° 

77 j- c 


/(O cos nr dr, B(m) 


== 1 f 00 

77 J-c 


fit) sin ut dt. (227) 


By introducing (227) into (226), we obtain also 


1 f 00 T f° 

77 Jo L J - 


or, equivalently, 


f(t) cos M(r — x) dr du (—oo < x < oo), (228) 


f(t) cos u(t — x) dr du (— oo < x < oo). (228a) 


This expression is known as the complete Fourier integral representation of 
fix) and represents fix) for all values of x in the usual sense if fix) is piecewise 
differentiable in every finite interval and if the integral J* ^ |/(x)| dx exists . 
By writing 

cos M(r — x) = \e iu{t ~ x) + 

we can show that (228) also can be written in the alternative complex form 


ff S' 


or, equivalently, 


Kx)= t Y e<us / x 


1 dt du (— oo < x < oo), (229) 


e <u, /(0 d/ du (—co<x< oo). (229a) 
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Finally, if we write 
Equation (229a) becomes 


U — 277co, 


/(x) = f 00 f * e' 2Hoit f(t) dtdco (-oo < x < oo). (230) 

J — co J — oo 


Equations (226), (228), (229), and (230) are equivalent forms of the Fourier 
integral. 

If we denote the inner integral in (229a) by 8F{\u ), there follows 


,F(u) = f” e - iui f(t) dt (-oo < u < oo), (231a) 

J— 00 

/(f) = — r e iut ^{u) du (-00 < t < oo). (231b) 

277 J — co 


The function ^(w) denned by (231a) is called the Fourier transform of/. For a 
function /(f) which vanishes when t < 0, the Fourier transform becomes 
formally identical with the Laplace transform (Chapter 2) if we replace iu by s. 
If the Fourier transform of / is known, Equation (23 lb) permits thedetermina- 
tion of the function/in terms of an integral involving the transform 3F. 

In a similar way we obtain from (223) and (224) the inversion formulas 


ST{u) = J”/(0 sin utdt 

7 C°° 

(0 < u < co), 

(232a) 

m = - 

77 * 

.Sr(u)smutdu 

'o 

(0 < t < oo) 

(232b) 

C (“> = So 
2 1 

f{t) cos ut dt 

"oo 

(0 < u < oo), 

(233a) 

f( 0 = - 

77 J 

C(u) cos ut du 

0 

(0 < t < oo). 

(233b) 


The functions defined by (232a) and (233a) are called the Fourier sine and 
cosine transforms of /, respectively. 

To illustrate these definitions, we consider the function 

(0 (x < 0) 

/(x) = |l (0 <x<a) (234) 

'o (;x > a). 

From (223) we obtain the Fourier sine integral representation, 

r/ x 2 f 00 1 — cos au . , x N 

f(x) = - - sin ux du (0 < x < oo); (235a) 

77 vQ U 
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Equation (224) gives the Fourier cosine integral representation, 


/(*) 


_ 2 f 00 sin au c 

77 Jo U 


cos ux 


du (0 < x < oo); 


(235b) 


and Equations (226), (229a), and (230) give the alternative complete Fourier 
integral representations, 


u if /sin au 1 — cos au . \ 

fix) = - I-cos xu H-sin xu 

it Jo \ u u ! 

or 

[if 1=-! 

2m J- oo u 


du 


/«=< 


e ! “ x du 


j_ r°° i 

. 2771 J —co 


} — 2niaco 

" 2nizto J 

- e aw 


(JO 


(— oo < x < oo) (236a) 

(—oo < x < oo). (236b,c) 


When x < 0, the integrals appearing in (235a) and (235b) represent 
—/(—*) and/(—x), respectively. Thus, for example, taking into account the 
discontinuities in/(x), we have from (235b) the useful result 


f 00 sin au ( 

Jo w 


cos ux 


du — < 


(M < a) 
(M = a) 


(237) 


0 (|x| > a). 

Also, from (231a), (232a), and (233a) we obtain the transforms of /(x), 

1 - e ~ iau 


&{u) - ■ 


iu 


\ 1 — COS au , m 

&?(u) =- (u > 0), 


(238a) 

(238b) 


C(u) = S -^ (u > 0). (238c) 

u 

We notice that /« this case there follows J^(w) = C(w) — i^(u). This relation¬ 
ship between the transforms is readily shown to be true if and only if the 
function /(x) vanishes when x < 0. 

Analogous integral representations involving Bessel functions can be ob¬ 
tained. In particular, it can be shown* that the equation 

f(x ) = ut f{t) J p (ut) J P (ux ) dt du (0 < x < co) (239) 


* See A. Gray, G. B. Mathews, and T. M. MacRobert, A Treatise on Bessel Functions , 
St. Martin’s Press, New York, 1952. 
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is valid when p> — 1 , with the usual convention regarding discontinuities, 
if f(x) is piecewise differentiable in every finite interval and if the integral 

J o °° x\f(x)\ dx exists. This expression is known as the Fourier-Bessel integral 
representation of /(*), of order p . 

The Fourier-Bessel transform , of order p, of a function f{x) may be defined 
by the relation 

SSJyU) = J“ f/(f) /„(«<) dt (0<u< oo). (240a) 
The function/(*) is then expressible in terms of its transform by the equation 
f(x) = J q u 3Sfu) J v (ux) du (0 < x < oo). (240b) 
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PROBLEMS 


Section 5.1 

1. Show that the boundary-value problem 

% -*y = o, >{0) =j(d =o 


cannot have a nontrivial solution for real values of A. 
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2. Determine those values of k for which the partial differential equation 

d 2 T d 2 T 

dx 2 + dy 2 ^ 

possesses nontrivial solutions of the form T{x,y) = f(x) sinh ky which vanish 
when x = 0 and when x = L. 

3. Show that the equation 

d 2 y 

d + ^y-° 

can possess a nontrivial solution which vanishes at x = 0 and at x = 1 only if A 
is such that 

/i/ 4 (^ 1/2 ) = 0 

and that, corresponding to such a characteristic number A fc , any multiple of the 
function 

<p k (x) =* 1/2 / 1/4 GAl' 2 *2) 
is a solution with the required properties. 

4. Show that the equation 

d 2 y dy 

x dx 2 + dx + Xxy ~ 0 

can possess a nontrivial solution which is finite at x = 0 and which vanishes when 
x = a only if A is such that / 0 (A 1/2 a ) = 0, and obtain the form of the solution in this 
case. 

Section 5.2 

5. Suppose that the uniform string considered in Section 5.2 is unrestrained 
from transverse motion at the end x — 0, and is attached at the end x = L to a 
yielding support of modulus k , the ends of the string being constrained against 
appreciable movement parallel to the axis of rotation. Show that the nth critical 
speed ci) n is given by 



where cot fi n = (x.fi n and a = T\kL . 

6. The linear density of a flexible string of length L varies according to the 
law p = p 0 (l + x/L) 2 , where p 0 is a constant and x is measured from one end. 
The ends of the string are attached to an axis rotating with angular velocity co. 
(a) Show that the governing differential equation can be written in the form 

d 2 )? 

-Z + Vr 2 >- = 0, 

where r = 1 + x\L and fi 2 = (p 0 a> 2 L 2 )/(4r), and that the end conditions then 
require that y vanish when r = 1 and when r = 2. 
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(b) Show that the nih critical speed co n is given by 





where p n is the «th solution of the equation 


-j w w>y w (m) = o. 

7. (a) If a flexible string is caused to vibrate transversely in a plane with respect 
to a straight form along the x axis, the displacement w of a point is a function of x 

d 2 w 

and of time t. Noticing that the inertia force per unit length is then given by — p , 

and denoting the actual transverse external force by f(x,t ), show that w satisfies the 
partial differential equation 


d 

T x 



d 2 w 


when small slopes and displacements are considered. 

(b) In the case of free periodic vibrations of circular frequency a>, with 
/ = 0, we must have 

w(x,t) = y(x) sin (cot + cp\ 


where cp is constant and the amplitude y depends only on x. Show that y(x) then 
satisfies the same ordinary differential equation as the displacement of a string 
rotating about the x axis with angular velocity co (Section 5.2), and hence that the 
results of Section 5.2 can be interpreted in terms of natural vibration modes and 
natural frequencies in the analysis of periodic vibrations. 


Section 5.3 

8. Determine expressions for the critical speeds and deflection modes of a 
rotating uniform shaft of length L fixed at both ends, taking the origin at one end 
of the shaft. 

9. Solve the preceding problem, taking the origin at the center of the shaft. 
(Express the general solution in terms of circular and hyperbolic functions and, by 
suitably combining the four equations determining the constants of integration, 
obtain an equivalent set consisting of two pairs of equations each involving coeffi¬ 
cients of either only even or only odd functions. Notice that symmetrical and 
antisymmetrical modes are thus readily distinguished.) 

10. Proceeding as in Problem 7, show that the displacement w(x,t) of a shaft or 
beam executing small transverse vibrations in a plane satisfies the equation 



Show also that in the case of free periodic vibration the amplitude function satisfies 
Equation (27). 
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11. A uniform beam is hinged at the end x — 0, whereas the end x — L is free. 
Show that the natural frequencies of free transverse vibrations of the beam are 
given by w n = ^L 2 ^ pi El, where n n is a root of the equation tanh n — tan //, and 
the deflection in a natural mode is given by 


w n (x,t) 


C n 


sinh fi n - sin ju n - 
cosh fl n ^ COS Hn 


sin a> n t. 


(See Problem 10.) Notice that the problem also admits the solution w — Cx when 
ca = 0 , corresponding to a rigid-body rotation about the end x = 0 . 

12 . Suppose that a mass kpL , equal to k times the mass of the entire beam, is 
attached to the free end of the beam of Problem 11. 

(a) Verify that the condition of vanishing shear at x — L then is replaced 
by the requirement L 3 y 0 (L) 4- kp*y(L) = 0, where /* 4 = pw 2 L 4 /£/, and where 7 (a:) 
is the amplitude function. 

(b) Show that n then must satisfy the equation 


or 


tanh [i = tan /i 4- 2 kn tan p tanh n 
cot fi = coth fi + 2 kfi. 


(Notice that this condition reduces to that obtained in Problem 11 when k — 0.) 


Section 5.4 

13. By integrating Equation (46) twice and determining the two constants of 
integration, show that the differential equation for buckling of a long column 
hinged at both ends can be taken in the form 

d 2 y 

EL^ + ry-o, 

with the two end conditions ^(0) = y(L) = 0, if no transverse loads are acting. 

14. An axial load P is applied to a column of circular cross section with linear 
taper, so that I(x) = / 0 (x/ 6 ) 4 , where x is measured from the point at which the 
column would taper to a point if it were extended, and / 0 is the value of /at the end 
x = b. 

(a) If the column is hinged at the ends x = a and x — 6 , show that the 
governing differential equation can be put in the form 

+/**>' = 0 , 

where pi 2 = PZ> 4 /E/ 0 , and where the conditions y(a) = y(b) = 0 are to be satisfied. 

(b) Show that the general solution of this equation can be expressed first in 
terms of Bessel functions and finally in the elementary form 

A* . A 
cos - + c 2 sm - I. 

X & x] 
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(c) Show that the critical loads are of the form 




b L 2 


where L = b — a is the length of the column, and that the buckling modes are 
given by 


Vn(x) — x sin • 


15. An originally vertical column of length L is assumed to bend under its own 
weight. If its mass per unit length is denoted by p(x ), where x is measured from the 
top of the column downward, show that the shearing force S at distance x from the 

top is given by the component of the load w(x) = g J* p dx in the direction normal 


to the deflected axis of the column, and hence is of the form S = — w tan 0, where 
0 is the angle of deflection from the vertical. Noticing that the bending moment is 


dd 

given by M = £7“» and that S = 
in the form £ ¥ 


dM 

dx 


, obtain the governing differential equation 


d_ 

dx 



+ h<x) 0=0, 


when small deflections and slopes are assumed, where, if the end x = 0 is unre¬ 
strained whereas the end x = L is built in, the end conditions EIQ'(0 ) = 0 and 
0(L) = 0 are to be satisfied. 


16. In the case of a uniform column, for which El = constant and w' = gdA = 
constant, where <5 is the volume mass density and A the cross-sectional area, show 
that the differential equation of Problem 15 takes the form 


d*6 

dx 2 


gdA 

+ -Ei x6 


= 0 , 


and that the solution of this equation for which 0 (0) = 0 is of the form 

«M- c«’(5 

where C is an arbitrary constant. By imposing the condition 0(L) = 0, and making 
use of the fact that the smallest zero of /_ i/ 3 (z) is z == 1.866, deduce that the smallest 
value of L for which buckling may occur (the “critical length” of the column) is 
given by 

/ El \ 

Lcr ^- 986 fe) • 

Section 5.5 

17. Determine an approximation to the Euler load P 1 of a column of length L , 
hinged at both ends, with bending stiffness 

L 
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where C is a constant, by the method of Stodola and Vianello. Take Equation (82) 
as a first approximation to the deflection curve and compare the results of using 
Equations (70) and (72a) or (72b) in calculating A^ = L 2 i > ^ 1) /C. 

18. Find approximately the smallest characteristic value of A for the problem 

^ + Aj=o, y(0) = yi) =o 

by using the method of Vianello and Stodola as follows: 

(a) Determine a first approximation, by first replacing the term ty by a 
convenient constant in the given differential equation, in the form y x = 1 — x 2 . 

(b) Show that there follows f x — r 2 (5 - 6x 2 + x A ). 

(c) Show that the use of (70) gives A x ^ 2.5, whereas the use of (72a) gives 
Ai ^ ff — 2.471. 

(d) Show that the true value of A x is ?r 2 /4 == 2.467. 

19. Find approximately the smallest value of n for which the problem 

d 2 y dy 

x d^~dx + ,lXy = °’ = = 0 

possesses a nontrivial solution, by using the method of Stodola and Vianello as 
follows: 

(a) Show that the differential equation can be written in the form 

d [\ dy\ ft 2 
dx \x dx) + x y 

(b) Determine the first approximation y x (x) in such a way that 



and also ji(0) = jj(l) = 0, and show that there follows y x = jc 2 (1 — x)> with a 
convenient choice of the constant. 

(c) Show that then f x (x) = rhiOx 2 ~ 15x 4 -f 8x 5 ). 

(d) Verify that the use of Equation (70), with A = /* 2 , gives 

f i x « VH == 3.873, 

whereas the use of (72a), with p = \/x, gives 

fx x eo VZzp. ~ 3.839. 

(e) Show that the true value of is the smallest zero of J x (x) and hence (see 
Appendix B) is given by n x == 3.832. 
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Section 5.6 

20. Reduce each of the following differential equations to the standard form 


d*y 

: d& 


' dx 


l( n dy\ 

dx V dx) 


+ (q + hr)y = 0: 


(a) x ^ + 2^ + (x + %= 0 


d z y dy 

{h) d? + Tx coix + Xy ^ 0 ' 
d 2 y dy 

(c >i + a i + (i + ^ 


0 (a,b constants). 


d 2 y 


dy 


(d) x -rr-z + (c — x) - ay 4- A y = 0 (a, c constants). 

ax* ax 


d 2 y 


21. By considering the characteristic functions of the problem 

y(0) = 0, a/(L) 4- y(L) = 0, 

with a ;> 0, and using the results of Section 5.6, show that 
J o sin ii x x sin // 2 jc dx — 0 

when (x x and j u 2 are distinct positive solutions of the equation tan julL + cap, = 0. 

22. By considering the characteristic functions of the problem 

y(0) finite, y(L) = 0, 
and using the results of Section 5.6, show that 

xJoiM^Joi/i-iX) dx = 0 

when fi x and /< 2 are distinct positive roots of the equation J 0 (j*L) = 0. 

23. By considering the characteristic functions of the problem 
d 2 y dy 

(1 - x 2 )— 2 - 2x^ + ty = 0, y(±l) finite, 


d 2 y dy 

x d? + d~ x +i * x y= 0 ’ 


and using the results of Section 5.6, show that 

j 1 _ 1 P r (x)P a (x)dx = 0 

when r and s are distinct nonnegative integers. [Notice that theequationis Legendre’s 
equation, and that A must be of the form n(rt 4- 1), where n is an integer , in order 
that solutions finite at both x = 1 and x = — 1 exist, according to Section 4.12.] 

24. Derive Equation (105) from (104). 
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Section 5.7 

25. Determine the coefficients in the representation 


/(*) = sin nx (0 < x < 7T> 


in the following cases : 


1 (x<n/ 2 ) 

(a) f(x) = 1, (b)/(*)=*, (c)/(jc)=-* (jc-it/2) 

0 (jc > 7r/2). 

00 

26. (a) If the expansion/(*) = ^ n sin/ix is valid in (0,7r), show formally 
that n^i 

00 

0 n = l 

(b) From this result, and from the results of Problem 25(a,b), deduce the 
following relations: 


1 1 i 

J2 + p +^2 + 


7T 2 1 I I , 

?’ 7* + 2 s + 3* + 


27. Expand the function fix) = 1 in a series of the characteristic functions of 
the boundary-value problem 

d 2 y 

J(0) = 0, a Ly\L) + y(L) = 0 (a Si 0), 
over the interval (0,L). 

Section 5.8 

28. Obtain the solution of the problem 

d 2 y 

_ < i 3 ,. _ z?/~\ _,yr\ __ n 


in the form 


+ Xy= F(x), y(0) = y(L) = 0 


2 A n mrx 

rnV/i jSin T (0 < x < L) 


when A ^ (n?r/Z,) 2 (n = 1,2,...), where >4 n is the nth coefficient in the expansion I 


00 

sin (0 < x < L ). 


29. Obtain the solution of the problem 


±L d i\ 

dx \ dx) 


+ hay = Fix), yi 0) finite, y{L) = 0 
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in the form 

y(x) = 2 j-jb J 0 M (0<x< L), 

»-l 4 

when 2 # • • •» where /* n is the nth root of the equation JffjiL) = 0, and 

where A n is the zith coefficient in the expansion 

Fix) 'ST*' 

— - 2^ A n J 0 iju n x) (0 < x < L). 

n = l 

Show also that the coefficient A n is to be determined by the equation 
A n \^x[J 0 (ji n x)] z dx « JV(x)y 0 O n -«) dx. 

Section 5.9 

30. If the initial approximation y x (x) is orthogonal to the first characteristic 
function (p x (x) with respect to r(x), show that the method of Stodola and Vianello 
leads to the second characteristic quantities A 2 and <p 2 (x) unless is also orthog¬ 
onal to <p 2 (x). 

31. Show that zero is a characteristic number of the problem 

% + 0. /(0)=/(0=0, 

corresponding to the characteristic function <p{x) = 1, in addition to the character¬ 
istic numbers A n = nV (« = 1,2,...), corresponding to the respective character¬ 
istic functions <p n (x) = cos mx. Hence deduce that the method of Stodola and 
Vianello would lead to l = 0 and/(*) = 1 in this case unless the initial approxima¬ 
tion y x (x) were orthogonal to the function y = 1 over (0,1), that is, unless 

J>(*>** = 0. 

32. Apply the method of Stodola and Vianello to the approximate determina¬ 
tion of the smallest nonzero characteristic number of the problem considered in 
Problem 31, assuming y x (x) in the form 

yi(x) = c 0 + c x x + c^x 2 + c 3 x 3 , 

and determining the constants such that 

Ji(0)=0, 1)=0, 

and 

J o V)d*=0. 

Show that the resultant initial approximation y x = 1 — 6x 2 -f 4X 3 , corresponding 
to a convenient choice of the arbitrary multiplicative factor, leads to the result 

A = AO - 5x» + 5x* - 2x») 
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if the same three conditions are imposed on f v Notice that Equation (70) cannot be 
applied here, but that the simple process of equating y x (x) to Xf x (x) at either x = 0 
or x = 1 gives ** 10, whereas the use of (72a) gives ** ~ 9.871. (The exact 

result is = tt 2 = 9.870.) 


Section 5.10 

33. Establish, by direct integration, the truth of (a) Equation (134), (b) Equation 
(140), and (c) Equations (154). 

34. Expand each of the following functions in a Fourier sine series of period 2L, 
over the interval (0,L), and in each case sketch the function represented by the series 
in the interval (-3L,3L): 


(a) f(x) 


(x<0) 


x(L — x) (x > 0), 


(c) fix) 


1 (x<L/ 2) 
0 (x > L/2), 


(b) fix ) 


0 ix < 0) 

* (0 < jc < L/2) 

L - x (jc > L/2), 


TCX 

(d) f{x) = sin — , 


(e) fix) 


sin — (0 < x < L/2) 

Li 

0 (otherwise), 


- (0 <x< € <L) 

(0 fix)- c 

[0 (otherwise). 


35. (a-f) Expand each of the functions listed in Problem 34 in a Fourier cosine 
series of period 2L, over the interval (0,L), and in each case sketch the function 
represented by the series in the interval (—3L,3L). 

36. (a) Obtain the expansion 


sin rrct 

cos ax =-h 


au 

2 ( - 1)n 


2a sin 77-a 


7ra i ' 7r(a 2 — n 2 ) 

»=1 


COS HX ( —rr < X ^ *r), 


when a is nonintegral. 

(b) Deduce from this result that 


1/1 ^ 2a 

= n \a - 2, n 2 - a 2 ’ 


COt rr a 

when a is nonintegral. 

37. Plot the first three partial sums s n (x), for which 

^(jc) = sin x, s 2 ix) = sin x — \ sin 2x , 
and 

s z (x) — sin x sin 2x + £ sin 3x , 
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of the right-hand member of the relation 

oo 

5-1 


— - -sin kx (0 < x < tt), 


k = l 


over the interval (0,7r), and compare these plots with a plot of the limit function. 

38. Plot the first three distinct partial sums of the series representation 

jc(t r — jc) = - |sin x + pi sin 3x + ~ sin 5x 4- * • * j (0 < x < tt), 

over the interval (0 ,t r), and compare these plots with a plot of the limit function. 

39. Show that, if we determine the coefficients in an JV-term approximation of 
the form 

N 

2 tVnX 

a n sin — (0 < x < L) 


in such a way that 


r 


n = 1 
N 


mx 

17 


dx = minimum 


/(*) - 2 a n sin ■ 

n — 1 

(that is, by the method of least squares ), the coefficients are determined in the form 
2 C L 

** = ZJo 


rL krrX 

f{x) sin —— dx (k = 1,2,..., N), 


that is, as the first N coefficients in the Fourier sine series representation. (Differen¬ 
tiate the quantity to be minimized with respect to a general coefficient a k and 
equate the result to zero.) 

Section 5.11 

40. (a-f) Expand each of the functions listed in Problem 34 in a Fourier series 
of period 2L, over the interval ( — L,L), and in each case sketch the function repre¬ 
sented by the series in the interval (—3L,3L). 

41. Expand each of the following functions in a Fourier series of period equal 
to the length of the indicated interval of representation: 

(0 (x < 0) 

(a) f(x) = a + bx [0,P], (b) /(*) = ^ [-1,1], 

(c) f(x) = sin* [0 ,tt], (d) f(x) = x [1,2]. 

42. (a) If the representation 

oo 

fix) = A 0 + 2 A„ cos ^ (0 < x < L) 

»-l 
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is valid, show formally that 



dx = 4- 


n=l 


(b) If the representation 


GO 

2 . TtrrX 

-Bn sin — 


(0 <x <L) 


is valid, show formally that 

2 C L 

lj o lf{x)fdx = 


W = 1 


(c) If the representation 


fix) =A 0 + 


00 / \ 

2 1 TtrrX TIttXX 

M n cos — + B n sin —-1 

n = 1 ' ' 


i-L < x < L) 


is valid, show formally that 

l C L ^ 

- [/(x)] 2 rfx = 2Al + > (Al + Bl). 

L J~ l £={ 

[It is a remarkable fact that the results of parts (a), (b), and (c) are valid 
whenever fix ) is bounded and integrable over the relevant interval, whether or not 
the associated Fourier representations referred to are valid. These results are often 
called the Parseval equalities .] 

43. (a) Show that the Fourier series expansion described by Equations (148) 
and (149) can be written in the form 


TtrrX Tint 


cos cos — + sin ■ 

JL Li JL 


4J_>*4z 

when —L < x < L. 

(b) By making use of Euler’s formula 


TtrrX . Tint 


sin- 


cos - 


Ttrr(x — 0 


1 ’ 

2 b 


inn(x-t) —inn(z—ty 

e L +e~~ r 




show that the last form can be transformed to 

“ inn(x-t) 


A 1 /*£ inrrjX-l) 

/»- Z 2L]_/ W ’ 1 * 


dt 
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or, equivalently, 


oo MirX 


f(x)=^a n e L (,-L<x<L) 

n= — oo 

1 /*£ ~ in7TX 

° n ~ 2L J /W e L dx. 


[This is known as the complex form of the Fourier series.] 
44. (a) Assuming the relation 


X/ 1\ 00 


2 '•■«*) 


(see Problem 28, Chapter 4), replace r by e id and deduce the Fourier expansion 


gix sin 0 — V J„(x)e in0 . 


(b) By equating separately the real and imaginary parts of the two sides of 
this equation, and recalling that J_ n (x) — ( — l) w J n (x), show that 

cos (x sin 0) = J 0 (x) + 2 [J 2 (x) cos 20 + / 4 (jc) cos 40 + • • •] 
and 

sin (x sin 0) = 2[J 1 {x) sin 0 + / 3 (jc) sin 30 + • • •]. 

45. (a) From the result of Problem 44(a) deduce the integral formula 


1 f- 

= - cos( 

" Jo 


,i(x sin 0-nd) 


= - cos (jc sin 0 — nO) dO , 

77 Jo 

when /i is an integer. 

(b) From this result or from the result of Problem 44(b), also obtain the 
relations 


/nto = - f 1 

" J 0 

- 2 r 

"Jo 


cos (x sin 0) cos nd dO 


cos (x sin 0) cos nO dO (n even); 


J n (x) = - sin (x sin 0) sin nd dO 


2 f */ 2 
= - I sii 
"Jo 


sin (jc sin 0) sin «0 dO (n odd). 


[Notice that the integrands in part (b) are symmetrical with respect to 0 = tt/ 2, with 
the stated restrictions on n.] 
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(c) In particular, show that 


Ux) 


cos (jc sin 6) dd 


2 rw2 

^ Jo 

2 f 1 cos*/ 

= - = dt. 

0 Vl ~ /2 


Section 5.12 


46. Expand the function /(*) = x p in a series of the characteristic functions of 
the boundary-value problem 

x i ( x %) +(JtV ~^ =0 

j(0) finite, y(L) = 0 

over the interval 0 < x < L, where p is a given nonnegative constant. [Make use of 
Equation (108), Section 4.9.] 

47. Expand/(*) = x p in a series of the characteristic functions of the boundary- 
value problem 

( 4) + - 0 

j(0) finite, y'(L) = 0 


over the interval 0 < x < L, where p is a given nonnegative constant. (Consider the 
case p — 0 separately.) 

48. Obtain the solution of the problem 


in the form 



y(0) finite, y(L) = 0 



2 JoiMnX) 


(0 < x < L), 


where J 0 (j* n L ) = 0 (n = 1, 2,...), if J q (jiL) ^ 0. 

49. If ii — 0 in Problem 48, show that the solution is of the formy = l(x 2 — L 2 ). 
Hence deduce the representation 



where a n is the nth zero of J 0 (x). 


(0 < x < L), 


Section 5.13 

50. Show that the coefficients in the expansion 

00 

F(B) = ^ A n P n {cos 0 ) (0 <6 <n) 

n =0 
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are of the form 

•^n 1 


In + 


* 


F(6) P n (cos 0) sin 0 */0 (« — 0,1,.. .). 


/(*) 


51. Find the first three coefficients in the expansion of the function 

jO (-1 < x < 0) 

U (0 <x <l) 

in a series of Legendre polynomials over the interval (—1,1). 

52. Find the first three coefficients in the expansion of the function 

jcos 0 (0 < 0 < tt/2) 

lO (tt/2 < 0 < 7T) 


m = 


in a series of the form 


f(0) = 2 A n P n (.cos 0 ) (0 <0 < Tr). 


53. Show that if the coefficients A 0 , A v ..., A n are determined in such a way 
that 

I = J2{/(*) - 1/1 (AW + ^,AW +••••+ dx = minimum, 

so that the integral of the squared error in the approximation 


fix) (&^A k P k (x) (-1 S x ^ 1) 


k = 0 


is least, the coefficients are obtained (by requiring that dIldA k = 0 for k = 0, 
1and making use of the relevant orthogonality) in the form 

A k j[ JAW] 2 dx =J 1 _ 1 f(x) AW dx (k = 0, 1. n). 

Hence, recalling that any polynomial of degree n can be expressed as a linear 
combination of P 0 W» PiC*). • • •, P n (*)> deduce that the polynomial of degree n 
which best approximates a function over ( —1,1) in the least-squares sense consists of 
the sum of the terms of degree not greater than n in the Legendre expansion of that 
function over that interval. 

54. Determine the first three nonvanishing terms in the Legendre expansion, 
over the interval ( — 1,1), of the function 


F(x) 

in the form 

F(x) - A 0 P 0 (x) + A 2 P 2 (x) + A 4 P 4 (x) + ••• (-1 <x < 1) 

where A 0 = A 2 = -f(l - « 2 ), A t = A(3 - 10e 2 + 7e 4 ) . 
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55. Use the results of Section 5.8 to obtain the solution of the problem 

y(±l) finite, 

where F(.x) is defined in Problem 54, in the form 


if k * 0, 6, 20,_ 


n =f) 


__ 

k - n(n + 1) 


P n (x), 


56. As e -* 0 in Problems 54 and 55, the function F(x) tends toward the “unit 
impulse function.” It can be shown that the series in Problem 54 does not converge 
when e = 0. However, the series solution in Problem 55 does then converge. 

(a) Show that if F(x) tends toward the unit impulse function <5(x), the solu¬ 
tion of Problem 55 becomes 


y = z p oM - 


t 


k - 6 


P*(x) + 


27. 

16 


20 


Ptix) + 


(b) Show that the same result is obtained if the formal expansion 

<5(*) — iP 0 M - I P 2 to + T6-P4C*) + * * * 

is dealt with as though it were truly a convergent representation. 

[In the procedure of part (a), the limit is taken after the coefficients of the 
expansion have been subsituted into the general solution, whereas in that of part (b) 
the limit is taken formally before substitution. The former is mathematically sound; 
the second, strictly speaking, is not. However, both give the same final result. 
Since in many similar problems the second procedure may be much more simply 
applied than the first, it is rather frequently used in practice and can be justified 
from a practical point of view by an analysis similar to the one just considered.] 

57. (a) With the notation of Section 4.12, show that the solution of Legendre’s 
equation of order p which vanishes when * = 0 must be a multiple of v v (x). 
Making use of the fact that v v (x) is not finite at x — 1 unless p is an odd integer, 
deduce that the problem 

Tx [ (1 " x2) ^\ + - °* = °> **) finite 

possesses the characteristic numbers A n = 2n(2n — 1) and the corresponding charac¬ 
teristic functions q> n (x ) = P 2n - iM, where n = 1,2,.... 

(b) In a similar way, deduce that the problem 

£ [ (1 ~ x2) &\ + x y = °* /(°) = °> w finite 

possesses the characteristic numbers 2 n = 2n(2n 4- 1) and the corresponding 
characteristic functions <p n (x) = P 2w W» where n = 0, 1, 2,.... 
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58. (a) Obtain the solution of the problem 

~ £(1 - + ty = F(x), j( 0 ) = 0 , 7 ( 1 ) finite 

in the form 

y =2 A - 2 / |( 2 « - 1 ) ^n-xW, c n = ( 4 « - 1 ) f F(at) Wx) 

n=l 

if A =£ 2, 12, 30,.... 

(b) If the condition at x = 0 in part (a) is replaced by the condition 
y( 0 ) = 0 , obtain the solution in the form 

OO 

y - 2 F- 2 /kL- i) />2nW ’ Cn “ (4 " + 1} 1 F(x) dx ' 

if A * 0, 6 , 20,.... 

Section 5.14 

59. With the symbols 

TVn it 

u n — — = n Am, Am = - 

where i/ n is a function of the integer n , increasing by jumps of magnitude Am, show 
that the complex form of the Fourier series representation of /(*), as obtained in 
Problem 43, can be expressed in the form 

1 ^ r L 

fix) — 2~ £ Am I f(t) e- %u n {t ~ x) dt. 

[Notice the formal similarity between this form (as L —► oo) and the Fourier integral 
representation expressed in the form (229).] 

60. Solve the problem 

d 2 y 

-£-k*y +f(x) =0 (x > 0 ), >< 0 ) = 0 , lim y(x) finite 

ax X-+0O 

formally, by the following steps: 

(a) Write 

2 r°° 2 r°° 

y(x) = - Y(u) sin ux du and f(x) — - F(u) sin ux du 

* Jo * J 0 

and, by substitution into the differential equation and formal differentiation under 
the integral sign, obtain the condition 

J 0 t(w 2 + A: 2 ) Y(u) — F(m)] sin ux du — 0 . 
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Hence deduce that 


Y(u) = 


m 


« 2 + k 2 ' 

(b) By expressing F in terms of /, obtain the formal solution 

F(u) 


y(x) 


^ Jo « 2 


sin ux du 


where 


' 2 + k 2 
F(w) = J o /(/) sin ut dt. 


61. By proceding as in Problem 60, obtain a formal solution of the problem 
d 2 y 

"~ 7~2 ~ + fix) = 0 (x > 0), y(0) — 0, lim yix) finite 

^ X~*oo 

in the form 


yix) 


2 r°° 

^ Jo 


F(«) 


cos wx du 


u 2 k 2 

r co 

where F(w) = J q /(/) cos w/ dt. 

62. (a) By assuming 

If 00 . If 00 . 

yix) = z- K(w) du and fix) e li 

^- 7T J — QO ■^ 7r J - 00 

obtain a formal solution of the problem 

^ - Ar 2 7 + /(*) - 0 (- oo < * < oo), 


F(w) </w, 


lim yix) finite, 


in the form 

1 f 00 

** )_ 5.1.3 


lim y(x) finite 

X—* +00 


F(«) 

+ k 2 


giux j u w f, ere F(u) 


r. - 

J —00 




dx 

in the form 


(b) Show that this result also can be written in the real form 

= i L tti 2 [L f(t) cos u ° - x) dt ] du - 

Obtain a formal solution of the problem 

— k 2 xy + fix) -= 0, yiO) finite, lim yix) finite 

\ dXJ x-»oo 


C 00 i 


uF(u) f°° 

i2 + J a (ux) du where F(u) = J f(t)J 0 (ut)dt. 
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64. Show that, if use is made of the formula 


f 00 cosaw 7r 

1 jrrp''"-2* <* >0 > 

[see Equation (155a), Chapter 10], and if an interchange of order of integrations is 
permissible, the solution of Problem 62 can be expressed in the form 

yOc) =Jkj”' D c _t|<_ *'/(r) dt. 

(Similar simplifications of the solutions of Problems 60, 61, and 63 are possible.) 
65. It is required to determine C(u) in such a way that the representation 

2 r°° 

f(x) = - C(w)(a sin ux 4 - pu cos ux) du 
n Jo 

is valid when 0 < x < oo, where a and p are prescribed constants. 

(a) Assuming that such a representation exists, and that differentiation 
under the integral sign is permissible, show that, if we write 


there follows 
and 


2 r m 

F(x) = - C(u) sin ux du , 

” Jo 

pF\x) + a F(x) - f(x), F(0) - 0 


C(u) — F(x) sin ux dx. 


(b) Deduce that 

F(x) = f(t) e -W/»X*-0 dt 


and, by formally interchanging the order of integration in the result of introducing 
this expression into the expression for C(«), obtain the evaluation 


C(u) = 



a sin ut + Pu cos ut 
a 2 + p 2 u 2 


dt . 


(c) Verify that the result obtained reduces to the Fourier cosine and sine 
representations when a = 0 and when p = 0, respectively. [The representation can 
be shown to be valid under the same restrictions on f(x) as those which apply in 
those special cases.] 

(d) Show that the representation obtained expresses/( x) as a superposition 
of the characteristic functions of the problem 
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66. By proceeding as in Problem 60 and using the results of Problem 65 
obtain a formal solution of the problem 

d 2 v 

^ - k 2 y + fix) =0 (* > 0), 

PyX0 ) = ay(0), lim v(x) finite 


in the form 


y(x) 


2 r« 
*Jo 


x a sin ux + fiu cos ux 
G(«) ■ ; ; - - . „„ du 


where 


(« a + fc a )(a a + /3V) 

<?(«) = J 0 /W(“ sin + cos ui) dt. 

67. Show formally that the function 

T(x,y) — J* o e~ vu A(u) sin ux du (y > 0) 

satisfies the partial differential equation 

d 2 T d 2 T 
dx 2 ^ dy 2 

and vanishes when x = 0 and when y oo. Determine A(u) so that T(x,y) formally 
reduces to a prescribed function f(x) when y = 0 and x is positive. 

68. Show formally that the function 


T(x,y) 


i f 00 r°° 

J- 


e -yu cos u ( t _ x ) ft d u (y > 0) 


satisfies the partial differential equation 

d 2 T d 2 T 

a7 a + If = °’ 

vanishes when y -* oo, and reduces to f(x) when y = 0. 
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Vector Analysis 


6.1. Elementary properties of vectors. A vector quantity is distinguished 
from a scalar quantity by the fact that a scalar quantity possesses only magni¬ 
tude, whereas a vector quantity possesses both magnitude and (except for the 

zero vector) direction. It is conventional to 
represent a vector geometrically as an arrow, 
pointing in the direction associated with the 
vector, and having a length proportional to 
the associated magnitude. Thus, in particular, 
the position of a point B relative to a point 
A can be completely described by a vector 

AB from A to B , in the sense that the vector 

AB specifies both the distance and direction 
from A to B and, in fact, indicates the 
displacement from/I toB. Since motion from 
A to a third point C can be accomplished 

along the vector AC or, alternatively, along the vector AB to B and thence 

along BC to C (Figure 6.1), it is natural to extend the concept of addition to 
vector quantities by writing 

AC = AB + BC. 

We say that two vectors are equal if they have the same direction and the 
same magnitude. In accordance with this definition a vector is unchanged if it 
is moved parallel to itself in any way; that is, the actual position of the vector 
in space can be assigned at pleasure. It should be mentioned, however, that in 
certain applications it may be necessary to specify the position of a vector. 
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With this convention,* any two vectors a and b can be represented as 
arrows so placed that the terminal point of a coincides with the initial point 
of b. The sum of a and b, 

c = a + b, 

is then defined as the vector extending from the initial point of a to the terminal 
point of b. From the definition it follows readily that vector addition is 
commutative , 

a + b = b + a (1) 

and also that the associative law 

(a + b) + c = a f (b + c) (2) 

is satisfied. The common value of the two expressions in (2) is written as the 
sum a + b + c of the three vectors, and the definition is readily extended to 
the sum of any number of vectors. 

If the initial and terminal points of the arrow representing a vector are 
interchanged, the resulting vector is called £he negative of the given vector. 

Thus, for example, BA = — AB. To subtract a vector b from a vector a, we 
add the negative of b to a, 

a — b — a + (—b). (3) 

If a vector a is multiplied by a scalar m, the result is a vector wa whose 
magnitude is the arithmetic product of m and the magnitude of a and whose 
direction is that of a if m is positive or that of —a if m is negative. 

A vector of unit length is called a unit vector . It is clear that any vector can 
be written as the product of its length and a unit vector. 

A vector of zero length is called a zero vector and is denoted by 0. The 
difference between two equal vectors is a zero vector. 

We now consider a right-handed rectangular coordinate system, in which 
the coordinates x, y , and z are measured along three mutually perpendicular 
axes such that rotation of the x axis into the y axis about the z axis is accom¬ 
plished by the right-hand rule, and define unit vectors i, j, and k having the 
directions of the positive x, y, and z axes, respectively (Figure 6.2). Then it is 
readily verified that any vector v whose projections on these axes are v x , v y , 
and v z9 respectively, can be written as the vector sum 

v = vj + v y ] + v z k. (4) 

The lengths v X9 v y9 and v z are called the scalar components of v in the x, y 9 
and z directions (Figure 6.3). If, when the initial point of v coincides with the 

* In printed work it is customary to denote a vector quantity by a boldface letter. 
Thus, a represents a vector, and a represents a scalar quantity. 
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origin of the system, the angles measured to v from the positive x , y , and z axes 
are denoted by a, /?, and y, respectively, there follows 

v x = v cos a, v y = v cos /?, v z = v cos y, (5) 

where i? is written for the length or magnitude of the vector v. The notation |v| 
is also frequently used in place of v. The numbers cos a, cos /?, and cos y are 
called the direction cosines of v and are frequently denoted by /, m, and n, 



Figure 6.2 Figure 6.3 


respectively. Any three numbers ( A,B,C ) proportional to (/,w,«) are known as 
“direction ratios.” From the geometrical relationship 

V =V v i + vl +»; ( 6 ) 

relating v to the scalar components of v, it follows that the direction cosines 
satisfy the equation 

/ 2 + w 2 + n 2 = cos 2 a + cos 2 /? + cos 2 y = 1. (7) 

We see also that if we write Equation (4) in the form 

v = v (i cos a + j cos /? + k cos y), (8) 

the coefficient of v is a unit vector, and hence the vector 

v x = i cos a + j cos ft + k cos y (9) 

is a unit vector in the direction of v. Combining Equations (5) and (6), we have 


+ v* + v\ 


+ vl + v\ 
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6.2. The scalar product of two vectors. Two types of products of two 
vectors a and b are conventionally defined. The first type of product is called 
the scalar , dot , or inner product and is written as a • b or (a b). This product is 
defined to be a scalar equal to the product of the lengths of the two vectors 
and the cosine of the angle 0 between the 
positive directions of the two vectors (see 
Figure 6.4), and hence is given by the 
equation 

a*b = tf6cos0. (11) 

Since b cos 6 is the projection of b on a, 
whereas a cos 6 is the projection of a on b, 
it follows that a • b is numerically equal to 
the length of b times the projection of a on 
b, and also is equal to the length of a times 
the projection of b on a. If 0 is obtuse, the projections considered are to be 
taken as negative. In particular, if two vectors are perpendicular , their dot prod¬ 
uct is zero. From the geometrical definition it is readily seen that the dot 
product is commutative, 



Figure 6.4 


and distributive, 


a • b = b • a, 

a • (b + c) = a • b + a • c. 


For the unit vectors i, j, and k there follows immediately 
= — k*k=l \ 

i , i=j # i = j # k = k*j = i*k — k«i = 0/ 

and hence, if 

a = a£ + a y j + a z k, b = b x i + bj + b z k, 


( 12 ) 

(13) 


(14) 

(15) 


we have, using Equation (13), 

a • b = ajb x + a y b v + a z b z . (16) 

The angle 6 between a and b is given by Equations (11) and (16) in the form 


cos 0 = ■ 


~f~ a<yby ~f* a z b z 


(17) 


Val + al + al + b\ + b\ ’ 
or, if we denote the direction cosines of a and b by ( l l9 m l9 n 0 and (/ 2 ,w 2 ,w 2 ), 
cos 0 — y 2 + m l m 2 + n x n 2 . (18) 

The abbreviation a 2 is sometimes used to indicate a • a. Then we also have 


a 2 ~ a • a — |a| 2 = 


a*. 


(19) 
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The dot product is particularly useful in expressing a given vector v as a 
linear combination of three mutually perpendicular unit vectors u v u 2 , and u 3 . 
For if we write 

v = c lUl + c 2 u 2 + C3U3, (20) 

we may successively take the dot products of u l9 u 2 , and u 3 into both sides of 
(20) and so obtain 

C*i = V • U 1} C 2 = V • Ug, c 3 = v • u 3 . 

Thus Equation (20) becomes 

v = (v • U^U! + (v • u 2 )u 2 + (v • u 3 )u 3 . (21) 

It is seen that this representation could fail only if a component of v were 
perpendicular to u 1# u 2 , and u 3 . This condition, however, is clearly impossible 
in space of three dimensions, since u v u 2 , and u 3 are assumed to be mutually 
perpendicular. 

6.3. The vector product of two vectors. The second conventional type of 
product of two vectors a and b is called the vector , cross , or outer product and 
is written as a x b or [a b]. It is defined to be a vector having the properties 
that (1) the length of a x b is the product of the lengths of a and b and the 
numerical value of the sine of the angle 6 between the vectors and (2) the vector 
a x b is perpendicular to the plane of a and b and is so oriented that a is 
rotated into b about a x b by the right-hand rule, through not more than 180°. 
According to the definition, there follows (see Figure 6.5) 

|a x b| = ab |sin 0\. (22) 

Thus the length o/axb is equal to twice the area of the triangle of which a and b 
form coterminous sides. It is seen that the cross product is not commutative , 
since, from the definition, 

b x a = —(a x b). (23) 

However, the cross product is distributive, so that 

ax(b + c) = axb + axc. (24) 

This relation can be established by geometrical considerations. It is seen that 
the cross product of two parallel vectors is zero. 

For the unit vectors i, j, and k there follows, from the definition, 

ixi==jxj = kxk = 0 

i x j = — j x i = k, j x k = —k x j = i, k x i = -i x k = j 
These relations are easily remembered in terms of the cyclic arrangement 
... i j k 1 j k ... 
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if we notice that the cross product of a vector into its neighbor is the following 
vector when reading to the right and is the negative of the following vector 
when reading to the left. 



Figure 6.5 Figure 6.6 


To calculate the cross product of two vectors a and b in terms of their 
components as given in (15), we make use of Equations (24) and (25) and 
obtain 

a x b = ( a y b z - a z b v ) i + ( a z b x - a x b z ) j + (a x b y - a v b x ) k. (26) 
This result can be written conveniently as the determinant 

i J k 

axb= ^ a v a z . (27) 

b x b y b z 

The usefulness of the cross product may be illustrated by two physical 
applications. First, we consider a point Pina rigid body rotating with angular 
velocity of magnitude co about a fixed axis. Let O be a point on the axis of 
rotation and represent the angular velocity by a vector to of length co, extend¬ 
ing along the axis of rotation in the sense determined by the right-hand 
rule (Figure 6.6). Then, if the position vector from O to P is written as r, 
the velocity vector associated with the point P is given by the equation 

v = to x r, (28) 

since the magnitude of this vector is cor sin 0, where r sin 0 is the distance from 
the axis of rotation to the point P, and the direction of the vector is as indicated 
in the figure. 

As a second application, we consider the moment vector M at a point O , 
associated with a force F acting at a point P (Figure 6.7). If the vector from O 
to P is denoted by r, the moment of F about the point O is defined as the vector 

M = r x F. (29) 
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We see that the vector M is perpendicular to the plane of OP and the vector F 
and has as its magnitude 

|M| = M = Fr sin 0, 

where 6 is the angle between r and F, and hence r sin 0 is the perpendicular 
distance from O to the line of action of F. We may thus speak of M as the 
scalar moment of the force about the axis of M. Geometrically, Mis seen to be 
twice the area of the triangle determined by r and F. Further, the scalar 

moment M OA of the force about any axis OA 
through O is seen to be twice the area of the pro¬ 
jection of this triangle on the plane through O 
perpendicular to OA. But since the angle between 
the two planes considered is the same as the angle 
between the corresponding axes, the projected 
area must be equal to the scalar projection of M 
on OA. That is, the scalar moment of F about 
any axis through O is numerically equal to the 
length of the projection of M on that axis. 

6.4. Multiple products. Three types of prod¬ 
ucts involving three vectors are of importance, 
namely, those of the respective forms (a • b)c, 
(a x b) • c, and (a x b) x c. The first type, 

(a • b)c, 

is merely the product of the scalar (a • b) and the vector c. 

The second type, 

(a x b) • c, 

which is called the triple scalar product , is seen to be the dot product of the 
vector a x b and the vector c, and hence is a scalar quantity. The value of this 
product is given by the product of the length of a x b and the projection of c 
on a x b (Figure 6.8). But since a x b is a vector 
perpendicular to the plane of a and b, having a 
length numerically equal to the area of the paral¬ 
lelogram of which a and b form coterminous 
sides, and since the projection of c on a x b is 
the altitude of the parallelepiped with a, b, 
and c as coterminous edges, it follows that 
(a x b) • c is numerically equal to the volume of 
this parallelepiped. Alternatively, we see that 
(a x b) • c is numerically equal to six times the 
volume of the tetrahedron determined by a, b, 
and c as edges. The sign of the product depends 



Figure 6.8 
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upon the relative orientation of the three vectors, and is positive if and only if 
a, b, and c form a right-handed system, in the sense that c and a x b lie on 
the same side of the plane determined by a and b. From these facts it follows 
easily that 

(a x b) • c = (b x c) • a = (c x a) • b (30) 

and that the other products 

(a x c) • b = (b x a) • c = (c x b) • a (31) 

have the opposite algebraic sign. We see that the triple scalar product is not 
changed hy a cyclic permutation of the three elements . Since also, from 
Equations (30) and (12), 

(a x b) • c = (b x c) • a = a • (b x c), 

it follows that the dot and cross can be interchanged in a triple scalar product. 
For this reason, the notation (a b c) is frequently used to indicate the common 
value of the products.listed in Equation (30). 

If we write 


a = a x \ + tiyi + a z k, b = b x \ + b u \ -f b z k, c = cJl -j- c y j + c z k, 

we find that 

i j k 


(a b c) — a • (b x c) — a 


b x by b z 


= a x (b v c z - b z c y ) + a y {b z c x - b x c z ) + a z (b x c y - b y c x \ 
or, in determinant form, 


(a b c) = 


b x b v b z 


(32) 


From Equation (32) we see that if two vectors in the product (a b c) are parallel , 
then the product vanishes , since in this case the corresponding elements in two 
rows of the determinant (32) are proportional. 

The third type of triple product, 

(a x b) x c, 


is clearly a vector. Since it is perpendicular to a x b, which is itself perpen¬ 
dicular to the plane of a and b, and is also perpendicular to c, it follows that 
(a xb)xc/'ifl vector which is in the plane of a and b and perpendicular to c. 
Thus this product must be expressible as a linear combination of a and b, 

(a x b) x c = ma + «b. 
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A rather involved calculation shows that m = — (b • c) and n = a • c and hence 
there follows 

(a x b) x c = (a • c)b — (b • c)a. (33) 

In a similar way, the vector a x (b x c) is seen to be expressible as a linear 
combination of b and c, and the identity 

a x (b x c) = (a • c)b — (b • a)c (34) 


can be established. The two formulas (33) and (34) are easily remembered if it 
is noticed that in each expansion the middle factor on the left is multiplied by 
the dot product of the other two factors, whereas in the term with the negative 
sign the other factor in parentheses on the left is multiplied by the dot product 
of the remaining factors. 

It should be noticed that such combinations as ab, (a x b)c, and a x b x c 
are here left undefined. 

Vector products involving more than three vectors are readily evaluated in 
terms of the products considered above. For example, the product 

(a x b) • (c x d) 

can be considered as the triple scalar product of a, b, and (c x d) and hence if 
we write temporarily u = cxd there follows 

axb'U = a*bxu 


== a • [b x (c x d)] 

= a • [(b • d)c — (b • c)d], 

and hence 

(a x b) • (c x d) = (a • c)(b • d) — (a • d)(b • c). 
In particular, if we take 


(35) 


Equation (35) becomes 


c = a, 


d = b, 


(a x b) • (a x b) = (a • a)(b • b) — (a • b) 2 . (36) 

This relationship is known as the identity of Lagrange. The truth of Equation 
(36) follows also from the fact that it can be written in the form 


|a x b| 2 = a 2 b 2 — a 2 b 2 cos 2 0 = (ab sin 0) 2 , 
which result is in agreement with the definition of a x b. 


6.5. Differentiation of vectors. If the physical properties of a vector 
quantity v are functions of a parameter f, the derivative of the vector \(t) with 
respect to t is defined by the equation 

<M0 = , im v(f + A Q - v(Q 

dt A(-0 


At 


( 37 ) 
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From this definition it follows that the derivative of the product of a scalar s{t) 
and a vector v(f) is given by the familiar product law 


d dy . ds 

— s\ — s --v. 

dt dt dt 


(38) 


Hence, if a vector is expressed in terms of its components along the fixed 
coordinate axes, 

V =/(<) i + g(t) j + h(t) k, 

there follows 


7 = 7‘ + rJ + r k ’ 

dt dt dt dt 


(39) 


since i, j, and k are constant vectors. 

It follows also, from the definition, that the derivative of a product in¬ 
volving two or more vectors is defined as in the corresponding scalar case if 
the order of the factors is retained. Thus, for example, we obtain the formulas 


d / ix db da . 

— (a • b) = a ---- b, 

dt dt dt 


-(axb) = ax - + — xb, 
dt dt dt 


— (a • b x c) = — • b x c + a • 
dt dt 


db 

dt 


x c + a • b x — , 
dt 


In the first case the order of factors in the separate terms is irrelevant. This is, 
however, not true in the second and third cases. 

The derivative of a vector of constant length , but changing direction , is 
perpendicular to the vector. This may be seen by noticing that if a has constant 
length there follows 


and also 



£ 

dt 


(a • a) = 2a 


’ dt ’ 


da da 

These results are compatible only if either — is zero or — is perpendicular to a. 


6,6. Geometry of a space curve. The equations 

* = *( 0 > y=yi 0, z = z(t) 


(40) 
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define a curve in space as the parameter t varies over a specified range. We 
denote by r the position vector from the origin O to the point P(x,y,z), corre¬ 
sponding to a specified value of /, 

r^xi+yi + zk. (41) 


If t is increased by At, and x,y,z increase accordingly, the vector from O to the 
new point Q is given by 

r + Ar = (x + Ax) i + (y + Ay) j 



+ (z + Az) k 

and hence there follows 

Ar - (Ax) i + (Ay) j + (Az)k. (42) 

This vector is clearly the vector PQ, and 
hence is of length equal to the chord PQ . 
(See Figure 6.9.) If both sides of Equation 
(42) are divided by the increment At , there 
follows 

Ar Ax. , Ay. , Az. 

— = — iq—- j 4 -k. 

At At At J At 


If s represents arc length along the curve, we can artificially rewrite this equation 
in the form 


At Us As J As / At' 


(43) 


Ar ~ > 

The vector — in parentheses is in the direction PQ, and has a length equal 


to the ratio of chord length to arc length. Thus, as At —> 
dt \ds ds ds J dt 


0, we have in the limit 


(44) 


assuming that the derivatives exist, where the expression in parentheses is 
clearly a unit vector tangent to the space curve at the point P. Since this 


di 

expression is equivalent to —, we have the result that the derivative of a position 

vector to a space curve, with respect to arc length along the curve , is a unit vector 
tangent to the curve, pointing in the direction of increasing arc length . We denote 
this unit tangent vector by u, 
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Since u is a unit vector, there follows 

This equation can be written in the differential form 


d, -VdS + df + d*-J (|) a + (£)’ + (§)’*, («) 


giving the element of arc length for a space curve. 

dr. 

If t represents time , the vector is the velocity vector associated with a 
ds dt 


point moving with speed — along the curve. Thus Equation (44) becomes 


ds 

y = u — = vu 
dt 


(47) 


ds 

where v = —. 

dt 

If Equation (47) is differentiated with respect to t , the acceleration vector a 
is obtained in the form 

dv du dv , o du 
— u 4- i 
dt 


a = — u + t>—-=--u + tf 2 


dt dt 
du . 


ds 


(48) 


Since u is a unit vector, the derivative — is perpendicular to the tangent vector. 
Making use of Equation (45), we obtain 

du _ (Pr _ d*x . d?y . ^ 

ds 2 ds 2 ds 2 * ds 2 

The length of this vector is called the curvature of the curve and is a measure 
of the rate at which the tangent vector changes its direction with distance 
along the curve. The reciprocal of this value is the radius of curvature , denoted 
by p. Hence we may write 

dVL 1 /At*\ 

— = - n, (49) 

ds p 

where n is a unit vector, perpendicular to the tangent vector u at P, and known 
as the principal normal vector * There follows also 

i-MhWRS' 

du 

* Equation (49) states that n and — point either in the same direction or in opposite 

directions, depending upon the sign of p. We here define p to be always positive, so that n 

du 

and — always point in the same direction. However, other conventions also appear in the 
ds 

literature. 
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By introducing Equation (49) into (48), the acceleration vector is expressed 
in the form 


V . Ml/ 

= — n H-u. 

p dt 


(51) 


Thus if a particle moves along a space curve with speed v, it experiences a 

component acceleration — along the curve and a component acceleration v 2 /p 

along the principal normal to the curve. 

In addition to the two perpendicular vectors u and n at a point P of a curve, 
a third vector, known as the binormal vector , is defined by the equation 


b = u x n, 


(52) 


and hence is a unit vector perpendicular to both u and n. Thus with each point 
P moving along a space curve we may associate a moving and rotating triad 
of mutually orthogonal unit vectors. For a plane curve , the tangent vector u 
and the principal normal vector n lie in the plane of the curve, whereas the 
binormal vector is a constant unit vector perpendicular to that plane. 

If we differentiate (52) and make use of (49), there follows 


db d \l dn dn 

— = — xn + u x — = u x — . 
ds ds ds ds 

db db 

Thus — is perpendicular to u and, since b is a unit vector, — is also 
ds db ds 

perpendicular to b. Hence — is a scalar multiple of n and can be written in 

the form s 


db 

ds 


1 


n. 


(53) 


The scalar 1/r is called the torsion of the curve, the negative sign having been 
introduced so that the torsion is positive when the vector triad rotates in a 
right-handed sense about the tangent as it progresses along the curve. The 
length |r| is called the radius of torsion . 

Equations (49) and (53) give the derivatives of u and b with respect to arc 

(49) and (53), to obtain 


or 


dn 

ds 


db . . du 
= — xu + b x — = 
ds ds 


-(n xu) + -(b x n), 

r p 


dn 

ds 



1 

- u. 
P 


Equations (49), (53), and (54) are known as Frenet's formulas . 


( 54 ) 
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If we form the dot product of b with the two sides of (54) and use (52) and 
(49), we obtain 


^ — b — 
t ds 


= u 


x n 


dn 2 / du d 2 u\ 

— = p 2 (11 x--I 

ds \ ds ds 2 / 


This result can be written in the determinant form 


dx 

dy 

dz 

ds 

ds 

ds 

d 2 x 

d 2 y 

d 2 z 

ds 2 

ds 2 

d? 

d*x 

d 3 y 

d 3 z 

ds 3 

ds 3 

ds 3 


(55) 


where p is defined by Equation (50). 

Formulas expressing p and r in terms of a general parameter t , rather than 
arc length s, are deduced in Problems 33 to 36. 

The plane determined at a point P 0 on a curve by u and n is called the 
osculating plane, that determined by n and b the normal plane, and that 
determined by u and b the rectifying plane. Hence, if r 0 is the position vector 
to P 0 and r = x i + y j + z k, the equations of these planes are 


b 0 • (r - r 0 ) = 0, u 0 • (r - r 0 ) = 0, n,, • (r - r 0 ) = 0, 


respectively, where b 0 , u 0 , and are evaluated at P 0 . 


6.7. The gradient vector. If cp is a scalar function of the coordinates 

dw dw dw 

x, y, and z, the values of the partial derivatives — , , and y- at a point 

represent the rates of change of (p with respect to distance in the x, y, and z 
directions, respectively, at that point. If we consider the vector 


V = 


. dcp . 

'a^ + J 


dy dz 


(56) 


we see that the scalar components of this vector in the x, y, and z directions at 
any point P are then exactly the respective rates at which <p is changing with 
respect to distance in those directions at P. To determine the component of V 
in any direction at P, we consider the position vector r from the origin to P and 
indicate a differential displacement from P in any chosen direction by dr, 


dr = i dx + j dy + k dz. 


(57) 
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The scalar component of V in this direction is then obtained as the dot 

product of V and the unit vector u = — , where ds = |dr|, and hence has the 

as 

value 


V u __ d<p dx j dtp dy ^ dcp dz d<p 

dx ds dy ds dz ds ds 


(58) 


Thus we see that the component of V in any direction is the rate of change 
of q> with respect to distance in that direction. The vector V is called the gradient 
of cp 9 and we write 

grad 9 > = i^+j^! + k^. (59) 

ox dy dz 

Hence, if r represents the position vector to a point P and if dx represents 
differential displacement of length ds from P, Equation (58) gives 

j- • grad <P = ~ , (60a) 

ds ds 

or, in terms of differentials, 

dr • grad cp = dtp. (60b) 


Since the component of the vector grad cp in any direction is the derivative of 
cp in that direction , it follows that grad cp must point in the direction in which the 
derivative of cp is numerically greatest , and must have a length numerically equal 
to that maximum derivative. In particular, grad cp must have no component in 
the directions in which the derivative of 9 ; is zero, and hence must be perpendicu¬ 
lar to the surfaces 9 o(x,y 9 z) = constant. 

In illustration, if the temperature at any point P(x 9 y 9 z) is given by 

T = C{x 2 + y 2 + z 2 \ 

the gradient vector has the form 


grad T — 2C(x i + y j + z k). 

This vector is clearly a radial vector pointed outward from the origin, and 
hence is perpendicular to the spherical equithermal surfaces 

x 2 + y 2 + z 2 = constant. 

The magnitude of grad T is given by 

I grad T\ = 2Cr, 

where r = V * 2 + / + z 2 , and, since T = Cr\ we have 

Igrad T\=^f. 

dr 

This result is, of course, in accordance with the fact that the prescribed 
temperature changes most rapidly in the r direction. The rate of change of the 
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temperature at P with respect to distance in a direction specified by the 
direction cosines ( l 9 m,n ) is given by 

(/ i + m j + n k) • grad T = 2C(lx + my + nz). 


6.8 . TAe vector operator V. Equation (59) is conveniently abbreviated in 
the form 

grad cp = V<p, (61) 

where the symbol V, called de/, is the vector operator 

v = I r +j r + k f- (62) 

ox oy oz 
That is, we adopt the convention 

tj (• 3 , . 3 , i 3 \ -d<p . .d(p . , dcp 
v?>= li—+ J —+ k —(63) 
\ OX OV oz! ox ov OZ 


where (p is any differentiable scalar function of a% y, and z. In this notation, 
Equations (60) become 


ds ds 


dr -Vcp = dcp. 


(64) 


If F is a vector function of x, y, and z, we may define the dot and cross 
products of the operator V into F. These products are called the divergence 
and curl of F, respectively, and are of the form 


and 


or 


„ . 3F , . dF , . 3F _ 

y . p = i. -—b j ■ — T k • — = div F, 
ox oy dz 

3F 3F 3F 

VxF = ix^ + jx°i + kx^ = curl F. 

dx dy dz 

If F = F x i + Fj + F z k, we then have 

V • F = div F = ^ ^ + ~ l 

dx dy dz 


i j k 

d_ d_ d_ 
dx dy dz 


V x F = curl F = 


F F F 

X X X V x z 


(65) 

( 66 ) 

(67) 

(68a) 


Since both V and F are vectorial, the combination VF is here left undefined. 



278 


Vector analysis / chap. 6 


The total differential of a vector function F is given by 


9F , , 3F . , 3F . 

dF = — dx + — dy + — dz, 
ox dy dz 


or, in operational form, 


Since the operator is the dot product of the differential vector dr = i dx + j dy 
+ k dz and the operator V, we may write this relation in the form 


dF = (dr • V)F. (69) 

The derivative of F in the direction of dr is then 


dF 

ds 



(70) 


More generally, if u is any unit vector , then the derivative of F in the direction 
of vl is given by 

^ = (u.V)F. (71) 

ds 

Since VF is undefined, the parentheses in Equation (71) are generally 
omitted and we follow the convention 


v • VF ^ (v • V)F, 


(72) 


where, if v is any vector with components v x , v v , and v z , the product v • V is 
the scalar operator 


v • V 



, d . d 

+ V v — + v z — • 

dy dz 


(73) 


6.9. Differentiation formulas. The following identities are of frequent use 


V • cpn = <p\7 • u + u • V(p , (74a) 

V x 9 ?u = 9 oXf x u + V(p x u, (74b) 

V*uxv = v*Vxu — u*Vxv, (74c) 

V x (u x v) v • Vu — u • Vv + u(V • v) — v(V • u), (74d) 

V(u • v) = u • Vv + v • Vu + u x (V x v) + v x (V x u), (74e) 

V x (V<p) = curl grad = 0, (74f) 

V • (V x u) = div curl u = 0 , (74g) 

V x (V x u) = curl curl u = V(V • u) — V • Vu 

= grad div u — V 2 u, (74h) 

V • (V?! x V(p 2 ) = 0. (74i) 
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In these formulas u and v are arbitrary vectors and <p, <p l9 and <p 2 arbitrary 
scalars for which the indicated derivatives exist. In formulas (74f) and (74g), 
we assume in addition that 9 0 and u have continuous partial derivatives of the 
second order . 

These identities can all be verified by direct expansion. In some cases, 
however, the proof can be considerably shortened by making use of the fact 
that the operator V may be substituted for a vector in any vector identity 
provided that it operates on the same factors in all terms. 

It should be noticed that the operator V is a distributive operator, in the 
sense that the equations 

V(<Pi + 9 ^ 2 ) = (V?>i) + C^V 2 ), V. ( u + v) = (V • u) + (V • v), 

V x (u + v) = (Vxu) + (Vx v) 

are true. 

Also, direct expansion shows that the identity 

(u • \f)<p = u • (V 97 ) (75) 

is valid. For this reason the parentheses are conventionally omitted in this case 
and the product is written in the form u • V 99 . Further, as has been noted, no 
parentheses are needed in a product such as u • Vv, since Vv is undefined and 
hence this notation can only mean (u • V)v. 

In general, we adopt the convention that in a multiple product V operates on 
all terms to its right which are not separated from it by intervening parentheses 
or brackets. If this is not convenient we will here indicate a term which is to be 
treated as a constant in the differentiation, and hence is not to be operated on 
by V, by underlining that term. Thus, we use the notations V • ( 9911 ) and V x ( 9 ?u) 
to indicate that u is to be treated as a constant vector in the differentiation 
implied in V, so that V operates only on 9 p. It is readily verified that we then 
have 

V • ( 9911 ) — u • V 99 , V x ( 9911 ) = — u x V 99 . (76) 

From the nature of V we see that 

V • ( 9 ?u) = V • ( 99 U) + V • ( 9 ?u), 

V x (<pu) = Vx (<pu) + V x (<pu). 

That is, the derivative of the product is the sum of the two derivatives obtained 
by holding one of the factors constant and allowing the other to be operated 
on by V. These considerations lead directly to formulas (74a) and (74b). 

Formula (74c) is obtained in a similar way if we first notice that 

V • u x c — —V *cxu = c*Vxu 


when c is a constant vector. 
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We see that if the product 

V x (u x v) 


is formally expanded by substituting V, u, and v for a, b, and c in Equation (34), 
the result 

(V • v)u — (u • V)v 


is not necessarily equivalent to the given product, since there V operates on 
both u and v, whereas in the two terms of the formal expansion, V operates 
only on v. However, if u is treated as a constant vector in the given product, 
the expansion is valid. That is, the expansion represents Vx(uxv). By adding 
to this expansion the corresponding expression for V x (u x y), we obtain 
formula (74d). 

Formula (74e) may be established by an indirect method in which we first 
obtain the results 

ux(Vxv) = V(u • v) — u • Vv, 
v x (V x u) == V(u • y) — v • Vu, 


and then form the sum of these equations. 

Equations (74f) and (74g) are easily established by direct calculation. Thus, 
to establish (74f), we write 


V xVcp = 


i 

j 

k 

d_ 

d_ 

d_ 

dx 

dy 

dz 

dcp 

d(p 

d<p 

dx 

dy 

dz 



\ , . / d> _ 9> \ 

dz dy/ \dz dx dx dzl 


+ k 




If the order of differentiation is immaterial, all components on the right 
vanish. This situation exists, in particular, if the second crossed partial deriva¬ 
tives of <p are continuous. Similarly, Equation (74g) is readily shown to be 
valid if the corresponding derivatives of the components of u are continuous. 

Equation (74h) is obtained by replacing a, b, c, by V, V, u in Equation (34). 
The scalar operator 


V 2 = V-V 


JP <P_ 

dx 2 + By 2 + dz 2 


(77) 


is of frequent occurrence, and is known as the Laplacian operator. Equation 
(74i) is established by making use of (74c) and (74f). 

If r is the position vector 

r = xi+yi + zk, 


we find by direct calculation that 


V • r = 3, V x r = 0, 


(78a,b) 
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and also that 

u • Vr = u, (79) 

where u is any vector. 

6,10, Line integrals. Let F represent a vector function of position in a 
space of three dimensions and let C represent a space curve, each point P of 
which is specified by its position vector r from an origin O to the point P. 
With each point P of the curve we associate a differential distance vector dr. 
Then, since 

dr — ~ ds = u ds, (80) 

ds 

where u is a unit tangent vector to C at P, the differential vector dr has as its 
length the differential arc length ds along C at P and as its direction the 
direction of the curve at P. The scalar differential F • dr = (F • u) ds is then 
numerically equal to the product of the component of F in the direction of C 
at P and the differential length ds. Finally, the integral 

Jc F * — / c (F • u) ds (81) 

taken along the curve between two specified points P 0 and P v is known as the 
line integral of F along C. 

In particular, if F represents force acting on a particle, the line integral (81) 
clearly represents the work done by the force in moving the particle along C 
from P 0 to P v 

We assume here, and in the sequel, that any curve C along which a line 
integral is to be evaluated is made up of a finite number of arcs, along each of 
which the tangent vector u not only exists, but also varies continuously with s , 
so that the integrand F • u is continuous when F is continuous. Such a curve is 
said to be piecewise smooth. In particular, when u is continuous over all of C, 
we say that C is a smooth curve. 

If we write 

F = P(x,y,z) i + Q(x,y,z ) j + R(x,y,z) k 
r = xi+y'] + zk 

the line integral (81) takes the form 

j c F • dr = j c (P dx + Q dy + R dz). (83) 

On each arc of the curve C, the variables x, y , and 2 , as well as the correspond¬ 
ing differentials, are to be expressed in terms of an appropriate single variable, 
and the limits of the integral must be determined accordingly in terms of the 
initial and terminal points of C. 
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It should be pointed out that the line integral j c F • dr, taken along the 

portion of a curve between two points A and B, may be defined more funda¬ 
mentally as the limit of a sum of the form 

^ F* • (Ar)* = F 0 • (Ar ) 0 + F x • (Ar)j + • • • + F„ *(Ar) n , 

Ar = 0 

where F 0 , F l9 ..., F n , are the values of F at A and at n points P l9 P 2 ,..., P n > 

arbitrarily chosen along the arc of C between A and B , and where (Ar ) 0 = AP l9 

(Ar)j = PiP 2 » • . ., (Ar) n == P n B. The limit is taken as n -► oo in such a way 
that all the chords tend to zero. This definition is analogous to the definition 
of the ordinary integral. When F is continuous and C is piecewise smooth, the 
integral so defined can be evaluated by the method described above. 

As an illustration, we take 

F = yz i + xy j + xz k 

and calculate the line integral of F from (0,0,0) to (1,1,1) along the path C 
consisting of the curve x = y 2 , z — 0 in the xy plane from ( 0 , 0 , 0 ) to ( 1 , 1 , 0 ) 
and the line x = l,y = 1 perpendicular to the xy plane from ( 1 , 1 , 0 ) to ( 1 , 1 , 1 ). 
In the first part of the path, C l9 we have 

x = y 2 , z = 0; dx — 2y dy 9 dz == 0, 

and hence 

F • dr = yz dx + xy dy + xz dz — y* dy. 

Thus there follows 

Jc, F • dT = lo >' 3 dy = 

In the second part of the path, C 2 , we have 


and hence 
Thus there follows 

and, finally, 


x = 1, y = 1; dx = dy = 0, 
F • dx — z dz. 


If we integrate along the path C' consisting of the straight line x 
directly from (0,0,0) to (1,1,1), we have, on C', 


y = z. 


x = z, y — z; dx = dz, dy — dz 


f F. dr = f 1 3 z 2 dz = 1. 

J C* JO 


and hence 
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In this example the value of the line integral between the given points 
depends upon the path chosen. However, in certain cases this is not so. For if 
the expression P dx + Qdy + Rdz is the differential of a function <p(x,y 9 z\ 

P dx + Q dy + R dz — dcp, (84) 


then the integral (83) becomes merely 

J c F • dr = j c d<p = rtPj) - <p(P 0 ), (85) 

where P 1 and P 0 are the end points of C. Thus the line integral depends only on 
the location of the end points if the function cp is single-valued\ so that the 
value approached by (p at a point in space does not depend upon the manner 
of approach. 

Since the differential of (p is also given by 

d(p = dx + dy + dz, ( 86 ) 

ox dy dz 

there follows, by comparing (84) and ( 86 ) and noticing that x, y , and z are 
independent variables, 

12-P, 12-e. |2=JE. (87) 

dx dy dz 

By appropriately differentiating the first two equations, we find also that 


d 2 cp __ dP d 2 cp _ dQ 
dy dx dy ’ dx dy dx 


and hence, if the derivatives involved are continuous, we conclude that P and 
Q must satisfy the condition 


dP^dQ 
dy dx 


( 88 a) 


In a similar way we find that the two conditions 


dP^dR dQ = dR 

dz dx 9 dz dy 


( 88 b,c) 


must also be satisfied. 

Hence, if a function q) exists so that Equation (84) is true, that is, if 
F • dr = P dx + Q dy + Rdz is an exact differential, the functions P , Q , and 
R must satisfy ( 88 a,b,c). Conversely , when P, Q , and R and their first partial 
derivatives are continuous in a region, it can be shown that if these conditions 
are satisfied, a function 9 0 exists for which (84) is true in that region. 

We notice next that since 


V 


xF 




dR 

dy 





(89) 
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the satisfaction of (88a,b,c) is equivalent to the vanishing of V x F. Thus we 
conclude that if F is continuously differentiable in a region St and if V x F = 0 
everywhere in St, then a scalar function cp exists such that dtp = F • dr. Further, 
if C is any curve lying in St and joining the points P Q and P x and if (p is single¬ 
valued, then 

S c F ’ * = <p(Pi) - <P(P 0 )- 

To exclude the possibility that cp be multiple-valued, we henceforth require 
that the region St have the property that any closed curve or surface lying in St 
can be shrunk continuously to a point without passing outside of 8t. Such a 
region is called a simply connected region or, more briefly, a simple region. 
Thus the plane annular region included between two concentric circles is not a 
simple region, since a curve in the annulus surrounding the inner circle cannot 
be shrunk to a point without passing outside the annulus. To show rigorously 
the relationship between simplicity of PA and single-valuedness of cp is beyond 
the scope of this work. (See also Section 6.16.) It may be remarked, however, 
that the proof depends upon the fact that by restricting St to be a simple 
region we exclude the possibility that a closed curve or surface lying in St may 
surround points or curves not included in St . 

For any curve C joining the points P 0 and P x in a simple region St through¬ 
out which F is continuously differentiable and also V x F = 0, we may write 

Sc F • dr = J£ F . dr = dcp = rfP,) - <p(P 0 ). (90) 

That is, in such a case the line integral from P 0 to P x is independent of the path . 
In particular, for a closed path the initial and terminal points coincide and the 
line integral vanishes. We denote the line integral around a closed curve by the 
symbol § and write 

£ F • dr = 0. (91) 

If the conditions stated are not satisfied, the integral around C may or may 
not vanish. The value of that integral is called the circulation of F around C. 

When a closed curve C lies on a surface 5, one side of which is regarded as 
its positive side, it is conventional to define the positive direction on C (that is, 

dr 

the direction of u = —) as the direction along which an observer, traveling on 

the positive side of S, would move while keeping the area enclosed by C to his 
left. 


6.11. The potential function. Since the existence of a function cp such that 

dcp = F • dr (92) 
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at all points of a region is guaranteed by the condition V x F = 0, and since 
Equation (64) gives also 

dy = Vy • dr, 

there follows by subtraction 

(F - Vy) • dr = 0. 

Hence the vector F — Vcp must be perpendicular to dr; but since the direction 
of dr is arbitrary, we conclude that F — Vy must vanish, 

F =*Vy. (93) 

Thus, if V x F = 0 in a region , then F is the gradient of a scalar function (p in 
that region . Conversely, Equation (74f) states that if F = Vy and if y has 
continuous second partial derivatives, then V x F = 0. 

The function (p defined by Equation (93) is known as the potential of F. 
If F represents force, the negative of y is called the potential energy associated 
with F. When such a function y exists, the force F is said to be conservative , 
since in this case the total work done in moving a particle around a closed 
contour in an appropriate region is zero. 

To illustrate the determination of the potential, we consider the force field 

F = y 2 i + 2 (xy + z) j + 2y k. (94) 

It is readily verified that V x F — 0 everywhere. Hence the force is conservative 
and the work done by F in moving a particle between two points is independent 
of the path. Further, a scalar potential function y exists such that 

F • dr = dy (95) 

and also 

F - Vy. (96) 

To determine y , we write Equation (95) in the form 

dy ~ y 2 dx + 2 (xy + z) dy + 2 y dz. 

Comparison of this equation with ( 86 ) shows that y must satisfy the three 
conditions 

= y 2 , ~ = 2 (xy + z), ^ = 2 y. (97a, b,c) 

ox dy oz 

If we integrate (97a), holding y and z constant, we obtain 

<p = xy 2 +f(y,z), (98) 


where f(y 9 z) is an arbitrary function of y and z. In order that (98) satisfy (97b), 
we must then have 


2xy + = 2 xy + 2 z 

dy 


or 


df(y,z) = . 
dy 
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Integration gives 

f(y,z) = 2yz + g(z), 

(99) 

where g(z) is an arbitrary function of z. Introducing (98) and (99) into (97c), 
we then obtain the final condition 

2 y + = 2 y, 

dz 

from which there follows 

g(z) = c, 

(100) 

where c is an arbitrary constant. Thus, we have finally 


<p = xy 2 + 2 yz + c, 

(101) 


where the constant c can be chosen arbitrarily, so that the potential at a 
convenient reference point is zero. The surfaces y — constant are called equi- 
potential surfaces. We see that the work done in moving a particle from a point 
on the surface y = c x to a point on the surface y = c 2 is merely c % — c v 
To illustrate the existence of unusual cases, we notice that if 


there then follows 


F =-^—J -|- - — i 

X 2 + / 


. xdy — y dx ,. y 

F • dr = —% - = d tan 1 - == dd 9 

x 2 + / x 

where 6 is the angle in cylindrical coordinates ( r,0,z ). Thus we have 

F = VO, 

and hence, from (74f), there follows 

V x F = 0. 


Hence it might appear that the circulation of F around any closed curve C 
would be zero. However, we notice that F is discontinuous at points on the 
z axis, in the sense that the magnitude of F, 


|F| 


1 _ 

vV + / ’ 


becomes infinite as (x,^) -> (0,0). Thus V x F is not defined along the z axis. 
At all other points, however, V x F is defined and is zero. Any closed curve 
which does not surround the z axis can be included in a simple region where F 
is continuously differentiable and VxF = 0 and hence the circulation around 
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any such path must vanish. To verify this statement, we consider an arbitrary 
closed path C beginning and ending at a point P. Since 

J>.* —j>, 

we see that if C does not enclose the z axis, the angle 0 may alternately increase 
and decrease along Cuntil a maximum value is reached, after which 6 eventually 
returns to its original value at P and the total net increase in 6 is zero. That is, 
over such a closed path the circulation is zero. 

However, if the path C surrounds the z axis once, and the path is described 
in the positive (counterclockwise) direction, the angle 6 experiences a net 
increase of 2tt when the complete path is described, and the circulation is 2i r. 
Similarly, the circulation along a closed curve encircling the z axis k times in 
the positive direction is 2kn. 

If we delete the region in the neighborhood of the z axis by cutting out an 
infinitely extended right circular cylinder of arbitrarily small radius, with its 
axis along the z axis, the remainder of space is a region M' inside which F and 

V x F possess the required properties. However, the region PA' is clearly not a 
simple region. Those closed curves in PA' which can be shrunk to a point without 
passing outside (A' are said to be reducible. Thus any closed curve in PA' whi^h 
does not enclose the z axis is reducible, and we see that in the present example 
the circulation around any reducible closed curve in P%' is zero. 

It can be shown, more generally, that if F is piecewise differentiable and 

V x F = 0 in any region, whether simply connected or not, the circulation 
of F around any reducible closed curve in that region is zero. 


6.12. Surface integrals. A surface S in three dimensions is usually specified 
by an equation of the form 


g(x,y,z) = 0. 


( 102 ) 


If we think of S as one of the family of surfaces g(x 9 y 9 z) — c, as c takes on all 
possible values, we see that at any point the vector Vg is normal to the particular 
surface of the family which passes through that point, and hence, in particular, 
Vg is normal to 5 at points of S. At such points Vg can then be expressed as 
the product of a scalar and a unit vector n normal to S. We can thus write 



where the choice of the ambiguous sign depends upon the desired orientation 
of n. 

For a closed surface , it is conventional to define the orientation of n at any 
point as outward. In any case, we suppose that S actually possesses two sides , 
which can be distinguished from each other, and that one side has been selected 
as the positive side, from which n is to point. 
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Further, we suppose here, and in the remainder of the text, that any surface 
S over which an integration is to be effected can be subdivided, by smooth 
curves, into a finite number of parts such that on each part the normal n exists 
and also varies continuously with position. Such a surface is said to be piecewise 
smooth. When n is continuous over all of S, we say that S is a smooth surface. 
In the cases when S is described by an equation of form (102), the preceding 

■ k k and —f 
ox dy oz 

over each of a finite number of parts into which S is divided. 

Thus, for the unit sphere x 2 + y 2 + z 2 = 1, we can write 


requirement is merely that ^ , and —■ exist and be continuous over S , or 


g(x 9 y 9 z) = x 2 +y 2 + z 2 -\ f 

and hence 

Vg = 2x i + 2y j + 2z k. 


It follows that at any point (x 0 ,y 0 ,z 0 ) on the sphere we have 


x 0 i + y 0 j + z 0 k 

v *l + yl + 4 


±(x 0 i + y«j + z o k )- 


The positive sign must be chosen if n is to point outward from the surface of 
the sphere. 

At a point P{x 9 y 9 z) on S we define a differential surface area vector do 
whose length is numerically equal to the element of surface area do associated 
with P 9 and whose direction coincides with the normal vector n at P. If the 
element da is constructed by projecting a rectangular element dA — dx dy in 
the xy plane upward onto the surface S at P 9 it is seen that the projection of da 
on the xy plane is numerically equal to the projection of n da on the vector 
which is normal to the xy plane. Hence we have 


|n • k| do = dx dy. 

If the direction cosines of n are denoted by (cos a, cos cos y) 9 this equation 
becomes 

da = |sec y\ dx dy. (104) 


From Equation (103) we obtain 
cos y — n • k = ± 


k 

dz 




(105) 


In particular, if the surface is given in the special form 

2 =f( x >y\ 


( 106 ) 
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there follows g(x,y,z) = z — f(x,y ), and Equation (105) becomes 

1 


cos y 


(107) 


VMiMir 

With the definition da = n da , the integral 

J/ s F -^=JX F - ndff ’ ( io8 > 

carried out over a surface 5, is called the surface integral of F over S. We notice 
that the element of integration is the product of the component of F normal to 
the surface at a point P and the scalar element of surface area associated with P. 
In illustration, we calculate the surface integral of the vector function 

F = xi +y j 

over the portion of the surface of the unit sphere 

5*: x 2 + f + z 2 •= 1 

above the xy plane, z ^ 0. The unit normal at a point of S is given by 

n = *i+j/j + zk. 


Also, we obtain 

cos y = 

and hence Equation (104) gives 

da = 


n • k = z, 

dx dy 


Thus the required surface integral is of the form 

where A denotes the projection of S onto the xy plane, and hence A is the 
interior of the unit circle x 2, + y 2 — 1 in the xy plane. In this integral, the 
variable z must be expressed in terms of x and y by using the equation of S. 
Thus we obtain the form 




fl/’vW x 2 + y 2 

Jo Jo V i — (x 2 + y 2 ) 


dx dy, 


or, changing for convenience to polar coordinates and evaluating the result as 
a repeated integral, 



F • da = 



r dd dr = -7r. 
3 
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It should be noticed that if lines parallel to the z axis intersect the surface S 
in more than one point, the surface must be considered in two or more parts, 
the formulas resulting from the use of (104) being applied separately to the 
individual parts. In such cases it may be more convenient to project the element 
da onto the xz or yz plane, or to proceed by a more direct method. 

6.13. The divergence theorem. Let V represent the velocity of flow of a 
fluid in three dimensions, and denote the mass density of the fluid at a point 
(x f y 9 z) by p(x 9 y,z). Then the vector Q — p\ points in the direction of flow and 
has a magnitude Q numerically equal to the rate of flow of fluid mass through 
unit area perpendicular to the direction of flow. The differential rate of flow 
through a directed element of surface area da = n da is then given by Q • da 
= Q • n da, this quantity being positive if the projection of Q on the vector n 
is positive. In particular, if da is an element of a closed surface, then Q • da is 
positive if the flow is outward from the surface. We write 

Q = QJ + Q y j + Q z k. (109) 

Now consider a small closed differential element of volume consisting of a 
rectangular parallelepiped with one vertex at P(x,y 9 z) and with edges dx , dy 9 dz 
parallel to the coordinate axes. Then the left-hand face is represented by the 
differential surface vector — j dx dz and the differential rate of flow through 
this face is given by 

Q • (-j dx dz) = — Q v dx dz 9 

the negative sign indicating that if Q y is positive, the flow through this face is 
into the volume element. Similarly, the differential rate of flow through the 
right-hand face is given by 

(Q)y+av- (j dx dz) = {Qy)^ dv dx dz = (q v + ^ dy) dx dz 

within infinitesimals of higher order. If the remaining four faces are treated 
similarly, we find that the net differential rate of flow dF outward from the 
volume element dr — dx dy dz is given by 

dF = [(e. + j^ dx ) - e.] dy dz + [(e, + jf d y) - ft] dx dz 



or dF = (V • Q) dr. (110) 

Thus, we may say that the divergence of Q at a point P represents the rate 
of fluid flow, per unit volume, outward from a differential volume associated 
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with P, or that the divergence of Q is the rate of decrease of mass per unit 
volume in the neighborhood of the point. Thus, if no mass is added to or 
withdrawn from the element dr , we have the relation 

v-q = -|£, (in) 

which can also be written in the form 

V.(pV) + ^ = 0 

Ot 

or, using Equation (74a), 

pV.V=-(v-Vp + ^). (112) 

For an incompressible fluid, p — constant and there follows 

V.Q = pV-V = 0. (113) 

Thus the velocity of an incompressible fluid has zero divergence. 

It has been assumed here that no mass is introduced into the system or 
taken from the system, that is, that there are no points in the element dr where 
fluid is added to or withdrawn from the system. A vector V with nonzero 
divergence can be considered as a velocity vector of an incompressible fluid in 
a region only if such points are assumed to be present. We speak of points 
where fluid is added to or taken from the system as sources and sinks , respec¬ 
tively. Thus the presence of a source distribution is associated with a positive 
divergence of V. 

Consider now a closed region 01 in three dimensions and suppose that in 
each elementary volume dr of this region there are present sources through 
which an amount dF — p V • V dr of incompressible fluid is introduced into 
the region per unit time. We may think of a sink as a negative source. Then the 
net mass of fluid introduced into 01 in unit time through sources and sinks is 
given by the integral 

pJ7J>-V*. (U4) 

where the integration is carried out over the volume of the region. If the total 
mass in 01 is conserved, this fluid clearly must escape from the region through 
the surfaced which bounds it. If we consider a vector surface element </a = n da, 
where n is the outward unit normal, the rate of mass flow outward through the 
element do is given by pV • n do = pV • da. Thus the total rate of flow outward 
through S is given by the surface integral of V over S, 

p$ s V.da = p$ s V.nd<r, (115) 

where the symbol £j> indicates that the integration is carried out over a closed 
surface. 
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The statement that (114) and (115) must be equivalent, 

J7J>- Vdr = § s \:dc, (116) 

that is, the consequence of conservation of mass in is known as the 
divergence theorem . This theorem can be established without reference to the 
physical considerations used here,* and is true if\ and its partial derivatives 
are continuous in P$ and on S and if S is piecewise smooth. The region PA need 
not be simply connected, so long as its complete (inner and outer) boundary is 
taken into account in the surface integral. 

If we write 


V = P i + Q j + R k, n = i cos a + j cos /? + k cos y, 


Equation (116) takes the form 


JJX(f +d £) dxdy 


dz 


= CLj) (P cos a + Q cos f$ + R cos y) do. (117) 


This theorem is useful in many applications. As one illustration, we use the 
theorem in obtaining the solution of the illustrative problem of Section 6.12. 
There we calculated directly the surface integral of F = * i + y j over the 
upper half of the unit sphere. If we close the surface of integration by adding 
the portion of the xy plane which spans the hemisphere, we notice that the sur¬ 
face integral of F over the added surface is zero, since F • n = F • (—k) = 0 over 
this area. Thus the divergence theorem states that we may calculate the required 
surface integral of F by evaluating JJj* V • F dr throughout the interior of 
the hemisphere. Since V • F = 2, the result is merely twice the volume of the 
unit hemisphere, or 47 t/ 3, as was obtained by direct calculation. 

The surface integral of a vector F over a closed surface S is called the flux 
of F through S. Thus the divergence theorem states that the flux of F through S 
is a measure of the divergence of F inside S. In particular, if F is continuously 
differentiable and V • F = 0 in the region bounded by S, the flux of F through S 
is zero , 

§s ¥ ' da=: §s ¥ ‘ nda = 0 - 


Thus, remembering the result of Section 6.10, we see that, for a continuously 
differentiable function F, the circulation j F • dr of ¥ around a closed curve C 
is zero if C is in a simple region throughout which V x F = 0, and also the flux 
<£j>F • do of F through a closed surface S is zero if V • F = 0 in the region 
bounded by S . 


* For an indication of the analytical proof, see Problem 65. 
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We may expect that the circulation of F around C will be in some sense the 
measure of the curl of F at points on a surface of which C is a boundary, in 
analogy with the relation (116) which connects flux through a surface to 
divergence inside the surface. A relationship of this sort, known as Stokes's 
theorem , is considered in Section 6.16. 

6.14. Green's theorem. If, in the divergence theorem (116), we write 

v = <Fi 

where <p x and y 2 are scalar functions of position, we obtain the result 

SIS* V * dr = ft? n ’ Vi^Vt da. 

By making use of (74a), this result takes the form 

//Sat l>i VVa 'I' (V<fr) • (V%)] dr = fj> s n • 9 ^ V<p 2 da. (118) 

This equation is known as the first form of Green's theorem. A more symmetrical 
form is obtained if <p x and y 2 are interchanged in Equation (118) and the result¬ 
ant equation is subtracted from (118) to give 

J j Oi V 2( P 2 - n v Vi] dr = <§> s n • ( 9»1 V<p 2 - <p 2 V cpj da. (119) 

This equation is known as the second form of Green's theorem , or frequently 
merely as Green's theorem , and is frequently useful in applications. In both 
(118) and (119), the region 2/t is the region bounded by the closed surface S. 
It is assumed that y x and (p 2 are twice continuously differentiable in &l. 

Two special cases of these theorems are of particular interest. If we take 
y x = 9?2 = V i n (H 8 ), there follows 

J / [<p VV + (V<p) 2 ] dr = § g <p n • V<p da, ( 120 ) 

where (V 99) 2 = (V 99 ) • (Vy). We notice that the product n • Vy is, according 
to (64), the derivative of y in the direction of n, that is, in the direction of the 
outward normal to S at a point on S. Hence we may write 

— = n • Vqp ( 121 ) 

d n 

and speak of this quantity as the normal derivative of 9 ? at a point on S. With 
this notation, Equation (120) becomes 

f f f 1<P VV + (V<p) 2 ] dr = ffi <p & da, ( 122 ) 

J J Ja JJs on 

and Equations (118) and (119) can be rewritten in a similar way. 
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A second important special case of Green’s theorem is obtained by taking 
(f x = <p and y 2 — 1 in (119). Since then Vy 2 = 0 and V 2 y 2 — 0, there follows, 
with the notation of (121), 

liL*’*-§.%*■ <i23) 

The relations (122) and (123) will be useful in certain applications which 
follow (Section 9.2). 

6.15. Interpretation of curl. Laplace's equation. Suppose that the motion 
of a fluid is simply a rotation about a given axis fixed in space. Then we may 
represent the angular velocity by a constant vector co, as in Section 6.3, where 
the length co is the scalar angular velocity and the direction of co is along the 
direction of the axis of rotation in accordance with the right-hand rule. If we 
take the origin of a rectangular coordinate system on this axis and denote the 
position vector to a point P(x,y,z) by r, then the results of Section 6.3 show 
that the velocity of P is given by the vector 

V — to x r. (124) 

We have then, using Equation (74c), 

V . y == V • co x r = r • (V x co) — co • (V x r), 
and hence, since to is constant and V x r - 0, from (78b), there follows 

V . V = 0. (125) 

We also have, using Equation (74d) and again noticing that to is constant, 

VxV = Vx(coxr) = co(V • r) — (to • V)r, 
or, by virtue of (78a) and (79), 

V x V - 2to. (126) 

Thus, if a fluid experiences a pure rotation , the divergence of its velocity vector 
is zero , and the curl of the velocity vector is twice the angular velocity vector. 

If V x V = 0 in a region, we say that the flow is irrotational in that region. 
The results of Section 6.10 state that the circulation around a closed curve in a 
simple region where the flow is irrotational is zero. If the fluid is incompressible 
and there is no distribution of sources or sinks in the region, we have also 
V . V = 0. Since the condition V x V = 0 implies the existence of a potential 
<p such that 

V = Vy, (127) 

we see that if also V • V = 0 there follows V • Vy = V 2 y = 0. That is, in the 
flow of an incompressible irrotational fluid without distributed sources or sinks , 
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the velocity vector is the gradient of a potential (p which satisfies the equation 

VV = » «• S + S + S = (128) 


This equation is known as Laplace's equation. 

We see, more generally, that in any continuously differentiable vector field 
F with zero divergence and curl in a simple region, the vector F is the gradient 
of a solution of Laplace’s equation. Solutions of this equation are called 
harmonic functions , and their determination is studied in a later chapter. 


6.16. Stokes's theorem. We next indicate that if Sis a two-sided surface in 
three dimensions having a closed curve C as its boundary, then the circulation 
of a vector V around Cis equal to the flux of the curl of V over S. It is assumed 
throughout that S and C are piecewise smooth. 

The result to be established is thus of the form 

J/ s ii.(V x V)da = f c V.</r, (129) 

where n is the unit vector normal to S on that side of S which is arbitrarily 
taken as the positive side. The positive direction along C is then defined as the 
direction along which an observer, traveling on the positive side of 5, would 
proceed in keeping the enclosed area to his left. Equation (129) is known as 
Stokes's theorem , and is true if S is contained in a simple region where V is 
continuously differentiable. In the following considerations, however, we 
assume also the existence of continuous partial derivatives of the second order. 

Suppose that Equation (129) has been established for one surface S x having 
C as its boundary, and consider any other surface S 2 having the same boundary. 
If we denote the closed region included between and S 2 by 0P, the divergence 
theorem states that 

/ /». "i • x V) ia +/ L .• ,v * v) ''" 

-J7L v ' VxV *“ 0 - < 130 > 

if V is twice continuously differentiable in ( M , according to Equation (74g). 
In this equation the vectors n x and n 2 are headed outward from the enclosed 
region 01. Hence if we choose a positive direction around the common 
boundary C so that n x is on the positive side of S v and hence n x = n on S v it 
follows that n 2 is then on the negative side of S 2 , and hence n 2 = -non S 2 . 
Thus (130) becomes 

JJ Si n-(V x \)dc = JJ^n-CV x \)da. (131) 

Thus, if Equation (129) is true for one surface having C as its boundary, it is 
also true for any other such surface, if both surfaces lie in a simple region 
where V is twice continuously differentiable. 
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We prove (129) in the special case when C is a plane curve by taking S as 
the plane area A bounded by C in its plane. The vector n normal to A is then a 
constant vector. The proof is obtained most readily by an indirect method in 
which we apply the divergence theorem to a vector V x n, which is thus 

parallel to the plane of A , in a closed 
region PJl which is the interior of a right 
cylinder of constant height h having A as 
its lower base (Figure 6.10). We then have 

JJo.-(*’•*>*’«■ < 132 > 

where the surface integral is extended 
over the complete boundary S# of 
and is the outward unit normal vector 
on On the upper and lower faces of 
S m we have n# = ±n, and hence the integrand in the surface integral 
vanishes. On the lateral boundary of we have n^^uxn, where u is the 
unit tangent vector to the curve C which bounds A , and hence here the inte¬ 
grand becomes 

(u x n) • (V x n) = (V • u)(n • n) — (u • n)(n • V) = V • u, 

by virtue of (35) and the fact that u • n — 0. Also, since n is constant, we have 
V • (V x n) — n • V x V, from (74c), and hence Equation (132) becomes 

•fo (JX n,V X v do) dh = J* (V • u </s) dh 

Since this relationship is true for arbitrary values of h , we conclude that 

JJ*^ n*V x Vd<r = £ V-c/r, (133) 

as was to be shown. 

To extend this result to the case of an arbitrary closed curve Cin space, we 
first approximate C by a space polygon C n whose n sides P x P 2 y 
are formed by joining n successive points P l9 P 2 , . . ., P n , on C by straight 
lines. A surface S n having C n as its boundary can be defined as the polyhedron 
whose triangular faces are determined by the n sides of C n and the n — 3 
straight lines joining P 1 to the points P 3 ,..., P n _ v If we apply Equation (133) 
to each of the triangular faces of S n and add the results, we notice that the line 
integrals along the lines P X P 9 , P X P 4 ,..., P x P n _ l9 are taken twice in opposite 
directions and hence cancel, leaving only the line integral around the polygon 
C n . Thus (133) is also true for S n and its boundary C n . As n becomes infinite 
in such a way that all the chords P k P k+1 approach zero, the polygon C n 
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approaches C, and S n approaches a surface S for which the relation (129) is 
true. 

From (131) we conclude finally that (129) is true for an arbitrary piecewise 
smooth surface S with C as its boundary if S is in a simple region where V is 
twice continuously differentiable. 

If we write 

V = P i + Q j + R k, n — i cos a + j cos p + k cos y, 

Stokes’s theorem takes the form 

£ (P dz + Q dy + R dz) - JX [(f - B “ s * 

+ (§7 -^) cos ' , + (l?-|) cos ^’’]*’• (m 

In particular, for a plane area A in the xy plane, there follows dz = 0, 
cos a = cos (i = 0, cos y = 1, da — dx dy , and hence 

£ (Pdx + Q dy) = /£(fJ-|9 dx d y- ( 135 > 

It may be mentioned that Equation (135) is also frequently referred to as 
Green's theorem, although we reserve this name for the theorem of Section 6.14. 
As a special case of (135) we take P = —y and Q = x. The result, 

\ <j^(x dy — y dx) = A, (136) 

is useful in finding the area enclosed by a plane curve whose equation is given 
in parametric form. 

x 2 y 2 

Thus for the ellipse — + — = 1 we can write 
a 2 b 2 

x — a cos 0, y = b sin 6 (0^0^ 27t), 

and Equation (136) gives for its area 

A = \ \ 2v ab (cos 2 0 + sin 2 0) d6 = nab . 
j o 

The rigorous proof of Stokes’s theorem (129) in full generality involves 
subtleties which are beyond the level of the present treatments. However, 
it is of some importance here to notice that from that theorem one may 
deduce, in particular, that if V is continuously differentiable in a simply 
connected region 2%, and if V x V = 0 everywhere in 2$, then 

£v-rfr =0 

for any piecewise smooth closed curve C in 2i. This is a result made 
plausible in Section 6.10 [Equation (91)]. 
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From that result, in turn, one can reason in a direction opposite to that 
followed in Section 6.10, to deduce that, under the conditions just stated , 

the line integral j c V • dr between two points in Si is independent of the path 

C joining those points , provided only that C is piecewise smooth and lies in 
Si, and it then follows also that V • dr = dtp, where q> is single-valued in Si. 

The specialization of these results to the case when Si is a two- 
dimensional region, in the xy plane, and in which Stokes’s theorem 
consequently reduces to (135), will be of particular significance in Section 
10.5. 

6.17. Orthogonal curvilinear coordinates. Suppose that the rectangular 
coordinates jc, y , z are expressed in terms of new coordinates u l9 u 2 , u 3 by the 
equations 

* = x(u v U 2 ,u 3 ), y = z = z(m 1 ,m 2 ,i/ 3 ), (137) 

and that, conversely, these relations can be inverted to express u l9 u 2 , u 3 in 
terms of jc, y 9 z, when x, y , z and/or u l9 u 2 , u 3 are suitably restricted. Then, at 
least in some region, any point with coordinates ( x,y,z ) has corresponding 
coordinates We assume that the correspondence is unique. If a 

particle moves from a point P in such a way that u 2 and u 3 are held constant 
and only u x varies, a curve in space is generated. We speak of this curve as the 
u x curve. Similarly, two other coordinate curves, the u 2 and u 3 curves, are 
determined at each point (Figure 6.11). Further, if only one coordinate is held 
constant, we determine successively three surfaces passing through a point of 
space, these surfaces intersecting in the coordinate curves. It is often convenient 
to choose the new coordinates in such a way that the coordinate curves are 
mutually perpendicular at each point in space. Such coordinates are called 
orthogonal curvilinear coordinates. 

As an example (see Figure 6.12), in circular cylindrical coordinates (r,0,z) 
we have 

x = r cos 0, y — r sin 0, z — z. 

If we take 

«i = r, m 2 = 0, « 3 = z, 

then at any point P the u, curve is a circle of radius r and the w x and u 3 curves 
are straight lines. 

Let r represent the position vector of a point P in space, 

r = +y\ +z k. (138) 

Then a tangent vector to the u x curve at P is given by 

U = _ 3r ds 1 

du x ds x du x 9 


( 139 ) 
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dr. 

where s 1 is arc length along the u x curve. Since — is a unit vector , we can write 

us i 


Ui = Mi. 


(140) 


where u x is the unit vector tangent to the u x curve in the direction of increasing 
ds x 

arc length and h x = — is the length of U r Considering the other coordinate 
curves similarly, we thus write 

U x = Ml. U 2 = Ms. U 3 = Ms. (141) 

where u k (fc = 1,2, 3) is the unit vector tangent to the u k curve, and 


U _ ds l 
"l — — 
du 1 


dr 


du x 


h 2 = ^- = 
du 9 


dr 


du. 


h 3 = ** = 
du» 


dr 


dw 


These equations can be written in the differential form 

ds 1 = = h 2 du 2i ds 3 = h 3 du 3 . 


(142) 


(143) 


We thus see that h l9 h 2 , h 3 are of the nature of scale factors , giving the ratios of 
differential distances to the differentials of the coordinate parameters. It should 
be noticed that the calculation of U l9 from Equation (139), determines both 
the scale factor h x = \\J X \ and the unit vector u x = Uj//^. 

We adopt the convention that u ls u 2 , and u 3 form a right-handed system in 
the order written, in consequence of an appropriate numbering of the co¬ 
ordinates. 

If s is arc length along a curve in any direction, the vector 
dr dr du x dr du 2 dr du 3 

ds du 1 ds du 2 ds du 3 ds 

_tt dui . wj. du 2 ■ |r du 3 

— h tig-- |- tl 3 —- 

ds ds ds 


( 144 ) 
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has unit length. Thus, if the coordinate curves are orthogonal , so that 

U 1 .U t = U t .U 3 = U 3 -U 1 = 0 , (145) 

there follows 

V x . Uj du? + U 2 . U 2 du 2 + U 3 • U 3 du\ = ds 2 
or, using Equation (140), 

ds 2 — hj du 2 + /if duf + ^3 du 3 . (146) 

To find the element of volume, we notice that the vectors du Xi U 2 du 2 , 
and U 3 dw 3 are mutually perpendicular vectors having as their lengths the arc- 
length differentials ds l9 ds 2 , and ds 3 . Thus the element of volume dr is given by 
the volume of the rectangular parallelepiped determined by these vectors, 

dr = |U X du x x U 2 du 2 • U 3 dw 3 | = \u x x u 2 • u 3 | h x h 2 h 3 du x du 2 dw 3 , 
and hence 

dr = h x h 2 h 3 du x du 2 du 3 . (147) 

On the surface u x — constant, the vector element of surface area da x is, in a 
similar way, given by the vector product U 2 du 2 x U 3 dw 3 , and hence 

dci = u x h 2 h 3 du 2 du 3 . (148) 

Analogous expressions are obtained on the other coordinate surfaces. In 
particular, the scalar surface elements on the coordinate surfaces are of the form 

do x = h 2 h 3 d «2 d« 3 , do 2 = h 3 h x du 3 du x ,, do 3 = h x h 2 du x du 2 . (149) 

We next proceed to the determination of expressions for the gradient, 
divergence, and curl, and for the Laplacian operator V 2 in the present co¬ 
ordinates. To determine the gradient of a scalar function f we make use of the 
definition (64), 

d/=V/.dr, (150) 

which states the basic geometrical property of the gradient. In terms of the 
coordinates u l9 u 2 , u 3 we have 

4f — 7T~ du^ + du 2 + du 3 
vU x ou 2 cu 3 

and dr = U x du x + U 2 di^ + U 3 du 3 

= h x u x du x + h 2 ^ du 2 + /* 3 u 3 du 3 . 

If we now write 

V/= 4^ + 4112 + 4u 3 , (151) 

where the A’s are to be determined, the substitution of these expressions into 
(150) gives 

3/ o/ r%r 

— du x -f- - du 2 + - dt/ 3 = h x X x du x + h 2 X 2 du 2 + h 3 %2 du 39 
ou x ou 2 uU 3 
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and hence, since the variables u l9 u 2 , u 3 are independent, we have 


4 = 1-^ 


(k = 1, 2, 3). 


Thus Equation (151) becomes 

V/= + *h M. + 

h du t h 2 du 2 h 3 du 3 
and the operator V accordingly has the form 


v = HiJL 

du x 


+ ? 


u 2 d 


h 2 du 2 


’ + us_9_ 

h 3 du 3 


Equations (153) and (154) can be written in the equivalent forms 

™ 3/ , 3/ , df 

^/=« 1 ^ L + Ua-^ + Ua^-, 


ds t 

v = “i + «2 


9 s 2 

d 


dso 


ds x ' ‘ ds 3 3 ds 3 ’ 

to show more clearly the intrinsic nature of the operator V. 
In particular, there follows 


(152) 

(153) 

(154) 

(153a) 

(154a) 


V„ Vu 2 = H- 2 , V« 3 = f 3 , (155) 

"l "2 “3 

for the gradients of the independent variables u l9 w 2 , w 3 . 

From these special results we now obtain two further results which are 
useful in the following work. First, since V x Vu k — 0, from (74f), we conclude 
that the expressions u Jh l9 u 2 /A 2 , and u 3 /A 3 have zero curl , 

V x^=\7 x — = V x — = 0. (156) 

hi h 2 h 3 

Second, since u x = u 2 x u 3 , there follows 


Ui u 2 

h 2 h 3 h 2 


« 7 = (Vu 2 ) x (Vu 3 ), 
h 3 


and two analogous expressions are similarly obtained. Reference to Equation 
(74i) then shows that the expressions uj^hj, Ug/^Aj), and Ug/^Ag) have zero 
divergence , 

V.-^-=V.-22-=V.-^- = 0. (157) 

h 2 h 2 h z h 1 h 1 h 2 

It should be kept in mind that while the vectors u x , u 2 , and u 3 are of constant 
length unity, the directions of these vectors will in general change with position 
in space, and hence their divergence and curl will not, in general, vanish. 
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To find an expression for the divergence of a vector F in u ly u 2 , u 3 co¬ 
ordinates, 

F = + F 2 u 2 + F 3 u 3 , (158) 

we first write 

V. F = V • (FjUi) + V • (F 2 Ug) + V • (F 3 u 3 ). 

If we now write the first term in the form 


(F 1 u 1 )=V.[(Wi)(^-) 


and notice that, according to Equation (157), the second factor in brackets has 
zero divergence, we obtain from (74a) the result 

V • (FjUj) = = ITT / (Wj). 

h 2 h 3 h x hi 2 h 3 du x 

Treating the other terms in a similar way, we obtain finally 

v ' F = rrr It - + /■ (wy + r - (W.)! asp) 

h-^h 2 h 3 Ldi/j dti 2 dw 3 ~1 

In particular, by combining Equations (154) and (159) we find the expres¬ 
sion for the Laplacian operator, 


V 2 =V-V 


1 d / h 2 h 3 d \ 
hih 2 /i 3 \-du 1 \ h x duj 


_d_ 

(fhhiA] 

+ A M 

A )1 

du 2 

\ h 2 duj 

du 3 \ h 3 

du 3 /J 


In a similar way, to find an expression for the curl of F, 

V x F = V x (Fin) + V x (F 2 u 2 ) + V x (F 3 u 3 ), 
we write the first term in the form 

V X (F A ) = V x [(W^ 1 )] 


so that, according to Equation (156), the second factor in brackets has zero 
curl. Then, from (74b), we obtain the result 


V xv)(vy 
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If the other terms are treated in a similar way, the result can be written in the 
form of a determinant 


V xF 


>»lU 1 

h 2 U2 

h 3 u 3 

d_ 

d_ 

_d_ 

du x 

du 2 

du 3 

Mi 

h 2 F 2 

h 3 F 3 


For the rectangular coordinates (k 15 w 2 ,w 3 ) = (x,y,z) we have h x = h 2 = 
h 3 = 1, and all the preceding results are seen to reduce to the forms originally 
given in that case. 

6.18. Special coordinate systems. In circular cylindrical coordinates 
(r,0,z) we have* 

x — r cos 0, y = r sin 0, z = z. (162a) 

Since r, 0, z in that order form a right-handed system, we may take 

(r,e,z) = («!,«,,,U 3 ). 

The position vector r has the form 

r = i r cos 0 + j r sin 0 + k z. 

Thus we have 

U r = “ = i cos 0 + j sin 0, U* = — = — i r sin 0 + j r cos 0, 
or 30 

U z = k. 

From Equation (142), there follows 

h r = 1, h e =r f h 2 = 1, (162b) 

and hence also 

u r = i cos 0 + j sin 0, u 0 = — i sin 0 + j cos 0, u z = k. (162c) 
Equations (146), (147), and (149) give 


ds — v dr 2 + r 2 d6 2 + dz 2 
dr — r dd dr dz 

do r — r dd dz, do 9 = dr dz, d^ — r dd dr 


(162d) 


* We notice that the coordinate r in this system is distance from the z axis. It must 
not be confused with |r|, where r is the position vector and |r| is distance from the origin. 
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Finally, Equations (153), (159), (160), and (161) give the results 


' r 9r \ 0 r/ r 2 90 2 5z 2 


VxF=- 

r 


u r ru 0 u, 

111 

9 r 90 dz 

F r rF e F z 


(162e) 


In spherical coordinates (r,<p,0), where r is distance from the origin , 0 is the 
polar angle measured from the *z plane, and 99 is the “cone angle” measured 



z = r cos <p , 


from the z axis (Figure 6.13), there follows* 

x = r cos 0 sin 9 ?, 7 = r sin 0 sin 99, 

and the following results are obtained: 

h r = 1 , h v = r, h e — r sin <p, 
u r = i cos 0 sin 99 + j sin 0 sin 99 + k cos 99 

= i cos 0 cos 99 + j sin 0 cos 99 — k sin 99 
u a = —i sin 0 + j cos 0 
ds = ^dr 2 + r 2 dcp 2 + r 2 sin 2 99 d 0 2 
dr = r 2 sin 99 dr d(p dd 

do r = r 2 sin 99 ^99 d 0 , dcr^ = r sin 99 dr d 0 , da 0 = r dr < 

* The angles q> and 0 are defined in different ways by different writers. The present 


(163a) 

(163b) 

(163c) 


(163d) 

; present 

convention is consistent with that used for circular cylindrical coordinates in the plane z = 0. 
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*/=*!?+ . „ 

or r dip r sin 9? dO 


u» # 

V 

1 3 


V,F = lf^)+ • a 

r‘dr r sin <p d<p 


(F v sin <p) + 


1 3 Fa 


r sin <p 30 




+ 


1 


a 2 / 


r 2 sin 2 9? 90 2 


VxF = 


1 


r* sin 99 


u r ru 9 r sin 99 u e 

_9 _9 1 

9 r 599 90 

F r rFy r sin 99 F e 


(163c) 


6 . 79 . Application to two-dimensional incompressible fluid flow. In certain 
types of fluid flow it is possible to choose a system of orthogonal curvilinear 
coordinates in such a way that the flow depends only upon two of the co¬ 
ordinates and is independent of the third. The simplest example is that in 
which flow is parallel to a plane, say the xy plane, and is such that its properties 
everywhere are then specified by its properties on the xy plane. In the more 
general case, we assume that the flow is independent of u B and is then specified 
by its properties on any surface for which w 3 is constant. We suppose also that 
the coordinate system is such that the scale factors h v h 2 , and h z are independent 
of w 3 . 

If the flow is divergenceless and irrotational, that is, if there are no distribu¬ 
tions of sources or sinks or of vortices, about which the fluid tends to rotate, 
and if also the fluid is assumed to be incompressible, we have seen that the 
velocity vector V is the gradient of a function 99, called the velocity potential , 
and that 99 satisfies Laplace’s equation. 

Since in the present case V has no component in the u 3 direction, we may 
write 

V = V lUl + K 2 u 2 , ( 164 ) 

where V x and V 2 are the components of V in the directions of u x and 112, 
respectively. Since the velocity potential is also to be independent of i/ 3 , the 
relation V = V99 becomes, by virtue of ( 154 ), 
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and hence we have 

V= 1 d JL v = 1<V . 

1 /1x0m,’ 2 /l 2 0« 2 

Also, the equation V 2 <p = 0 becomes 

_0_ / M 3 dy '} . d /Mi dy'| =0 

\ h x duj du 2 \ h 2 duj 

When the solution <p of the partial differential equation (167), satisfying 
appropriate conditions on the boundary of the region considered, has been 
obtained, the equipotential lines in the u 3 surfaces are curves given by equations 
of the form 

<p(u I, « 2 ) = Cl ( 168 ) 


(166) 

(167) 


as c x takes on successive constant values. The velocity vectors, and hence the 
corresponding lines of flow or streamlines , are normal to these curves. If we 
express the streamlines by equations of the form 


then, since we must have 
there follows 


v(«l> = C 2 , 


V<p • Vyi = 0, 


_|_ /i V)/± V) _ o 

>/ii duj h j duj \h 2 duj \/i 2 duj 


dy> 

dtp 

du 2 

du x 

h 2 d<p 

h x dip 

h x du x 

h 2 du 2 


(169) 

(170) 


If we denote the common value of these two ratios by fi, where fi is an 
unknown function of u x and u i , there follows 


du 1 h 2 du 2 9 du 2 h x du x 


(171) 


To determine /*, we make use of the equation 

d 2 y> _ d 2 ip 
du 2 du 1 du x du 2 9 

assuming appropriate continuity, and so obtain from (171) 


d_ IfxhidqA + _0_ (fthidfA =Q 
du x \ h x duj du 2 \ h 2 duj 
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If this equation is compared with (167) one obtains the result n = chs, where c 
is an arbitrary constant. As will be seen, it is convenient to take c = 1, so 
that* 

fi = h 3 . (172) 

Thus, from Equations (171) and (172) we obtain the relationship 


, h 3 h x d(p , . h 2 h 3 d<p , 

dy> = -~du 1 + -f^f-du 3 , 

ou x 


h 2 du 9 


(173) 


from which tp can be determined by integration when <p is known. By making 
use of (166), Equation (173) can also be written in the form 

dtp = h 3 (-h x V 2 du x + h 2 V 1 du 2 ). (174) 

By using Equations (154), (171), and (166), we obtain the relation 

Vy = - J 2 Ul + ^ I 2 - u a = h 3 (-+ K^) (175) 

h 2 OU 2 flj wMj 

which can also be written in the form 


Vtp = A 3 u 3 x V. (176) 

Hence there follows also 

VV = v .(h 3 u 3 X V) = V V x (A3U3) - h 3 u 3 • V x V 

-V.Vx(^)- v .(™«x*)-^.M,x v 

or 

\/ 2 y) = (V log hi) •Vtp, (177) 

when use is made of Equations (74c), (74b), and (156), and of the fact that 
V x V = 0 in consequence of the assumed irrotational nature of the flow. 

Thus we conclude that if A 3 is constant, then the function tp in the flow 
under consideration also satisfies Laplace’s equation, and hence may be con¬ 
sidered as the velocity potential corresponding to a second flow having the 
curves <p = c x as streamlines. The two flows so related are said to be conjugate . 

If A 3 is not constant, the function tp does not satisfy Laplace’s equation, 
and hence no conjugate (nondivergent) flow exists. 

In any case, the function tp is known as the stream function of the flow for 
which <p is the velocity potential. We notice from (173) that the expression for tp 
involves an arbitrary additive constant (as well as an arbitrary multiplicative 
constant c). The additive constant can be chosen so that along a particular 
reference streamline we have tp = 0. 

* Equation (172) defines a particular solution of the equation determining p. The most 
general solution is p = where / is an arbitrary function of the expression tp being 

determined. The more general solution leads only to the obvious fact that any function of 
the tp determined by Equation (173) will also be constant along the streamlines. 
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In order to establish another useful property of the stream function % we 
consider a curve C in a w 3 surface, joining two points P 0 and P v Then the rate 
of mass flow, in the direction of the normal n, through a “rectangular element” 
based on a linear element dr of this curve, and extending in the u 3 direction a 
distance corresponding to a unit increment in w 3 , is given by 

df = pV • n h 3 ds = pY • x u 3 ^ h 3 ds = ph 3 u 3 x V • dr. 


If use is made of Equation ( 176 ), this relation takes the form 

df = pXfip • dr = p dip. ( 178 ) 

Thus, since here p is constant, we obtain by integration from P 0 to P ± the 
result 

w(Pi) - w(P 0 ) = -f(P) P \ 

P Po 


so that the difference between the values of ip at two points in a t/ 3 surface is 
numerically equal to the rate ofmassflow of afluid with unit density “across any 
curve joining these points 

As an example, we verify that the function 


cp = x 2 — y 2 


is a solution of Laplace’s equation in the xy plane, 


W = = o, 

V dx 2 dy 2 


and hence is the potential function of a flow of the type considered. In this 
case we have 

w 2 = y> h 1 = h 2 =h 3 = 1. 


The velocity vector V = V<p becomes 


V = 2 xi — 2y j, 

and the equipotential curves in the xy plane are the hyperbolas 

x 2 — y 2 = c v 

The stream function ip is determined from Equation ( 173 ), 
dip = 2 y dx + 2 x dy = 2 d(xy), 
and hence the streamlines are the hyperbolas 

ip = 2 xy = c 2 . 
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Since, in particular, the lines x = 0, y == 0 are streamlines, the flow in the first 
quadrant is a plane flow around a right-angled corner (Figure 6.14). Also, 
since y> = 2xy also satisfies Laplace’s equation, y) can be considered as the 
velocity potential in a conjugate flow 
where the curves x 2 — y 2 — c x are 
streamlines, and the function <p = x 2 — y 2 
is the stream function. 

6.20 . Compressible ideal fluid flow . 

To further illustrate the use of vector 
methods, we now treat briefly the basic 
equations governing the flow of non- 
viscous (ideal) compressible fluids. 

We consider first an element of fluid 
mass dm in the form of a rectangular 
parallelepiped with edges dx, dy, dz paral¬ 
lel to the coordinate axes at the time t 

and moving with velocity V at that instant. If we denote the pressure by p> the 
differential force exerted by the pressure distributions on the two faces parallel 

(dp \ 

to the yz plane is readily found to be — I i — dx I dy dz. Considering the forces 

acting on the other four faces similarly, we then find that the resultant differ¬ 
ential force due to fluid pressure on the element dm is given by —V/? dx dy dz 

\/p 

or, equivalently, by- - dm. The same expression can be shown (by use of 

P 

the divergence theorem) to be valid for the differential force due to pressure 

acting on an element of volume — of any shape. 

P 

As an element moves in space, its shape and volume generally will change. 
However, its mass dm must be conserved. For an element of constant mass dm 

d\ 

the rate of change of momentum is given by — dm. Hence, if external forces 
are omitted, Newton’s second law of motion leads to the equation 


/>T 1 +Vp = 0. (179) 

dt 

The velocity V is a function of position x,y,z and time /, whereas the 
position coordinates x, y, z depend not only upon time t but also upon the 
initial values x 0 , y 0i z 0 at a reference time, say t = 0. Thus the time derivative 
d\ 

— in (179) is actually not a total derivative in the strict sense, but is calculated 
only for fixed initial coordinates. That is, the time differentiation follows a 
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given particle in its motion. For this reason this derivative is frequently termed 
the “particle,” “substantial,” or “material” derivative of V, and is often 

D\ 

indicated by the special notation — . 

For fixed initial coordinates, V depends directly on x 9 y 9 z and t, and x , y 9 

dx 

and z themselves depend upon the time t 9 in such a way that — = V x9 and 

so on. Hence we may write the substantial derivative of V in the expanded form 
(see Section 7.1), 

dt dx dt dy dt dz dt dt 

= v^. + v^-+v^ + ^- 

‘dx 'dy ‘dz dl 


or 


^ = <V.V)V + 3 f 
dt dt 


In terms of differential operators we may write also 

— = y • V + — = V — + V — + V — + 
dt + dt X dx + v dy + l dz + 

Thus Equation (179) can be written in the form 


dt 


•(' 


H v -v v + |) 


+ Vp = 0 


(180) 


(181) 


(182) 


and is equivalent to three scalar equations, the first of which is of the form 

,(K.a +n a + K,a + a) + g_ ft 

These equations of motion are known as Euler's equations . 

In addition to the vector equation (182), the equation of conservation of 
mass [Equation (112)], 




(183) 


must be satisfied. This equation is known as the equation of continuity . 

Finally, to complete the system of basic equations, we may take the effect 
of compressibility into account by assuming a suitable relationship between 
pressure p and density p. (For an incompressible fluid, p is constant.) Assuming 
such a relationship, we may then write 
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The quantity 



(184) 


is known as the local sonic velocity , and is seen to vary with p from point to 
point in the fluid, and with time. 

With these results Euler’s equations in the vector form (182) become 


pY-V\ + p^+ K|V/, = o. 
ot 


(185) 


Equations (183) and (185) are sufficient to determine p and V if suitable 
boundary conditions and/or initial conditions are prescribed. 

In many problems the flow is nearly uniform. That is, the vector V and the 
scalar functions p and p are nearly constant. In such cases. Equations (183) 
and (185) can be linearized by first writing 

V = U + u, p = Po + 6, V s =V so + v 8 (186) 


where U, p 0 , and V so are the constant value£ corresponding to the uniform 
flow and the quantities u, d, and v s are considered as small deviations. With 
this notation Equations (183) and (185) become 

(Po + ■ » + (U + U) • V<5 + = 0, 

Ot 

(po + ^)(U + u) • \7u + (p 0 + d) — + + v s ) 2 V<$ = 0. 


If products of small deviations are assumed to be relatively negligible, these 
equations are reduced to the linear forms 

Po v.u+ (u-v + |)a = o, (187) 

(u.V + -)u + ^ y«5 = o. (188) 

\ dt' po 


For an irrotational flow (see Section 6.15), the velocity V, and hence also u, 
can be expressed as the gradient of a scalar function. Hence, if we write 


Equation (188) becomes 


u = V<p, 


' 7 [ i+ it( u - v+ i;H“ 0 ’ 


(189) 


from which the density deviation <5 is expressed in terms of the velocity deviation 
potential <p in the form 


--4( u - v+ D" 


( 190 ) 
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except for an additive function of time only, which can be considered as 
incorporated in <p . It should be noticed that all the preceding relations involve 
only the invariant operator \7, insofar as space differentiation is concerned, 
and hence may be readily expressed in terms of any convenient coordinate 
system. 

We now suppose that the uniform flow is parallel to the x axis, and so 
write 

U = t/i, (191) 

in which case Equation (190) becomes 

(192) 

If Equations (189), (191), and (192) are introduced into (187), we obtain the 
equation 

(193) 

which must be satisfied by the potential function <p. For an incompressible 
fluid V s = oo, and the equation reduces to Laplace’s equation, in accordance 
with the results of Section 6.15. 

In the special case of steady flow in two dimensions , where the flow is 
parallel to the xy plane and the velocity and density do not vary with time, 
Equation (193) reduces to the form 




where M is the so-called local Mach number , 



(194) 


(195) 


and is the ratio of the speed of the uniform flow to the sonic velocity corre¬ 
sponding to this flow. A flow is said to be subsonic when M < 1 and supersonic 

d 2( p . 

when M > 1. It is important to notice that the coefficient of in Equation 
(194) changes sign when the sonic velocity is passed. 

In the special case of nonsteady one-dimensional flow , when the velocities 
in they and z directions are assumed to be negligible, Equation (193) becomes 


(tf 2 -Vj o )^ + 2l/^ + ^ = 0. 

dx z dx dt dr 


(196) 


If the above developments are still assumed to be satisfactorily approximate 
when small deviations are measured from a state of rest , so that U = 0, we may 
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replace u by V and rewrite (192) and (193) in the form 



6 = p - N = -.P±. d JL 

Kjo dt 

(197) 

and 

w=4-^, 

f|o at 2 

(198) 

where 

V = v<p. 

(199) 


Here V§ 0 is essentially an effective “mean value” of . Thus we have also, 
approximately, p 

P - Po = v so(p - Po)> 

so that the pressure change due to the disturbing flow is given approximately 
by 

/> - Po = ~p»Y t - (200) 

To conclude this section, we obtain an explicit exact integral of Euler’s 
equation, when external forces are absent, in the case of irrotational flow 
(V x V = 0). From the identity 

V(V • V) = 2V • VV + 2V x (V x V) 

[see Equation (74e), Section 6.9], we here obtain the result 

V. VV = V(£ F 2 ), 


where F = |V| = VV • V. Thus Euler’s equation (182) can be written in the 
form 


v(V) + ^ + ?f.». 

\2 / dt p 

(201) 

If we now write 

V = Vcp 

(202) 

and define a function P by the relation 


VP = -Vp or P= 

P J P 

(203) 

Equation (201) takes the form 


v(- F 2 ) + —V® + VP = 0 
\2 / dt 


or v(± F 2 + — + p) = 0. 

\2 dt / 

(204) 
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1 dw 

Hence the quantity - V 2 + — + P must be independent of the space co- 
/ oi 

ordinates and, accordingly, a function of time only, 


- V 2 + & + P =f(t). 
2 dt 


(205) 


This is one form of Bernoulli's equation. For steady flow (in which the flow 
is independent of time), this equation becomes 

£V 2 + P = constant. (206) 

In particular, for an incompressible fluid (p = constant) we may take P = pip, 
in accordance with (203), and hence (206) can be written in the form 

\pV 2 + p == constant (207) 

in this case. 

In illustration, for the example at the end of the preceding section involving 
flow around a right-angled corner, Equation (207) determines the fluid pressure 
p in the form 

p=p e - 2p(x 2 + f), 
where p c is the pressure at the corner. 


REFERENCES 

1. Brand, L., Vector Analysis , John Wiley & Sons, Inc., New York, 1957. 

2. Kellogg, O. D., Foundations of Potential Theory , Dover Publications, Inc., 

New York, 1953. 

3. Phillips, H. B., Vector Analysis , John Wiley & Sons, Inc., New York, 1933. 

4. Struik, D. J., Lectures on Classical Differential Geometry , Addison-Wesley 

Publishing Co., Inc., Reading, Mass., 1950. 


PROBLEMS 


Section 6.1 

1. Find the length and direction cosines of the vector a from the point (1, -1,3) 
to the mid-point of the line segment from the origin to the point (6, —6,4). 

2. The vectors a and b extend from the origin O to the points A and B. 
Determine the vector c which extends from O to the point C which divides the line 
segment from A to B in the ratio m : n. 

3. (a) If 0 denotes the angle between the vectors a and b, use a theorem of 
elementary geometry to show that 

|a + b| a = |a| 2 + |b| 2 + 2 |a| |b| cos 0. 
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(b) If a = a x \ 4- a y ] 4- a z k and b = b x i 4- b v \ 4- b z k, use the preceding 
result to show that 


cos 


q _ Qlfrx Qyby 4* dzb z 


4. Prove that |a + b| ^ |a| 4- |b| and |a - b| ^ |a| — |b|. 


5. (a) Show that a straight line with direction angles a, p, y can be specified 
by the equations 

* " *o y - yo _ z ~ *o 

cos a cos p cos y 

where (x 0 ,y 0 ,z 0 ) is a point on the line. 

(b) Show that the above equations can also be written in the parametric 

form 

x = x Q 4- t cos a, y = y 0 4- / cos p, * z = z 0 H~ / cos y, 
where t is a parameter. 

(Notice that in either set of equations cos a, cos p , and cos y can be replaced 
by direction ratios A , B, and C which are proportional to them.) 

6. The equations of a straight line are of the form 

* - 1 y + 2 z 
1 2 ~~ ~—2 


(a) Show that the line includes the point (1, -2,0) and determine its direction 
cosines. 

(b) Determine a unit vector in the direction of the line. 


Section 6.2 

7. Prove geometrically, from the definition of the scalar product, that the 
distributive law a • (b 4- c) = a • b 4- a • c is valid. 

8. The vectors a and b are defined as follows: 

a = 3 i — 4 k, b=2i-2j+k. 

(a) Find the scalar projection of a on b. 

(b) Find the angle between the positive directions of the vectors. 

9. Find the magnitude of the scalar component of the force vector 

F=i4-2j4-2k 

in the direction of the straight line with equations x = y = 2z. 

10. A plane is determined by a point P 0 (x 0y y 09 z 0 ) on it and by a vector 

N = Ai 4- £j 4 - Ck 

normal to it. Show that the requirement that the vector from P 0 to a point P(x,y,z) 
in the plane be perpendicular to N determines the equation of the plane in the form 

A(x - x 0 ) 4 - B(y - y 0 ) 4 - C(z - z 0 ) = 0. 
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11. (a) Show that the vector /4i + 2?j + Ckis normal to the plane 

Ax + By + Cz = D. 

(b) Prove that the shortest distance from the point P 0 (x 0 ,y 09 z 0 ) to the plane 
Ax + By + Cz = D is given by 

d = H*o + By 0 + Cz 0 - .Dj 

V,** + B 2 + C 2 

[Let PiCxi^i^) be any point on the plane and determine the projection of the 
vector from P 0 to P x on the normal to the plane.] 

12. Find the angle between the planes 2x — y + 2z = 1 and x — y = 2. 


Section 6.3 


13. (a) Determine a unit vector perpendicular to the plane of the vectors 
a=i + 3j-k,b=2i+j+k. 

(b) Find the area of the triangle of which these two vectors form coter¬ 
minous sides. 


14. (a) Determine a unit vector normal to the plane determined by the points 
(0,0,0), (1,1,1), and (2,1,3). 

(b) Find the area of the triangle with vertices at the points defined in part (a). 

15. A rigid body rotates with angular velocity co about the line x = y = z. 
Find the speed of a particle at the point (1,2,2). 

16. Find the scalar moment of the force F = i — 3 j -f 2 k, acting at the point 
(1,2,1), about the z axis. 


17. Show that the shortest distance from a point P 0 to the line joining the points 
P x and P 2 is given by 


= |Vl X Vgl 
|V 3 I 


where v x = P Q P X> v 2 = P 0 P 2 , and v 3 = P X P 2 . (Notice that \\ x x v 2 | is twice the area 
of the triangle P^P X P^ and that the desired distance is the altitude of that triangle 
normal to the base P X P 2 ) 


18. Show that the shortest distance between the lines AB and CD is the 
projection of AC (or of the vector joining any point of AB with any point of CD) 
on the vector AB x CD. 


Section 6.4 

19. From the last result of Section 6.3, deduce that, if r denotes the vector from 
a point O to the point of application of a force F, then the scalar moment of F 
about an axis OA is given by Mqa — 0*F u), where u is a unit vector in the direction 
of OA. 
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20. Find the volume of the tetrahedron with vertices at the points (0,0,0), 
(1,1,1), (2,1,1), and (1,2,1). 

21. Determine a unit vector in the plane of the vectors i + j and j + k and 
perpendicular to the vector i + j + k. 

22. If u is a unit vector, prove that u x (a x u) is the vector projection of a on 
a plane perpendicular to u. 

23. Prove that a x (b x c) f b x (c x a) + c x (a x b) = 0. 


24. (a) Prove that 

(a x b) x (c x d) 


(a b d)c — (a b c)d, 
(a c d)b — (be d)a. 


(To obtain the first form, write temporarily u = a x b.) 

(b) Show that this vector is in the direction of the intersection of a plane 
including the vectors a and b with one including c and d. 

Section 6.5 

25. If F is a function of /, find the derivative of 

d¥ d 2 F 

F . — x — . 
dt dt 2 

26. At time /, the vector from the origin to a moving point is 

r = a cos cot + b sin cat , 
where a, b, and ca are constants. 

dr 

(a) Find the velocity v = — and prove that rx vis constant, so that the 
curve traced out lies in a plane. 

(b) Show that the acceleration is directed toward the origin and is pro¬ 
portional to the distance from the origin. 

27. Let r represent the vector from a fixed origin 0 to a moving particle of mass 
m, subject to a force F. 

(a) If H denotes the moment of the momentum vector my = m — about 0, 
prove that 

dH d 

— = m-(rxv)=rxF=M, 

where M is the moment of the force F about 0. 

(b) If the force F always passes through the fixed point 0, show that 

and hence deduce that r x v = h, where h is a constant vector. Deduce also that 
the motion is in a plane. 
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(c) Show that |r x v| is twice the rate dA/dt= V2r 2 d0/dt at which 
area A is swept over by the vector r, and hence deduce that, when a mass at P 
is subject to a “central” force, which always passes through a fixed point 0, the 

vector OP moves in a plane and sweeps over equal areas in equal times. 


28. If u is a unit vector originating at a fixed point 0, and rotating about a 
fixed vector o) through 0, with angular velocity of constant magnitude a>, show that 

du 

-r = CO X U. 

dt 

29. Let r=xi+yj4-zk represent the position vector from a fixed origin 0 
to a point P, and suppose that the xyz axis system is rotating about a fixed vector 
c*> through 0, with angular velocity of constant magnitude co. 

dr di 

(a) By calculating —, and noticing that — = co x i, and so forth, obtain the 
velocity vector in the form 

v ~ v 0 + <*) x r, 

where the vector 

dx dy dz 

v o=T i + Ti+“ k 


dt 


dt 


dt 


is the velocity vector which would be obtained if the axes were fixed. 

(b) Obtain the acceleration vector in the form 

a = a„ + 2u x v„ + w x (w x r), 

where v 0 is defined in part (a), and where 

d 2 x cFy d 2 z 

a °-d? l + dT* i + dr* k - 

30. If the system of Problem 29 is rotating with angular velocity of constant 
magnitude co about the z axis, the z axis being fixed, show that the equations of 


motion for a point mass m are of the form 


/(Fx dy 

m 1 — — 2oj — — 
\dt 2 dt 

- o> 2 ^ = F x , 

(cFy dx 

"(-¥> + 2 "5T - 

8 

il 


cPz 

m W* =F * 


where F x , F y , and F z are the components of the external force along the respective 
rotating axes. (Notice that the mass hence behaves as though the axes were fixed, 

dy 

with an additional force 2 mco — -f mco 2 x acting in the positive x direction and an 


dx 


additional force -2mco ~ + nuo 2 y acting in the positive y direction.) 
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Section 6.6 

31. (a) If 0 is polar angle, show that the vectors 

u x = i cos 0 + j sin 0, u 2 = — i sin 0 + j cos 0 

are perpendicular unit vectors in the radial and circumferential directions, respec¬ 
tively, in the xy plane, and that 


(b) For points on a plane curve in polar coordinates, the position vector 
is of the form r = ru x . By differentiation with respect to time /, obtain expressions 
for the vectors of velocity and acceleration of a point moving along the curve and 
show that the radial and circumferential components are of the form 

v r = r, v 0 = r6, 

a r = r — r0 2 , a 0 = rO + 2r6, 

where a dot denotes time differentiation. 

/ du x du x dQ \ 

I Notice, for example, that — = — — = 0 u 2 .1 

32. (a) Verify that the parametric equations 

x = a cos /, y = a sin /, z — ct 

specify a right circular helix in space. 

(b) Show that for this curve there follows 

ds = Va 2 + c 2 dt y 

where s is arc length. 

(c) Determine the unit tangent, principal normal, and binormal vectors, 
and show that the radii of curvature and torsion are given by 


a 2 -f c 2 


a 2 + c 2 


(d) Show that the osculating, normal, and rectifying planes at the point 
(a, 0, 2itc) are specified by the respective equations 

az — cy = 2nca, ay = 2?rc 2 , x — a. 

In Problems 33-36, the position vector to a curve C is assumed to be expressed 
in the form r = x(t) i + y(t) j + z(t) k, and a prime is used to denote differentiation 
with respect to the parameter t, whereas s denotes arc length along C. 


33. Establish the relations 
(a) s' = |r'| = Vr' • r', 


r' r' 

(b) u - -■ = 

|r I Vr' • r' 
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34. (a) Show that 

1 </u u' (r' • r')r* — (r' • r*)r' (r' x r*) x r' 

p n = Is = 7 = [rf = FF • 

(b) Use the identity of Lagrange [Equation (36)] to obtain the result 

l(r' X r") x r'| - |r' X r”| |r'|. 

(c) Deduce the following results: 

1 |r' x r'| (r' x r') x r' 

P ~ Ir'l 3 ’ " “ |r' x r'| |r'| ‘ 

35. Use Equation (52) and the results of Problems 33(b) and 34(c) to obtain the 
result 


36. (a) Verify that 


u x 


du 

ds 


d 2 u 
ds 2 


b = 


r' x r" 

|r' x r"| ‘ 



x 




(r' r" r") 


where the omitted terms in the third factor of the second expression involve r' and 
r' linearly, and hence do not affect the value of the product. 

(b) Using the relation 


1 

T 


/ dn d 2 u\ 

\ UX ^‘^V 


and the results of Problems 34(c) and 36(a), obtain the result 


1 (r'r"r") 

r “ |r # X rl 2 * 


37. Determine u, n, b, />, and r for the right circular helix 

x = a cos /, y = a sin t, z = ct 

by using preceding results, and compare with the results of Problem 32. (The results 
of Problems 33-36 are particularly useful when t cannot be simply expressed in 
terms of the arc length s.) 

38. Bending of a rod. Suppose that a thin rod of uniform circular cross section 
is bent and twisted in such a way that its axis coincides with a space curve C. Let 
the intensity of the applied load per unit distance along C have components p u , 
p n , and p b along the tangent, principal normal, and binormal, respectively, of the 
deformed rod and write p — p u u 4- p n n + p b b. Similarly, write m = m M u + m n n + 
m b b for the vector whose components are intensities of distributed applied couples 
along the deformed rod. Let the influence of that part of the rod beyond a section 
at distance s from one end upon the remaining part be resolved into a force vector 
F = ru + Qn + /*b and a moment vector M = ifu+ Ln 4-Mb, so that T is 
tension, Q and R shear forces, H a twisting moment, and L and M bending moments. 
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(a) By considering static equilibrium of a section between s and s + As, 
and proceeding to the limit as As -► 0, show that the conditions 

d¥ dM 

_ +p=0 , _+„xF + m=0 

must be satisfied. 

(b) Show that these two vector equations imply the following six equations 
of equilibrium: 

dT 1 dQ 11 dR 1 

^--Q+Pu-0, +~T--R+p n = 0, — + -Q +pt - 0, 

dH 1 dL 11 

■j - L + m u = 0, — + - H — M - R + m n = 0, 

ds p ds p t 

dM 1 

— + -L + Q + m b = 0. 

OS r 


[Notice that this set comprises six equations in the eight unknown quantities 
T f Q , R , /f, L, M, p, and r. For an e/as//c rod, these equations are conventionally 
supplemented by the two equations 


M = A 




where p 0 and t 0 are the radii of curvature and torsion of the undeformed rod and 
A and B are bending and torsional stiffnesses associated with the material and cross 
section of the rod.] 

(c) Suppose that the rod is originally straight and untwisted, so that 1 lp 0 and 
l/ T o = and is subjected only to a transverse load distribution of intensity p n 
(and to end constraints). If, in addition, small deformations are assumed, so that 
1 Ip and 1 /t are assumed to be negligible in the equilibrium equations for the deformed 
rod, show that the equations of part (b) are satisfied byr = ,R=// = L= 0if 
M and Q satisfy the equations 


dQ 

ds 


+ Pn 


= 0 , 


dM 

~ds 


+ Q 


= o. 


[With the supplementary equation M = £//p, where El is the bending stiffness, 
these are the basic equations of the elementary theory of small deflections of 
laterally loaded originally straight rods or beams. (See Section 5.3, where S e= -Q 
and where s is replaced by its projection x along the undeformed axis.)] 


Section 6.7 


39. The temperature at any point in space is given by 
T = xy + yz + zx. 

(a) Find the direction cosines of the direction in which the temperature 
changes most rapidly with distance from the point (1,1,1), and determine the 
maximum rate of change. 
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(b) Find the derivative of T in the direction of the vector 3 i — 4 k at the 
point (1,1,1). 

40. If r and 6 are polar coordinates in the xy plane, determine grad r and grad 0. 

41. Determine the direction cosines of grad <p(x,y,z). 

42. Determine a unit vector normal to the surface 

x 3 — xyz + z 3 = 1 

at the point (1,1,1). 

Section 6.8 

43. Prove that uxV*v=u«Vxv. 

44. Prove that (u • V)<p = u • (V<p). 

45. (a) Determine the derivative of the function x 2 + y 2 + z 2 in the direction 
specified by the direction cosines /, m , and n. 

(b) Determine the derivative of the vector x 2 \ +/j + z 2 k in the direction 
specified by the direction cosines /, m , and n. 

46. Prove that V x F is not necessarily perpendicular to F, by giving a suitable 
example. 

Section 6.9 

47. Prove that V • (V<p) = (V • V)<p ~ Vfy. 

48. (a) Show that 

V(v • v) = 2v • Vv + 2v X (V x v), 
and deduce that the relation 

v • Vv = £Vu 2 

is true when V x v = 0 or, more generally, when V x v is parallel to v. 

(b) Verify the general result of part (a) when v = xy ! + y 2 j. 

49. Show that V 2 u = 0 if V xu = V<p and V • u = 0, where <p is a scalar 
function. 

50. If v = <Pi V^ 2 , prove that V x v is perpendicular to v. 

51. If there exists a family of surfaces <p(x>y>z) = constant such that y(x,y,z) is 
perpendicular at every point to the surface q* = constant which passes through that 
point, show that v • (V x v) = 0. (Use the result of Problem 50). 

Sections 6.10,6.11 

52. For each of the following vector functions, determine whether the equation 
V<p = F possesses a solution, and determine that solution if it exists: 

(a) F = 2 xyz 3 1 — (A 3 + 2y) j 4- 3x 2 yz 2 k, 

(b) F - 2xy i 4- (x 2 + 2yz) j + + l)k. 
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53. For each vector function F defined in Problem 52, determine the value of the 
integral j c F • dr from the origin to the point (1,1,1) along the curve specified by the 
simultaneous equations y = x 2 , z = x 3 . 

54. For each vector function defined in Problem 52, determine the value of the 
integral j> c F • dr around the unit circle with center at the origin, in the xy plane. 


55. UPdx 4- Q dy 4- Rdz — dy , where (p is single-valued, show that 

<; Kx,y,z ) = J* P(t 9 0 f 0) dt 4- £?(*,/, 0) dt 4- J* R(x 9 y 9 t) dt 4- constant, 

where x is held constant in the second integral and both x and y are held constant 
in the third integral. [Integrate d<p along straight line segments from (0,0,0) to 
(*,0,0) to (*,j,0) to (*,y,z).] 

56. Show that the use of the formula obtained in Problem 55, for the determina¬ 
tion of (p such that dy = y 2 dx 4- 2 (xy 4- z) dy 4- 2y dz, leads to the result 

y(x,y,z) = J o 0 dt 4- 2xt dt -f J Q 2y dt 4- c = xy 2 4- 2 yz 4- c. 

(Compare the determination in the text, page 285.) 


Section 6.12 


57. (a) If S is a portion of a surface specified by an equation of the form 
z = /(*,/), show that the unit normal vector n which points upward (in the positive 
z direction) from S is given by 



(b) Deduce that, in this case, ifF=i > i + Cj-}-/?k, there follows 


where A is the projection of S on the xy plane, and where z is to be replaced by 
f(x,y) in the expressions for P, Q , and R. 

58. Evaluate the surface integral of the vector F = * i I- y | f z k over that 
portion of the surface z = xy 4 1 which covers the square 0 ^* 2 ^ 1 , 0 <j £1 
in the xy plane. 

59. Evaluate the surface integral of the vector F — * i 4- y j + z k over that 
portion of the paraboloid z = x 2 + y 2 which is inside the cylinder x 2 4- y 2 — 1. 

60. Evaluate the surface integral of the vector F --- * i -\- y j 4 z k over the 
closed surface of the cube bounded by the planes * = 4 1, y - J l, z = ±1. 

61. Evaluate the surface integral of F = yz i 4- xz j + xy k over the closed 
boundary of the region bounded below by z = x 2 4- y 2 and above by z = 1. 
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Section 6.13 

62. Evaluate the integral of Problem 60 by using the divergence theorem. 

63. If r is the position vector x i + y j + z k, show that 

(a) r * n do = 3 V, (b) jc r • n da = 4Vx, 


where V is the volume enclosed by S and x is the x coordinate of its center of gravity. 

64. By using the physical argument of Section 6.13, show that, if & is the region 
inside a closed surface S and outside a closed surface 2, then the divergence theorem 
takes the form 


where n points outward from 01 along both S and 2, so that n points into the deleted 
region enclosed by 2 in the last integral. 

65. Suppose that the closed boundary S of the region 01 is cut by lines in the z 
direction in not more than two points. Denote the upper part of S by S + and the 
lower part by £_, and denote the projection of either part on the xy plane by A. 
(a) Show that 

IJX £ ■* * * ■ JI * ■ dy - /I * s - * dy - 


where R s 
(b) 

on S + and 


and R s denote the value of R(x,y,z) on S + and on S _, respectively. 
Noticing that 

dx dy == da cos y 
dx dy = —da cos y 


on S_, where cos y is the z direction cosine of the outward normal, deduce the 
relation 

in this case. [Corresponding results in the x andy directions establish the divergence 
theorem (117) analytically when ^ is a convex region. Proofs for other regions 
essentially depend upon dividing them into convex regions.] 

66. (a) If V is a two-dimensional vector in the xy plane, show that 


J !a ^ * V d x dy = j> c V • n ds y 


where A is a simply connected region in the xy plane with closed boundary C, and 
ik is the unit outward normal vector along the curve C. (Apply the divergence 
theorem to the vector V over a three-dimensional region which consists of the 
interior of a right cylinder of unit height having the region A as its lower base.) 
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(b) If A is the region inside a closed curve C but outside a closed interior 
curve r in the xy plane, show that there follows 

J ^ V • V dx dy = <j>^ V • n ds 4- <|> r V • n ds, 

where n points outward from A along both C and r, so that n points into the deleted 
region enclosed by F in the last integral. 

67. Let be a region bounded by a closed surface S. 

(a) Establish the “gradient theorem,” 

\ I L* ,pdT ^§s ,f,da ’ 

in rectangular coordinates by applying the divergence theorem (117) to each com¬ 
ponent. 

(b) In a similar way, establish the “curl theorem,” 

(c) Show that 

J J ( 9 ) V • F + F • V(p) ch ^ (p F • do, 
by applying (116) to the vector V = (p F. 


Section 6.14 


68 . Show that Equations (119), (122), and (123) imply the relations 

J \a V±lfi - <P ~ V2? ^ dx dy ^ fyc [ (pl Tn ~ <Pi In) ds ’ 


J J" jjp V 2 <p + (V<p) 2 J dxdy <j> <f •— ds, 

Ll>' 

a 2 

to 2 + Of ’' 


dtp 

ydxdy — i p — ds. 


a 2 a 2 

where <p = <p(x,y) and V 2 = — 2 4 - — 2 , and where A is an area in the xy plane 
bounded by C. 


69. Verify the validity of the second equation of Problem 68 when 9 ? = x and 
A is the interior of the circle of radius a with center at the origin. Use polar co¬ 
ordinates in the right-hand member and notice that, on the boundary C, there 
follows 


dx 

dn 


— = cos 0. 
dr 


70. Suppose that V 2 <p = 0 everywhere in a region bounded by a closed 
surface S. Establish the following results in that case: 


(a) 



dw 

do - 0 , 
dn 


(b) 




(V<p) 2 dr. 
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71. By writing <p x = and taking <p 2 = V 2 <p in (119), obtain the relation 



[<p VV ~ (VV) 2 ] = 



do. 


Section 6.15 


72. Suppose that <p satisfies Laplace’s equation everywhere in a region St 
bounded by a closed surface S. 
dq> 

(a) If — vanishes everywhere on S , deduce from Problem 70(b) that <p 

on J 

must have a constant value in St. 

(b) If <p vanishes everywhere on S, deduce from Problem 70(b) that must 
vanish everywhere in St. 


73. Suppose that <p satisfies the equation 


VV 


d*(p d*(p 

c ?* 4 ^ dx 2 dy 2 ^ dy* 


known as the bi-Laplacian equation , everywhere in a region St bounded by a closed 

dq> 

surface S , and that both and — vanish everywhere on S. Deduce from Problem 71 

that (p then must also satisfy Laplace’s equation everywhere in St and hence, by 
virtue of the result of Problem 72(b), must vanish everywhere in St. 


Section 6.16 


74. If S is a closed surface in a region 3# where the vector V is continuously 
differentiable, show that 


K> s n • V x V da = 0. 


75. Verify the truth of Stokes’s theorem, as given in Equation (129), in the case 
when V — y i 4- 2x j 4 z k, if C is the circle x 2 -f y 2 = 1 (or x = cos /, y = sin t) 
in the xy plane, and S is the plane area bounded by C. 

76. Evaluate the integral J n • V x V da over the part of the unit sphere 
x 2 + y 2 4- z 2 = 1 above the xy plane, where V = y i. 

77. For any closed circuit C bounding any open surface S in a region St> the 
electric intensity vector E and the magnetic intensity vector H satisfy the relations 

where a and p are certain constants. Use Stokes’s theorem to transform these 
relations to the form 



9H\ 

xE + a l 7j' da 


= o, 



V x H - 



•da = 0 . 
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From the arbitrariness of S , deduce Maxwell's equations in the form 

dH BE 

V X E a — , VXH=^-. 

78. In a region free of electric and magnetic charges, it is true that V • E = 0 
and V • H = 0. By eliminating E and H successively between the equations of 
Problem 77, and using this fact, deduce that E and H both satisfy the vector wave 
equation 

0 2 V 

in such a region. 

79. Obtain Equation (135) from the two-dimensional specialization of the 
divergence theorem (see Problem 66) by taking V = Q i — P j. [Notice that 

dx dy 

— = cos <p and — = sin 9 ?, 
ds ds 

where 9 ? is the angle between the tangent (pointing in the positive s direction) 
and the positive x axis, and that the direction angles a and ft of n are related to <p 
by the equations a = tt/2 — ft = 9 ? — tt/2.] 

80. Show that 

(a) ^ ^ (* 2 dy - xy dx) = Ax, (b) ^ £ (j ^ dy - x 2 y dx) = /„, 

where A is the area bounded by C, (x,y) is its center of gravity, and /„ its moment of 
inertia about the y axis. 

81. Let S be an open surface bounded by a closed curve C. 

(a) Establish the relation 

JJ>xW-# 0 ** 

in rectangular coordinates by applying Stokes’s theorem (134) to each component. 

(b) Show that 

j> c <Pi • dr = - j> c <p 2 • dr, 

by applying (129) to the vector V = V( 9 ? 1 9 ? 2 ). 

(c) Show that 

F + 9 ?V x F) • da = 9 ?F • dr, 

by applying (129) to the vector V = <pF. 

Section 6.17 

82. Elliptical cylindrical coordinates may be defined by the equations 

x = a cosh u cos v, y = a sinh u sin v, z = z 
where u ^ 0 and 0 g v < 2n. 



328 


Vector analysis / chap. 6 


(a) Show that this system of coordinates (u,v,z) is orthogonal [by verifying 
that Equation (145) is satisfied]. 

(b) Show that in the xy plane a curve u = constant is an ellipse with semi¬ 
axes a cosh w, in the x direction, and a sinh w, in the y direction; also that a 
curve v = constant is half of one branch of an hyperbola with semi-axes a cos v 
and a sin v. In particular, show that the locus u = 0 degenerates into the segment 
(—a,a) of the x axis, while the loci v = 0 and v = n are respectively the positive 
and negative exteriors of this segment; also that the loci v = tt\2 and v — 3tt/ 2 are 
respectively the positive and negative portions of the y axis. Sketch and label in a 
single diagram the curves u = 0, 1 and v =0, rr/4, n/2 , 3?r/4, tt, 5tt/4, 3tt/ 2, and 7 tt/4. 

83, For the coordinates of Problem 82 derive the relations analogous to those of 
Equations (162b-e) for circular cylindrical coordinates. In particular, verify that 


h u = K = aV cosh 2 u — cos 2 v , h z = 1 , 

i sinh u cos v + j cosh u sin v 

Ui =- — -.- _ -, 

v cosh 2 u — cos 2 v 
—I cosh u sin v -f j sinh u cos v 
Vcosh 2 u - cos 2 v 


V- 

v 2 / 


i 


a V cosh 2 u - cos 2 
1 


v\ du do) dz 

/ay ay\ 

\du 2 dv 2 / 


a 2 / 

!z 2 ' 


a 2 (cosh 2 u - cos 2 v) 

Show also that for large values of u there follows 

u x ~ i cos v + j sin v, u 2 -i sin v + j cos v , 


and 


u x cos v - u 2 sin v ~ i, u x sin v 4* u 2 cos v ~ j. 

84. Parabolic cylindrical coordinates may be defined by the equations 
x — i(u 2 — v 2 ), y = uv, z = z, 


where — oo < u < oo and v ^ 0 . 

(a) Show that this system is orthogonal. 

(b) Show that in the xy plane a curve v = constant is a parabola symmetrical 
about the x axis and opening to the right, while a curve u = constant is one half of 
a similar parabola opening to the left. In particular, show that the locus v = 0 is 
the positive x axis, while the locus w = 0 is the negative x axis, and that the positive 
y axis is given by u = v and the negative y axis by u = — v. Sketch and label in a 
single diagram the curves u =- 0 , ± 1 and v = 0 , 1 . 

(c) Perform the calculations necessary to show that the Laplacian is of the 


form 
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85. Paraboloidal coordinates correspond to a system in which the plane con¬ 
figuration of Problem 84 is rotated about the axis of symmetry of the two sets of 
parabolas. The axis of rotation is then conventionally taken as the z axis. 

(a) In Problem 84 replace x by z and y by V* 4 + j 2 , the distance from the 
z axis; then write y = x tan 0, so that 0 is the circumferential angle, and show that 
the coordinate transformation becomes 


x = uv cos 0, y = uv sin 0, z = \{u 2 — v 2 ), 

where now u ^ 0 and v ^ 0. 

(b) Obtain the Laplacian in the form 




i 

u 2 -f z ; 2 




+ — 2 . 
A 2 00 2 


86 . In a translation and rotation of axes, in which the origin in the new x'y'z' 
plane is taken at the point {a,b,c) in the xyz plane, and in which the directions of the 
x\ y' 9 and z' axes are specified by the direction cosines (l l9 m l9 nj 9 (/ 2 ,w 2 ,« 2 )» and 
(/ 3 ,/W 3 ,« 3 ) relative to the original axes, the transformation of coordinates is of the 
form 

x = a l x x' + ky'*+ l 3 z\ 
y = b 4- m x x' + m 2 y f + m 3 z\ 
z ** c + n x x’ -f n 2 y -I n 3 z\ 

Show that Laplace’s equation is of the form 

+ o 

dx ' 2 ' a y 2 + dz ' 2 

in terms of the new variables. 


87. Suppose that the coordinates u x and u 2 are related to x and y by an equation 
of the form 


x + iy = F(u x + iu 2 ), 


where i 2 = -1, so that x is the real part of F(u x + /i/ 2 ) and y the imaginary part, 
and that u l9 u 2 , and z are chosen as curvilinear coordinates in space. 

(a) Show that, if F is a differentiable function of the argument u x + iu %9 
there follows 


dxdy 

~z h i t ~ F\u x + iw 2 ), 
du x du x 


dx dy 

t- + /7“=i F'(w! + Wa), 
0 z/ 2 du 2 


where a prime denotes differentiation with respect to the complete argument 
u x + iw 2 , and hence that 




(b) Deduce also that 
dx 


dy 


dx dy 
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and hence, by equating real and imaginary parts, that 
Bx By By Bx 

Bu x Bu 2 ’ Bu x Bu 2 

(c) With the notation of Section 6.17, deduce that the vectors U x , U 2 , and 
U 3 are mutually orthogonal, and that 

= h 2 = | + iu 2 )|, /r 3 = 1 . 


Hence show that Laplace’s equation is of the form 

BH B 2 f B 2 f 

where h = | F\u x + iu 2 ) |. 

88 . (a) If x and y are related to u x and u 2 by the equation 
x 4- iy = K«i + ^ss) 2 » 

so that x = £(w? - w|) and y = i/jWg, use the result of Problem 87 to obtain 
Laplace’s equation in u x u 2 z coordinates in the form 

(b) Obtain the same result by using the formulas of Section 6.17. (See also 
Problem 84.) 


Section 6.18 

89. If u r and u 0 are the unit tangent vectors in the r and 0 directions, in circular 
cylindrical coordinates, show that 

i = u r cos 0 — u 0 sin 0 , j = u r sin 0 + u 0 cos 0 . 

90. If r, 0, and z are circular cylindrical coordinates, evaluate the following 
quantities: 

(a) V0, (b) Vr n , (c) V x u 0 , 

(d) V • [r n_ 1 (u r sin nO + u d cos n0)], (e) V 2 ^ 2 cos 0), 

(f) V 2 (r w cos /i0). 

91. If u r , u 9 , and u 0 are the unit vectors tangent to the coordinates curves in 
spherical coordinates, show that 

i = (u r sin <p + Up cos 9 ?) cos 0 — u 0 sin 0 , 
j = (u r sin <p -f cos <p) sin 0 4 - u 0 cos 0 , 
k = u r cos <p — u^, sin 9 0 . 

92. If r, <p , and 0 are spherical coordinates, evaluate the following quantities: 

(a) Vy, (b) V0, 

(d) cospj. 


(c) V • [u, cot q> - 2 U^J, 
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93. Show that the unit tangent vectors in spherical coordinates satisfy the 
following relations: 

far fa r 9u fa„ 

1 e 1 g=u e cosy, 

fafl _ fa# 

-jg = — u r sin <p - u^cosy. 

94. By writing the position vector in the form r =ru r , and using the results of 
Problem 93, obtain expressions for components of acceleration along the coordinate 
curves in spherical coordinates as follows: 

a r — r — r(p 2 — r6 2 sin 2 <p, 

ciy = 2r<p 4 - ry — r& 2 sin cp cos <p , 

a 0 = 2rd sin <p 4 rf) sin (p 4 2 r<p6 cos <p. 

95. Prove that 

V 2 [r n P n (cos (p )] = 0, 

where r and (p are spherical coordinates and P n is'the Legendre polynomial of order 
n. [See Equation (169) of Chapter 4.] 

96. (a) Evaluate the surface integral 

Sh T - j °- 

where F==jci — y]+zk and where S is the lateral surface of the cylinder 
x 2 4 y 2 = 1 between the planes z — 0 and z = 1 , using right circular cylindrical 
coordinates. 

(b) Check the result by use of the divergence theorem. 

97. (a) Evaluate the surface integral ofF = x\ — y j 4 zk over the closed 
surface of the sphere x 2 4 y 2 4 z 2 = 1 , using spherical coordinates. 

(b) Check the result by use of the divergence theorem. 


Section 6.19 


98. Suppose that a flow of an ideal incompressible fluid is free of sources and 

sinks, and of vortices, and that it takes place parallel to the xy plane. 

(a) Show that the velocity potential (p(x,y) and the stream function y>(x,y) 

are such that a a a a 

o<p dtp o<p dtp 

Vx= Tx =1 Ty' Vv= ty = ~-te’ 


and that q> and tp satisfy Laplace’s equation. 

(b) Show that 

<p(x,y) = j lX ’ V \v x dx + V v dy), v(x,y) = ^*' V) ( — V v dx + V x dy), 

where the line integrals are each evaluated along an arbitrary path from a fixed 
point to the variable point ( x,y ). 
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99. (a) Verify that the function <p{x,y) = x z — 3xy 2 is a velocity potential 
function. 

(b) Determine the velocity vector V, and its magnitude V. 

(c) Determine the stream function xp(x,y), subject to the condition xp(0,0) = 
0 , and obtain the equation of the streamlines. 

(d) If the uniform density of the fluid is p , determine the rate of flow across 
an arc joining the points ( 1 , 1 ) and ( 2 , 2 ) (i.e., through a cylindrical surface of unit 
height having this arc as its base). 

100. (a) If elliptical cylindrical coordinates (Problems 82 and 83) are used to 
describe the flow of an ideal fluid parallel to the xy plane and independent of r, 
show that the velocity potential satisfies the equation 


d 2 (p d 2 (p 

du 2 dv 2 


(b) Show that the corresponding stream function xp satisfies an equation 
of the same form and that xp may be related to q> by the equation 


101. (a) Show that 


dw dw 

dtp — - du H- dv. 

w do du 

(p = C cosh u sin v 


is a permissible potential function in Problem 100 and that the corresponding stream 
function is then of the form 

xp = — Csinh u cos v. 

if an arbitrary additive constant is discarded. 

(b) Show that the streamline xp = 0 consists of the combination of the 
loci u = 0 and both v = tt/2 and v = 3tt/ 2, and hence deduce from continuity 
considerations that neighboring streamlines follow near they axis toward the x axis, 
thence around a perpendicular barrier (plate) of breadth 2 a back toward the ^ axis 
and onward nearly parallel to they axis. 

(c) Show that the flow velocity is given by 

C 

V = — -. ■■■ (u x sinh u sin v + u 2 cosh u cos v ), 

a v cosh 2 u — cos 2 v 


and that at large distances from the barrier ( u -* oo) the velocity vector tends to the 
constant value 

C C 

\ -(u x sin v -f Uo cos v) ~ — j (u -> oo). 

a a 

Deduce that the potential 

(p = aV 0 cosh u sin v 

corresponds to a flow, around a plate of breadth 2a, which tends to a uniform flow, 
with velocity V 0 at right angles to the plate, at large distances from it. 
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(d) Show that at a point ( u,v,z ) the flow velocity is of magnitude 


V cosh 2 u — sin 2 v 
cosh 2 u — cos 2 v ’ 


In particular, verify that at points on the plate (u = 0) there follows 

w 


V= V n 


(|*| <a\ 


° Va 2 — x 2 

while for points on the x axis outside the plate (y = 0, n) 

M 


V=V 0 


Vx 2 — a 2 


(|*| > a\ 


and for points on the y axis (v = tt/2, 3tt/2) 


V-Vo 


Izl 

V a 2 + / ’ 


102. Suppose that a source-free and vortex-free flow of an incompressible 
fluid possesses axial symmetry about the z axis, so that its velocity can be expressed 
in the form 

V — K 2 k + K r u r . 


in terms of circular cylindrical coordinates. 

(a) With («i,w 2 » w 3 ) = ( Z S,Q)> show that h x = h 2 == 1 and h 3 = r, and that 


dm 

v * dz ’ 


V T - 


dq? 

dr 


where <p(z,r) satisfies the equation 


1 1 
r dr 




= 0 . 


(b) Show that the stream function y> is determined by the relation 

dy) = r( — V r dz -f V z dr) 

and verify that the right-hand member is an exact differential. 

(c) Show that the rate of flow through the surface obtained by rotating 
about the z axis an arc C joining two points P 0 and P x in a plane 6 = constant is 
given by 

2n j c dy> =2nMP 1 ) -y>(P 0 )]. 

103. (a) Verify that the function q>(z,r) = 2z 2 — r 2 is a potential function 
corresponding to the type of flow considered in Problem 102. 

(b) Determine the velocity vector V, and its magnitude V. 

(c) Determine the stream function and show that the streamlines are the 
curves in the planes B == constant for which r 2 z = constant. 
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(d) Show that the rate of flow through the surface obtained by rotating 
about the z axis an arc joining P 0 and P 1 in a plane 0 = constant is given by 

4 "/>('i*i - r o z o>- 
Section 6.20 

104. If, in the developments of Section 6.20, a body force F per unit mass is 
assumed to be active, show that p¥ must be added to the right-hand members of 
Equations (179) and (182). 

105. If a fluid is viscous , the force on a surface element do , due to internal 
friction, is usually assumed to have a component in any direction equal to n times 
the product of do and the derivative, normal to do , of the velocity component in 
that direction, where /* is a constant known as the coefficient of viscosity. 

(a) Show that the viscous force in the x direction on an element do then 
is of the magnitude 

li n • W x do , 

and that the net viscous force, in the x direction, on the closed boundary S of a 
region & is of the magnitude 

Hence deduce that the viscous force on an element dr is equivalent to a body force 
with component n V 2 V X dr in the x direction, and analogous components in the y 
and z directions, and hence to a body-force vector ju V 2 V dr. 

(b) Deduce that effects of viscosity then may be taken into account by 
adding the term /«V 2 V to the right-hand members of (179) and (182). 

106. If a body force F per unit mass is conservative, and hence can be written 
in the form 

F = - VU , 

where U is a potential energy function, use the result of Problem 104 to show that 
Equation (205) is replaced by the equation 

1 o d( P 

i y* + i t +p + u =m , 

when F is present, but viscosity effects are neglected. 

107. If the Mach number M is greater than unity, show that any expression of 
the form 

<Pix y y) ^ fix + at) +g(x - at) (a = VW - 1) 
satisfies Equation (194), where/ and^ are any twice-differentiable functions. 

108. Verify that the expression 

<p(x,0 = F[x -(£/+ V 80 )t] + G[x -(U- V So )t] 
satisfies Equation (196), where Fand G are any twice-differentiable functions. 
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7.1. Partial differentiation. Chain rules/ In this section we review and 
discuss certain notations and relations involving partial derivatives which will 
be needed in the sequel. 

The more general case may be illustrated here by considering a function/ 
of three variables x, y, and z, 

f = f(x,y,z). (1) 


If/ and z are held constant and only x is allowed to vary, the partial derivative 

df 

with respect to x is denoted by — and is defined as the limit 


8/(x,y,z) = lim /(x + Ax,y,z) — /(x,y,z) 
dx &x-+o Ax 


( 2 ) 


Similarly we define the functions and . In all cases two of the three 

variables explicitly appearing in the definition of / are held constant, and /is 
differentiated with respect to the third variable. The total differential of/ is 
defined by the equation 


df=zfdx + ^dy + ^dz, 
ox dy oz 


(3) 


whether or not x, /, and z are independent of each other, provided only that 
the partial derivatives involved are continuous. Several types of dependence 
among x,/, and z are now considered. In each of the formulas to be obtained, 
the continuity of all derivatives appearing in the right-hand member is to be 
assumed. 
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(1) If x, y , and z are all functions of a single variable, say /, then the 
dependent variable f may also be considered as truly a function of the one 
independent variable t , and we may conveniently speak of x , and z as inter - 

mediate variables. Since only one independent variable is present, — has a 

meaning and it can be shown, by appropriate limiting processes, that 


^ + ^f_dy 

dt dx dt By dt Bz dt 


This result is formally obtained by dividing the expression for df by dt. We 
df 

notice that -f is the sum of three terms, each of which represents the contribu¬ 
te 

tion of the change in t through the corresponding change in one of the inter¬ 
mediate variables. 

(2) More generally, the intermediate variables x, y, and z may be functions 
of two (or more) independent variables, say s and t. Then if we consider/as a 
function of s and t, we may investigate the partial derivative of/ with respect 

to t when s is held constant. If we denote this function by the notation 
then Equation (4) must be modified to read 




also write 


Mil 


The derivatives with respect to t are now not total but partial. The subscript 
indicates the variable held constant. With this convention we should perhaps 

Bf 

in place of , and so on, in (4) and (5a). However, we 
Bf 

will follow the convention that — , without subscripts , indicates the result of 

differentiating f with respect to the explicitly appearing variable x, holding all 
other explicitly appearing variables (here y and z) constant. Frequently we also 
omit the subscript s in (5a) and write merely 


Qf = _i_ f5M 

dt dx dt dydt dzdt' K ] 

if it is clear from the context that s and t are to be associated with each other 
as the independent variables, with y , and z as the (explicit) intermediate 
variables. Alternatively, we could write F(s,t) for the result of replacing x , y , 
and z by their equivalents in f(x,y,z), so that 


f[x(s,t), y(s,t), z(j,0] = F(s,t), 
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in accordance with which (5a,b) could be written in the form 

dF_S_ldx.dldy.dfdz 

dt dx dt dydt dzdt 9 K } 

without any possible ambiguity. Whereas this is the most elegant way of 
proceeding in such situations, it is often inconvenient in practice to use two 
different symbols (here/ and F) to represent the same physical or geometrical 
quantity. 

In the preceding cases the independent variable t does not appear explicitly 
in / and its changes are reflected in / only through the intermediate changes 
in x, y , and z. However, it may be convenient to take an explicitly appearing 
variable as an independent variable. We again distinguish two cases. 

(3) If we suppose that y and z are functions of x , then / is a function of 
the one independent variable x , and y and z are intermediate. Also, identifying 
t with x in Equation (4), we obtain 


4L = §f + Vdy rdfdz 

dx dx dy dx d z dx 

df 

The term — in (6) is obtained, as before, by holding the other two explicit 

variables (j and z) constant, and it represents the contribution of the explicit 
variation of x. The other terms add the contributions of the intermediate 


variations in y and z. 

(4) If we suppose that x and y are independent but that z is a function of 
both x and y, then/can be considered as depending upon x and y directly and 
also intermediately through z. Also, identifying t and s with x and y in (5a), 
we obtain 


dxly dx dz \dx/y 


(7a) 


Here the notation is rather treacherous. On the left-hand side of (7a) we think 
of/ as being actually expressed in terms of x and y, the variable z having been 
replaced by its equivalent in terms of these variables. Then we imagine that y 
is held constant in the x differentiation. On the right-hand side/is expressed 
in its original form, in terms of x, y, and z. The first term on the right is again 
calculated with the other explicit variablesy and z held constant , and it represents 
the contribution due to the explicit variation of x. The other term adds the 
contribution of the only intermediate variable z. Since z depends only on x 
and y , the last subscript may be omitted without confusion. However, the 
subscript on the left is clearly essential. Thus we may write Equation (7a) in 
the form 


3A = + Hi 

dxK dx dz dx 


(7b) 



338 


Topics in higher-dimensional calculus / chap . 7 


These formulas are useful when we deal with a function /in abstract terms. 
If/is given as a concrete function and the dependencies are concretely stated, 
such formulas usually are not needed. In illustration we consider the function 


f(x,y,z) = + xz + If. 

If we consider jc, y, and z as functions of t, and possibly other independent 
variables, we merely differentiate term by term and obtain 


df - dx dz dx . dy 

dt dt d t dt dt 

, .dx . . dy . dz 


This result is the same as that given by Equation (5b). If we consider x as 
independent and assume that y and z are given by other equations as functions 
of jc, we again differentiate term by term and obtain 


df - dz , , A dy 

dx dx dx 

= 2x + z + 4y~- + x~ i 

dx dx 


in accordance with the result of using Equation (6). If z is given by another 
equation in terms of x and y, and if x and y are independent, then we obtain 
directly, holding y constant, 



= 2x + z + x ~ , 
ox 


in accordance with the result of using (7b). The term 2x + z is equivalent to 

df dz 

, where v and z are held constant. The term x — corrects for the fact 
ox ox 

that here z cannot actually be held constant but must vary also with x . 

As a further example, suppose that we have the relation 

x 2 + xz + 2 y 2 — 0. 

We again denote the function of x , y , and z on the left by /, 

/ = x 2 + xz + 2y 2 . 

We may consider the given relation as determining, say, z in terms of x andy, 
both of which may then be taken as independent. Then, holding y constant 
and differentiating with respect to x, we obtain 
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Hence we must have 

5z __ __ 2x + z 
9x x 

We may also arrive at this result by considering the left-hand member of 
the given equation as a function of the independent variables x and y and the 
intermediate variable z. Then, since / constantly satisfies the equation 

f(x,y,z) = 0, (8) 

the partial derivative of / with respect to either independent variable must 
vanish. But Equation (7b) then gives 

= V + = o. 

\dx/y dx dz dx 

This equation states that the contributions of the explicit variation of x and 
the intermediate variation of z must cancel. In order that this be so, we must 
then have 

df 

h = - d J., ( 9 ) 

dx df_ 
dz 


in accordance with the result obtained above.* 

Partial derivatives of higher order, of a function f(x,y,z), are calculated by 
successive differentiation. Thus we write, for example, 


a 2 / d tdf\ 

dy dx dy \dx/ 


and so forth. In this connection, we review the important fact that the crossed 
partial derivatives are equal , 


d 2 f _ d 2 f 
dy dx dx dy ’ 


( 10 ) 


that is, the order of differentiation is immaterial, if the derivatives involved are 
continuous. This statement is true for derivatives of any order if they are 
continuous, but it may not be true otherwise. 

For the purpose of obtaining analytical formulas for higher-order partial 
derivatives, it is often convenient to use operational notation (see also Problems 
3,4, and 5). As an example, we suppose that/is a function of x, y , and z, with 
x and y independent and z a function of x and y, so that Equation (7) applies. 


* Equation (9) tends to illustrate the dangers associated with routine symbolic manipula¬ 
tions, since a formal (but unjustified) inversion and cancellation in the right-hand member 
might suggest that the prefixed sign is incorrect. 
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Here, in order to avoid the complexities involved in unambiguously generaliz¬ 
ing the notation to higher-order derivatives, it is particularly desirable 
to introduce the special notation 

f[x, y, z(x,y )] = F(x,y), (11) 

so that F(x t y) is the result of replacing z by its equivalent in terms of x and y 
in the expression for f(x,y,z). The formulas (7a,b) then can be rewritten in the 
form 

— = QL jl ~L ~ (A + <AA\f (\2) 

dx dx dz dx \9x dx dz) 

from which there follows, by iteration, 


dx 2 \3x dx dz) \3x dx dz) 

= . ti V . h J3L\ + hlJH- + W) 

\3x 2 dx 2 dz dx dx dz) dx \3x dz dx dz 2 ) 

d 2 / dz d 2 f (dz\ 2 d 2 f d 2 zdf 

dx 2 dxdxdz \dx) dz 2 dx 2 dz 

Here, as before, the convention is that, in each of the indicated partial deriva¬ 
tives, all variables explicitly involved in the function being differentiated are 
held constant except the one with respect to which the differentiation is being 
effected. Thus, since F == F(x,y) and z = z(x,y ), there follows 

dx \dx/ y dx \dxj y 

On the other hand, since /= f(x,y,z), there follows 

dx \dx/ Vit ' 


7.2. Implicit functions. Jacobian determinants. An equation of the form 

f(x,y,z,.. .) = 0, (14) 

involving any finite number of variables, where / possesses continuous first 
partial derivatives, can be considered as determining one of the variables, say z, 
as a function of the remaining variables, say 

z = <p(x,y ,...), 


(15) 
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in some region about any point where Equation (14) is satisfied and where the 
partial derivative of/ with respect to that variable is not zero, 



( 16 ) 


In such a case we say that Equation (14) defines z as an implicit function of the 
other variables, in the neighborhood of that point. If we consider all the other 
variables as independent, we can determine the partial derivative of z with 
respect to any one of them, without solving explicitly for z, by differentiating 

dz 

(14) partially with respect to that variable. Thus, to determine — , we obtain 
from (14) dx 


V 

dx dz dx ’ dx df 

dz 


(17) 


the denominator differing from zero by virtue of Equation (16). 

If n + k variables are related by n equations, it is usually possible to 
consider n of the variables as functions of the remaining k variables. However, 
this is not always possible. 

As an illustration, suppose that x, y, w, and v are related by two equations 
of the form 


f(x f y,u,v) = 0' 
g(x,y,u 9 v) = 0, 


If these equations determine u and v as differentiable functions of the variables 
x and y, we may differentiate the system with respect to x and y , considering 
these two variables to be independent, and so obtain the four relations 


dx du dx dv dx 

dx du dx dv dx 

+ + = o 

dy du dy dv dy 

dy du dy dv dy 


(19) 


( 20 ) 


For brevity, We use the conventional subscript notation for partial derivatives 

du du dv 

so that, for example, u x is written for -r- . Then if (19) is solved for — and -r- 

du dv dx dx dx 

and (20) is solved for — and , the expressions for these partial derivatives 



342 


Topics in higher-dimensional calculus / chap . 7 


can be written in terms of determinants as follows: 


fx 

fv 


fu 

fx 

gx 

Sv 


Su 

gx 

fu 

fv 

9 t) x 

fu 

fv 

Su 

Sv 


Su 

gv 

fv 

fv 


fu 

fv 

Sv 

Sv 

11 - - 

Su 

Sv 

fu 

fv 

9 V y 

fu 

fv 

Su 

gv 


Su 

Sv 


( 21 ) 


It must be assumed, however, that the common denominator in (21) does not 
vanish, that is, that 

13/ 3/1 


du dv 

3g dg_ 

du dv 


^ 0 . 


( 22 ) 


Unless (22) is satisfied, the desired partial derivatives cannot exist uniquely, 
so that u and v cannot be differentiable functions of x and y. However, if (18) 
and (22) are satisfied at a point, and if the first partial derivatives of/ and g 
are continuous at and near that point, it can be shown that Equations (18) 
determine u and v as implicit functions of x and y in some region including 
that point, with partial derivatives given by (21). 

The determinant in (22) is known as the Jacobian of f and g with respect 
to u and v and the notation 


3 (fg) _ 

df y 

du dv 

df dg df dg 

3 (u,v) 

3 g dg 

du dv dv du 


du dv 



(23) 


is frequently used. In a similar way we write, for example, 


3(/,g,h ) 

d(u,v,w) 


dj_ 

3/ 

df 

du 

dv 

dw 

3 g 

3 g 


du 

dv 

dw 

dh 

dh 

dh 

du 

dv 

dw 


(24) 


and proceed in the same way to define the Jacobian of any n functions with 
respect to n variables. 
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In this notation, if 


9(/.S) 


7 ^ 0 , 


d(u,v) 

the first equation of (21) becomes, for example, 

S(f,g) 
du _ _ d(x,v) 
dx~~ djfgY 
d(u,v) 


(25) 


(26) 


More generally, if « + fc variables are related by « equations of the form 
fi = 0,/ 2 = 0, 0, where the functions f k each have continuous first 

partial derivatives, then any set of n variables may be considered as functions 
of the remaining k variables, in some neighborhood of a point where the n 
equations are satisfied, if the Jacobian of the f's with respect to the n dependent 
variables is not zero at that point. 

In illustration, we consider the system 

(27) 

jc 2 + / + z 2 + 2xz - 1 = 0 J 


To investigate whether x and y can be considered as functions of z, we denote 
the left-hand members by / and g , respectively, and calculate the Jacobian 


3(f,g) 

d(x,y) 


1 1 
2x + 2z 2 y 


-2(x + z-y). 


(28) 


Thus, except on the surface x + z~y — 0, x and y can be considered as 
functions of z. That is, z can be taken as the independent variable. When 
y ~ x + z, the equations become 2(x + z) — 0 and 2(x + z) 2 = 1 and are 
hence incompatible. To investigate whether x and z can be taken as the 
dependent variables we calculate the Jacobian 


d(f,g) 
d (x,z) 


1 

2.x + 2z 


1 

2x + 2z 


= 0 . 


(29) 


Since this determinant is identically zero, we see that x and z cannot be taken 
as the dependent variables. It is readily verified directly that the system (27) 
cannot be solved for x and z in terms of y. This situation follows from the fact 
that both equations involve only y and the combination x + z, and hence 
cannot be solved for x and z separately. 

By direct expansion we can verify that if u and v are functions of r and s, 
and also r and s are functions of x and y , then the relevant Jacobians satisfy 
the equation 

d(u,v) 8(r,s) _ d(u,v) 

3(r,s) d(x,y) d(x,y) 


( 30 ) 
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As a special case of this result, we find that if u and v are functions of x and 7 , 
and conversely, then 


d(M 9(x,)Q = j 
a(x,>>) d(u,v) 


Analogous identities hold for Jacobians of any order. Thus Jacobians behave 
in certain ways like derivatives, as is suggested by the notation used. 

The Jacobian notation is useful in many other applications. In this connec¬ 
tion, the identity 


(Vu) • (Vv) x (Vw) = 


du du du 
dx dy dz 

dv dv dv 
dx dy dz 

dw dw dw 
dx dy dz 


d(u,v,w) 

d(x,y,z) 


(32) 


. , ^ . f , , . n d(u,v,w) 

may be noted. From this relation we conclude that if -- = 0 at a point, 

d{x,y,z) 

then the surfaces u = c l9 v — c 2 , w = c 3 which pass through this point have 
coplanar normals. 


7.3. Functional dependence. The general solutions of certain types of 
partial differential equations, to be dealt with in Chapter 8 , are of the form 

z =/[»:i(*,J')] + gM.x,y)], (33) 


where u x and u 2 are independent particular solutions and /and g are arbitrary 
functions of these expressions. If u 2 were a function of tq, both terms would 
then be functions merely of u l9 and (33) would not be the required general 
solution. Thus, in the expression 

* =/(* + y) + g(* 2 + 2 xy +y 2 + 1) =/(Wi) + giu^ 

we have u 2 = u\ + 1 and hence both terms are functions of the same combina¬ 
tion u v — x + y. It is thus important in more involved cases to have a criterion 
for determining whether one function u^x.y) is a function of a second function 
u%(x 9 y). If such a functional relationship does exist the two functions are said 
to be functionally dependent . 

Suppose that such a relationship does exist, so that, for some F t not identi¬ 
cally zero, it is true that 


F(u l9 u 2 ) s 0 , 


( 34 ) 
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where u x and u 2 are functions of the independent variables x and y. Then, if 
we calculate the partial derivatives of (34), we obtain 


dF_ dtti dF du 2 __ Q 

du x dx du 2 dx 

dF du Y dF du 2 ___ Q 

du ± dy du 2 dy 


(35) 


These two linear equations in the quantities — and can have nontrivial 

solutions only if the determinant of their coefficients vanishes. But this deter¬ 
minant is precisely the Jacobian of u x and u 2 with respect to x and y. Hence 
if ufxyfknd u 2 {x,y) are functionally dependent in a region , their Jacobian must 
vanish identically , 


d(Kl,M 2 ) __ 

d(x,y) 


(36) 


Conversely, it can be shown that if the partial derivatives are continuous and 
if the Jacobian vanishes identically in a region, the two functions are function¬ 
ally dependent in that region. 

Completely analogous statements apply in the more general case of n 
functions of n variables. Thus if the functions u v w 2 ,.. ., u n , are functions of n 
variables, and if their partial derivatives are continuous, then the functions 
are functionally dependent, that is, there exists a nontrivial F such that 


F(u v u 2 , .. . ,u n ) fs 0 


in a region, if and only if the Jacobian of these functions with respect to the n 
variables is identically zero in that region. 

As a simple illustration we consider the relations 


The Jacobian is 


u x — ax + by + c 
u 2 = dx + ey +f 


d(Kl,M 2 ) 


a 

d 


b 

e 


— ae — 


bd. 


Thus u x and u 2 are functionally independent unless ae — bd . If ae = bd, the 
functional relationship 

eu x — bu 2 = ec — bf 

exists between and w 2 - 

When there are fewer functions than variables, several relations of form 
(36) must hold. For example, in the case of two functions of three variables. 
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UxixjyZ) and t^(xj/,z), the assumption 

F(u 19 u 2 ) = 0 (37) 

leads to the three equations 

dF du x dF du 2 _ Q 

31/! 9x 9w 2 dx 

3F 3//! dF du 2 __ Q 

3//! dy du 2 dy 

dF du x dF du 2 _ Q 

9z 9w 2 9z 

from which, by considering the equations in pairs, we may deduce^hat the 
/Aree conditions 

3(u l9 u 2 ) _ Q 3(ui,u 2 ) _ 0 d(u l9 u 2 ) _ Q / 3g x 

3(x,y) ’ 9(y,z) ’ 9(z,x) 

must be satisfied, by the same argument used in deriving (36). Conversely, if 
the partial derivatives are continuous and if the three conditions of (38) are 
satisfied identically in a region, then the functions u^x 9 y 9 z) and u*fx 9 y 9 z) are 
functionally dependent in that region. 

The generalization to m functions of n variables, when m < w, is straight¬ 
forward. When m> n, the m functions are always functionally dependent. 

7.4. Jacobians and curvilinear coordinates. Change of variables in integrals. 
If the equations 


x = x(m 1 ,m 2 ,m 3 ), y = yiu^Ua), z = z(«i,M 2 ,m 3 ) (39) 


are interpreted as defining curvilinear coordinates u v u 2 , and u 3 in space and 
if we write 




du h 


du h 


du k 


(k = 1, 2, 3), 


(40) 


then, as has been shown in Section 6.17, the vectors U x , U 2 , and U 3 are vectors 
tangent to the three coordinate curves at any point, with lengths given by 
ds t ds 2 ds* 

—, —, and —, where s 2 , s 2 , and s 3 represent arc length along the co¬ 
ordinate curves. Then [compare Equation (148), Section 6.17] the element of 
volume in the new coordinate system, whether or not the system is orthogonal, 
is seen to be given by 


dr = (U x • U 2 x U 3 ) </«! du 2 du 3 , 
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if the coordinates are so ordered that the right-hand member is positive. But 

from (40) we obtain , - - - , 

dx dy dz 


du x du x du x 

ir II * IT _ dx d y dz 
Ui • U 2 X U 3 — — ~ r 


d(x,y,z) 

3(u 1 ,u 2 ,u 3 ) 


du 2 du 2 du 2 d(u l9 u 2 ,u 3 ) 

dx dy_ _3z_ 

du 3 du 3 du 3 

since the determinant is unchanged if rows and columns are interchanged. 
Thus we may write . . 


dT= 3(w)_ dUldUidu3 . (41) 

o(u v u 2 ,u 3 ) 

It is seen that the requirement that U x • U 2 x U 3 be different from zero is 
necessary in order that (39) be solvable for u l9 m 2 , and u 3 . In the special case of 
orthogonal coordinates, \J 1 • U 2 x U 3 has the value h x h 2 h 3 , with the notation 
of Section 6.17. 

Accordingly, we have the change-of-varkbles formula 

// J* f( x,y,z ^ dx dy dz 

= f f f F(u v u 2 ,u 3 ) J—• V; " — du t du 2 du 3 , (42) 

where 

F(m 1 ,w 2 ,m 3 ) =/[*(«!,« 2 ,k 3 ). y(u 2r m 2 ,« 3 ), z(k 1> w 2 ,k 3 )] 
and where Si* is the u 1 u 2 u 3 region into which (39) transforms the xyz region Si. 

*5 / x 

Here it is assumed that the Jacobian —— — ■ is continuous and nonzero 

in Si*. d(«i,M 2 ,u 3 ) 

In a similar way, the equations 

x = xfauj, y = y(u v u 2 ) (43) 

can be interpreted as defining curvilinear coordinates u 1 and u 2 in the xy plane. 

The vectors , _ a a 

= + (44) 

Oll^ Ull^ uu 2 du 2 

d$. ds 2 

are then tangent to the coordinate curves, with lengths — and — . 

The vector element of plane area is then given by Ul 


0 du x du 2t 


i 

J 

dx 

dy_ 

du 1 

du x 

dx 

dy 

du 2 

du 2 
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and this relation gives the result 
dA 

Accordingly, we have 


dA = mai = issa 

9(Ui,U 2 ) 


II 


/(x,^) dx dy 






dUi du 2 . 

d(x,y) 

9(ui,« 2 ) 


du x du 2 . 


(45) 


(46) 


where i r (M 1 ,u 2 ) = /[x(k 1 ,W 2 ),j'(k 1 ,« 2 )] and where (43) transforms A into A*, if 
d(x,y) . 


is continuous and nonzero in A*. 


9(«i,«2) 

As an example of the use of Equation (45), we consider the coordinates u 
and cp defined by the equations 

x — au cos cp , y — bu sirup (u > 0, 0 ^ (p < hr). (47) 

x 2 V 2 

The curves u — constant are the ellipses -—- + -f— = 1 with semiaxes 

(au) 2 (bu) 2 

au and bu , whereas a curve 9 v — constant is the portion of the straight line 
b 

y = - x tan cp in the quadrant determined by cp. The element of area in uq> 


coordinates is given by (45), 


dA = 


d(s,>0 

d(u,cp) 


du dq> = abu du dcp. 


(48) 


Thus, for example, any integral of the formJJ^/(x,j>) dx dy, where the 
integration is carried out over the area of the ellipse 


- + £ = 1 
a 2 ' b 2 ’ 

corresponding to u = 1 , can be written in the form 

j j A f(x,y)dxdy = abjl^f{au cos cp , bu sin cp) u du dcp. (49) 

In particular, to calculate the moment of inertia I x of the area about the x axis 
we write 

f(x,y) = y 2 = b 2 u 2 sin 2 cp , 

and Equation (49) gives 

, 3 f 1 [ 2v 3 . 2 , , 7rab 3 

I x = ah 3 u 3 sin 2 cp du dcp =-. 

J o 4 


7.5. Taylor series . Functions of two or more variables often can be 
expanded in power series which generalize the familiar one-dimensional expan¬ 
sions. The more general situation may be illustrated here by a consideration 
of the two-variable case. 
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For this purpose, we begin by defining a function F(t), such that 

f(x + ht,y + kt) = m, ( 50 ) 


where *, y, /?, and k are temporarily to be held fixed and, in any case, are to be 
independent of t. Then, if F(t) has a continuous Nth derivative in some interval 
about t = 0 , we may write 


.v-i 


m = 2 


f <n, (0) t n , F lN \r) 


n\ 


N\ 


( 51 ) 


for some value of r between 0 and /, by virtue of Equations (10) and (11) of 
Chapter 4. 

Now, since 


d_ = h djjjx + ht, y + At) + dfjx t- ht, y + At) 
dt dx dy 

= (h -I- A f(x +ht,y + kt), 

there follows also 


d n Id d\ n 

— F(0 = [h — + k —J fix + ht, y + let) (« = 0,1,. .. )• 
Hence we have the results 

F <B, (0) = ( h y x + k yj 'fM 

F ,A , (r) = (/! £ + A' |-) V(X + Th, y + 


and 


t/c). 


(52) 

(53) 


If we introduce Equations (51), (52), and (53) into (50), and specialize the 
result by taking / = 1 , we thus obtain the form 

/(x + h,y + k)='y±-(h-?- + kf) “ f(x,y) - 1 - R v (54) 
ni\ dx dy) 

where R x , the “remainder after N terms,” is given by 


* v = 7 ^ (hj- + k f) A f(x + T h, y + rk) (0 < r < 1), (55) 

N\ \ ox dy' 

for some r between 0 and 1 . 

For example, when N — 3 this result becomes 

fix + h,y + k ) = fix,y) + [hf x (x,y) + A/„(x,r)] 

+ ^ [h 2 f xx ix,y) 4- 2hkfjx,y) + A 2 / TO (x,v)] - 1 - R 3 


(56) 
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where 

R 3 = jj + 3fcV**v + 3/l/cVx.v + fc 3 /v»v]<* + M„ + r*)- (57) 

It is seen that the contents of the brackets in R s are evaluated at some point on 
the straight line segment between the point (*,j>) and the point (x + h, y + k). 

More generally, Equation (54) represents an expansion of f(x + h 9 y + k) 
in powers of h and k through the (N — l)th, with an error term, and is one 
form of the two-dimensional Taylor formula . Although the form given is 
perhaps the most compact one, a form which more closely resembles the most 
familiar one-dimensional form can be obtained from Equation (54) by first 
replacing (x,y) by (x 0 ,j 0 ) and then replacing h and k by x — x 0 and y — y 0 , 
respectively. When N = 2, for example, there then follows 

f(x,y) =/M + (x- X 0 )f x (x 0 ,y 0 ) + 0 - /o)/y(Wo) + R 2 (58) 

with 

R 2 = Jj [(* - *0) 2 fxx(£>y) + 2 (x - x 0 )(y - y 0 )f xv (,£,rj) 

+ (y - (59) 

where the point (f ,rj ) is somewhere on the line segment joining the points 
(x 0 ,y 0 ) and (x,y). 

When f(x,y) is sufficiently well behaved, the remainder R n tends to zero 
for sufficiently small values of the increments, yielding a (generally infinite) 
power series of the form 

f(x,y) = /(Wo) + [(* - *o)/*(Wo). + (y - >'o)/v( x o>3'o)] 

+ K x - X 0 ) 2 f xx (x 0 ,y 0 ) + 2(x - x 0 )(y - y 0 )/ xv (x 0 ,y 0 ) 

+ (y - yo) 2 fyv(x 0 ,y 0 y] H—. ( 60 ) 

which converges when \x — * 0 | and |y — y 0 1 are sufficiently small. Within its 
region of convergence, the series can be differentiated or integrated term by 
term and the result will converge to the derivative or integral of/inside the 
same region. 

It can be proved that the expansion (60) is unique , in the sense that if an 
expansion of the form 

f(x,y) = a 0 + bj{x - x 0 ) + b 2 (y - y 0 ) -f c x (x - x 0 ) 2 H-, 

which converges to/near (x 0 ,^ 0 ), can be obtained by any method, it is necessar¬ 
ily the same as that defined by (60). For the elementary functions, alternative 
methods which are preferable to the use of (60) are usually evident. 
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7.6. Maxima and minima. The developments of the preceding section are 
helpful in studying maxima and minima of functions of several variables. We 
again restrict attention here to the two-dimensional case. 

If we write 

A f( x >y) =/(■* + ft,y + k) —f(x,y) (61) 


for the increment of /, corresponding to the increments h and k in x and y 9 
respectively, we say that /has a relative minimum at P(x 0 ,j 0 ) if A/(jc 0 ,Jo) ^ 0 
for all sufficiently small permissible increments h and k, and that / has a 
relative maximum at P if instead A/(jc 0 ,j 0 ) ^ 0 for all such increments in x 

and y- df df 

If the point P is an interior point of a region in which/ ^, and exist. 

Equation (56) shows that a necessary condition that f assume a relative maxi¬ 
mum or a relative minimum at (x 0 ,^ 0 ) is that 


fx=fv = 0 at(x 0 ,j 0 ). (62) 

For, when h and k are sufficiently small, the sign of A f(x 0 ,y 0 ) will be the same 
as the sign of h f x (x 0 ,y 0 ) + k f v (x 09 y 0 ) when this quantity is not zero, and 
clearly the sign of this quantity will change as the signs of h and/or k change 
unless Equation (62) holds. 

Suppose now that the condition of (62) is satisfied at a certain point P. 
Then, from (56), there follows 


sign [A f(x 0 ,y 0 )] = sign [h 2 f xx (x 0 ,y 0 ) + 2hkf xy (x 0 ,y 0 ) + k 2 f vv (x 0 ,y 0 )] (63) 

when h and k are sufficiently small, unless the bracketed quantity on the right 
is zero. That quantity is a quadratic expression in h and k 9 of the form 
Ah 2 + 2 Bhk + Ck 2 . When the discriminant B 2 — AC is positive , and only in 
that case, there will be two distinct values of the ratio k/h for which the 
expression is zero, the expression having one sign for intermediate values of 
kfh and the opposite sign for all other values. Hence a necessary condition that 
f have either a relative maximum or a relative minimum at P(x 0 ,j 0 ) is that 

<5 =fxxfm -fly ^ 0 at (x 0 ,y 0 ). (64) 

If 6 < 0 at a point P(x 09 y 0 ) where Equation (62) is satisfied, then A f is 
positive for some increments in x and and negative for others, and the point 
P is said to be a saddle point or a minimax. 

If 8 — 0 at a point P(x 0 ,y 0 ), then the bracketed expression on the right in 
(63) is a perfect square, of the form (a h — fik) 2 , and hence either is identically 
zero or is zero along a line 

* _ y - Jo . « 

h x — x 0 p 
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passing through P. Thus, in this case the sign of A f(x 09 y 0 ) may not be com¬ 
pletely determined near (x 0 ,y 0 ) by the quadratic terms when (62) is satisfied, 
and the terms involving higher-order partial derivatives must be considered. 

If d > 0 at (* 0 ,y 0 ), then clearly f xx and f yy must be either both positive or 
both negative at that point. Since A/(jc 0 ,j 0 ) is of constant sign in either case, 
when h and k are sufficiently small, it follows from (63) that the former case 
corresponds to a relative minimum (A ^ 0 ) and the latter to a relative maxi¬ 
mum (A ^ 0 ). 

Thus, in summary, iff x = 0 andf y = Oat a point P, then at that point f has 

(a) a relative maximum if f xx < 0 ,f xx f vv > f£ v at P, 

(b) a relative minimum iff xx > 0,f xx f yv > f% at P, 

(c) a saddle point if f xx f vv < f£ v at P. 

When fxxfyy = f '%y at P, further investigation is necessary. 

Cases (a), (b), and (c) are illustrated by the functions 1 — x 2 — y 2 t 
x 2 + y 2 , and xy, respectively, at (0,0). For the functions 1 — x 2 y 2 , x 2 y 2 , 
and x 2 y 2 the point (0,0) is exceptional, since for each not only/ x = f y = 0 
but also f xx = f xv = f yy =0 at that point. However, it is obvious, by 
inspection, that these functions have a maximum, a minimum, and a saddle 
point, respectively, at the origin. 

Very frequently, in practice, the use of the preceding criteria is too involved 
to be feasible, and a direct study of the behavior of A f(x 0 ,y 0 ) for small h and k 
may be necessary. Often physical or geometrical considerations make such 
investigations unnecessary. 

It should be noted that a relative maximum or minimum may also be 
attained at a point where f x and/or f y fail to exist and that, when attention is 
restricted to a region St with a finite boundary, it may happen that an extreme 
value is taken on at a boundary point , at which f x and f y may or may not exist 
and may or may not differ from zero. In order to locate an absolute maximum 
or minimum (that is, the largest or smallest value taken on) in a region, it is 
necessary to explore all these possibilities. 

7.7. Constraints and Lagrange multipliers . Situations also may occur in 
which a function /, to be maximized or minimized, depends upon variables 
which are not independent, but are interrelated by one or more constraint 
conditions. The more general situation may be illustrated by the problem of 
maximizing or minimizing a function f(x 9 y,z\ 

f(x 9 y,z ) == relative max or min, (65) 

subject to two constraints of the form 

g(x,y,z) = 0 , h(x,y,z) = 0 , ( 66 a,b) 
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where g and h are not functionally dependent, so that the constraints are 
neither equivalent nor incompatible. We suppose that the functions/, g , and A 
have first partial derivatives everywhere in a region which includes the desired 
point. 

An obvious procedure consists of using Equations ( 66 a,b) to eliminate two 
of the variables from /, leading to a problem of maximizing or minimizing a 
function of only one variable, without constraints. However, this elimination, 
by analytical methods, will be feasible only if the functions g and h are of 
relatively simple form. 

Alternatively, we may notice that/can have an extreme value at P(x 0 ,y 0 ,z 0 ) 
only if the linear terms in the Taylor expansion of A f about P are zero. This 
condition can be written in the form 

fx dx +/„ dy +f z dz = 0 at (x 0 ,j 0 ,z 0 ). (67) 

Here, however, the increments dx, dy, and dz are not independent, so that here 
we cannot conclude that f x , f y , and f z must vanish separately at P. Further, 
since g and h are each constant, the differential of each must be zero, so that 
we must have 

gx dx + g v dy + g z dz = 0 at (x 0 ,y 0 ,z 0 ), ( 68 a) 

h x dx + h v dy + h z dz = 0 at ( x 0 ,y 0 ,z 0 ). ( 68 b) 

Now Equations ( 68 a,b) are linear in dx, dy, and dz. They can be solved 
uniquely for two of those differentials in terms of the third when and only when 
g and h are functionally independent (see Section 7.3). Thus two of the differ¬ 
entials (say dx and dy) can be eliminated from (67), leaving an equation of the 
form JF(x,y,z) dz = 0 , in which the one remaining differential can be arbitrarily 
assigned. The satisfaction of the condition JF(x,y,z) = 0, together with the 
conditions ( 66 a,b), at (x 0 ,j> 0 ,z 0 ), constitute three equations in the three un¬ 
knowns x 0 , y 0 , and z 0 . 

A third alternative, of frequent usefulness, is based on the observation that 
one may multiply the equal members of ( 68 a) and of ( 68 b) by any constants X x 
and X 2 , respectively, and add the results to (67) to yield the requirement 

(fx + Kgx + ^K) dx + (f v + hg v + hK) dy + (fz + Kgz + h hz) dz = 0 

at (x 0 ,j 0 ,z 0 ) for any values of X x and A 2 . Now it is possible to determine X x and 
X 2 so that the coefficients of two of the differentials are zero. For if this were 
not so it would follow that 


gx hx 


gy hy 


gz h z 

gy hy 


gz h z 


gx h x 


and hence g and h would be functionally dependent, so that the two constraints 
would be either equivalent or inconsistent. If we imagine that X x and X 2 have 
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been so determined, then the remaining differential can be arbitrarily assigned, 
so that its coefficient also must vanish. Hence we obtain the three equations 


/* + A* g x + Ag h x = 0 
fy + Sv + h h y = 0 
/* + KSz + = 0 , 


at CWo> z o)> 


(69) 


which, together with the conditions 

£ = 0, h = 0 at (*o,7o>*o)> (70) 


comprise five equations in the five unknown quantities x 0 , y 09 z 0 , A l9 and A 2 . 

The parameters A x and A 2 are called Lagrange multipliers. If they were 
eliminated from (69), the result would be the relation F = 0 obtained by 
eliminating dx , dy 9 and dz from (67) and ( 68 a,b). However, the new system of 
five equations may be preferable because of the additional flexibility which it 
affords. For example, it may be more convenient to solve (69) for x 9 y 9 and z 
in terms of A x and A 2 and to introduce the results into (70) for the determination 
of Aj and A 2 . 

The equations (69) are easily remembered if one notices that they are the 
necessary conditions <p x = 0 , cp y = 0 , y z = 0 that the “auxiliary function” 

<P=f+Kg + Kh (71) 


attain a relative maximum or minimum at ( x 09 y 09 z 0 ) when no constraints are 
imposed. 

More generally, if / were to be maximized subject to n independent con¬ 
straints g 1 = 0 , g 2 = 0 ,..., g n = 0 , one would form the auxiliary function 


<P — f + K Si + ^2 £2 + ’ * * + K gn> (72) 

where X l9 ... , A n are unknown constants, and write down the necessary con¬ 
ditions for rendering y a relative maximum or minimum with no constraints. 


As a very simple illustration, we seek the point on the plane Ax + 
By + Cz = D which is nearest the origin. Thus, we are to minimize 
x 2 + y 2 + z 2 9 subject to the single constraint Ax 4* By + Cz — D = 0. 
With 

(p = (x 2 + y 2 4- z 2 ) + X(Ax + By + Cz - D), 
the conditions <p x = y y = q* z = 0 at ( x 09 y 0t z 0 ) become 

2 Xq + L4 = 0, 2 y 0 + AI? = 0, 2 Zq -I- AC = 0, 

from which there follows 

x 0 jo ~ \^B y Zq = \kC 

and substitution into the constraint condition determines A, 

-\KA 2 + B 2 + C 2 ) = D. 
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Thus, finally, the coordinates of the desired point are found to be 


AD BD CD 

*° “ a* + W+ c 2 ’ y ° ~ a* + Ip + c 2 ’ Z# = JTFT^' 

The corresponding minimum distance from the origin is 


v *0 +7o + z o = 


Lg[ 

V/4 2 + B 2 + C 2 ' 


7.#. Calculus of variations. An important class of problems involves the 
determination of one or more functions , subject to certain conditions, so as to 
maximize or minimize a certain definite integral , whose integrand depends 
upon the unknown function or functions and/or certain of their derivatives. 

For example, to find the equation y = u(x ) of the curve along which the 
distance from (0,0) to (1,1) in the xy plane is least, we would seek u(x) such 
that 

I == f 1 Vl + w' 2 dx = min 
Jo 

with w(0) = 0, w(l)=l. 

This section presents a brief treatment of some of the simpler aspects of 
such problems. 

We consider first the case when we are to attempt to maximize or minimize 


an integral of the form 


/= | F(x,w,u') dx, 

J a 

(73) 

subject to the conditions 


u(a) = A, u(b) = B, 

(74) 


where a , b , A , and B are given constants. We suppose that F has continuous 
second-order derivatives with respect to its three arguments and require that 
the unknown function w(x) possess two derivatives everywhere in (a, b). To fix 
ideas, we suppose that I is to be maximized. 

We thus visualize a competition, to which only functions which have two 
derivatives in (a,b) and which take on the prescribed end values are admissible. 
The problem is that of selecting, from all admissible competing functions, the 
function (or functions) for which / is largest. 

Under the assumption that there is indeed a function u(x) having this 
property, we next consider a one-parameter family of admissible functions 
which includes u(x\ namely, the set of all functions of the form 


u(x) + e rj{x) 
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where rj(x) is any arbitrarily chosen twice-differentiable function which 
vanishes at the end points of the interval ( a,b ), 

r)(a) = »?(£>) = 0, (75) 

and where e is a parameter which is constant for any one function in the set 
but which varies from one function to another. The increment e rj(x), repre¬ 
senting the difference between the varied function and the actual solution 
function, is often called a variation of u(x). 

If the result of replacing u(x) by u(x) + e rj(x) in I is denoted by 7(e), 

/(*) = P F(x, u + erj,u' + erj') dx 9 (76) 

J a 

it then follows that 1(e) takes on its maximum value when e = 0, that is, when 
the variation of u is zero. Hence it must follow that 


® = 0 when e = 0. (77) 

de 

The assumed continuity of the partial derivatives of F with respect to its three 

dF 

arguments implies the continuity of — , so that we may differentiate 1(e) under 
the integral sign (see Section 7.9) to obtain 


dl(e) _ f 6 [ dF(x, u + eij^id+jjf) dFjx, u + e »?,»' + € rQ , 
de Jo L d(u + erj) d(u' + e rj') J 


Hence, by setting e — 0, we obtain an expression for the condition (77) in the 
form 

/,(0) = f [|; v(x) + % ^ ,(x) ] dx= °- (78) 

dF dF 

Here we write F = F(x,u,u f ), noticing that the partial derivatives and 

have been formed with x, u , and u! treated as independent variables. 

The next step consists of transforming the integral of the second product 
in (78) by an integration by parts, to give 


f ’£ dx - [f• ^>1! - f £ © ^ d,t 


in consequence of (75). Hence Equation (78) becomes 



rj(x) dx = 0. 


(79) 
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It is possible to prove rigorously that, since (79) is true for any function 
rj(x) which is twice differentiable in (a,b) and zero at the ends of that interval, 
consequently the coefficient of rj(x) in the integrand must be zero everywhere in 
(< a,b ), so that the condition 


d_ 

dx 




(80) 


must be satisfied. This is the so-called Euler equation associated with the 
problem of maximizing (or minimizing) the integral (73), subject to (74). 

dF 

If we recall that F, and hence also — , may depend upon x both directly 

and indirectly, through the intermediate variables u(x) and u\x), we deduce 
that 

d_ (dF\ = d_ /9F\ |“_a_ du |"_9_ /3F\ 1 du' 

dx \du'/ dx \du'J L du \du'/ J dx L du' \du'/ J dx 

so that the Euler equation (80) also can be written in the expanded form 

Fuu T? + Fuu ~ + (F xu - - F u ) = 0. (81) 


Although the form (80) frequently is more convenient in practice, the expanded 

d 2 F 

form shows that, except in the special cases when F u . u . = is zero, the 

equation is in fact a differential equation of second order in w, subject to the 
two boundary conditions u(a) = A and u(b) — B. 

Since the coefficients in Equation (81) may depend not only on x but also 
du 

on u and —, the equation is not necessarily linear. However, it involves the 
dx d 2 u 

highest- order derivative in a linear way and hence (see Section 8.4) it may 

be described as a quasi-Iinear equation in those cases when it is not in fact 
linear. 

It is of some importance to notice that we have not shown that (80) has a 
solution satisfying (74) or, if it has such a solution, that this solution does 
indeed maximize or minimize I. We have indicated only that (80) is a necessary 
condition, which must be satisfied by u if u is to qualify. The formulation of 
sufficient conditions, which ensure that a function u(x) so obtained truly 
maximizes or minimizes I (or makes it a relative maximum or minimum in 
some sense), is much more difficult. 

Not infrequently, in practice, one can be certain in advance that an 
admissible maximizing (or minimizing) function exists. In such a case that 
function necessarily will be obtained as the solution of (80) which satisfies 
(74), or will be one such solution if there are several. Solutions of (80) are 
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often called extremals of the variational problem, whether or not they satisfy 
(74) and maximize or minimize L 

In the case of the example cited at the beginning of this section, where 
F = (1 + k' 2 ) 172 , the fact that F depends only upon u' shows that the relevant 
Euler equation (81) reduces to the form u" = 0, so that (as was to be expected) 
u must be a linear function, u = c t x + c 2 . The given end conditions yield 
c x — 1 and c 2 = 0 and hence u(x) — x. 

As a second illustration, we seek to minimize the integral 



with y(0) = 0 , y(nl2) = 0 . 

The Euler equation (80), with u and x replaced by y and /, respectively, 
becomes 

from which there follows y = c 1 cos t + c 2 sin t -f t. The end conditions 
then give c x = 0, c 2 = — tt/2, and hence 

y = * - \ sin t, 

in correspondence with which 



Generalizations, in which more dependent and/or independent variables 
are involved or which involve other modifications, as well as formulations of 
sufficiency conditions, may be found in the literature. 

Two such generalizations, which are particularly straightforward, may be 
described here: 

(a) If (73) is replaced by the integral 

I = J o * F(x; u lt ..., u n ; u[ . u’ n ) dx, (82) 

where values of the n independent unknown functions ^(x),..., u n (x) are 
each given at the end points x = a and x = b, we obtain an Euler equation 
similar to (80) in correspondence with each w f , 
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Thus, for example, the Euler equations associated with the integral 
J* (“I 2 + u'i - 2«!«2 + 2xuj) dx 

are found to be 

j x ( 2 u[) - (- 2 u 2 +2x)=0 and ~ ( 2 *') - (- 2 u x ) = 0 
or 

u'[ 4- « 2 = x and u'^ 4 - u x = 0. 

(b) Suppose that we are to maximize or minimize (73), 

I F(x,u i u') dx = max or min, (84) 

where w(x) is to satisfy the prescribed end conditions 

u(a) = A , ii( 6 ) = (85) 

as before, but that also a constraint condition is imposed in the form 

f* G(x,u,u') Jx = K, (86) 

•/ a 

where K is a prescribed constant. In this case, the appropriate Euler equation 
is found to be the result of replacing F in (80) by the auxiliary function 

H F + AG, (87) 

where 1 is an unknown constant. This constant, which is of the nature of a 
Lagrange multiplier (Section 7.7), thus generally will appear in the Euler 
equation and in its solution, and is to be determined together with the two 
constants of integration in such a way that the three conditions of (85) and ( 86 ) 
are satisfied. 

In illustration, to minimize the integral ^y^dx, subject to the end 

conditions y( 0 ) = 0 and y(l) = 0 and to the constraint j 0 f^ x = L 

we write H - y' 2 + in correspondence with which the Euler equation 
is 2 y" — A — 0. Hence y must be of the form y = jA;t 2 + c x x + c 2 . The 
end conditions and the constraint condition yield c x = 6, c 2 = 0 , and 
X = _24, and hence there follows y - 6*(1 - x). 

7.9. Differentiation of integrals involving a parameter. Rather frequently it 
is necessary to deal with a function y(x) defined by an integral of the form 

<p(x) = j B 4 iy(x,t)dt, ( 88 ) 

where /is such that the integration cannot be effected analytically. In particular, 
an expression for the derivative <p\x) is often required. 
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If the limits A and B are finite constants , differentiation with respect to x 
under the integral sign can be justified for all x in an interval (a,b) when f and 
3f 

the resultant integrand are continuous for a ^ x ^ b and A S t ^ B. 

More generally, when the limits are not constant we can think of q> as a 
function of x directly and also indirectly, through the intermediate variables 
A and B , and hence write cp = cp(x,A,B). It then follows as an application of 
(6) that 

d<p _ dcp dcp dB d(pdA 
dx dx dB dx dA dx 

dcp 

if the derivatives on the right are continuous, where — is to be calculated by 

treating A and B as constants, and hence by merely differentiating with respect 

df 

to x under the integral sign (when / and are continuous). To evaluate the 

other partial derivatives of cp in (89), let F(x,t) be a function such that 

dF(x,t) 


(89) 


f(x,t) = 

There then follows 

C B dF 

<p(x,A,B) = ^ 

Ja at 


dt 


dt = F(x,B) - F(x,A) 


j ff(x,t)dt = r 
dx Ja Ja 


and hence, when x is held constant as A and B are imagined to vary, there 
follows 

dv _ SFM) _ _ dJ&A) _ 

dB dB J dA dA J 

By introducing these results into Equation (89), we thus obtain the useful 
formula 

dt + f(x,B) ^ - f(x,A) ^ , (90) 

'a ox dx dx 

df 

which is valid for all values of x in an interval ( a,b ) when f and are continuous 

for a ^ x ^ b and A ^ t ^ B, and when A '(*) and B\x) are continuous in 
(< ajb ). This formula is often known as Leibnitz's rule. 

In illustration, if 

x*) = j; m sin (* - o dt > (9i) 

then the repeated use of Equation (90) yields 

/(x) = f* h(t) cos (x — t) dt 

J a 
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and 

y"(x) — — \ X h(t) sin ( x — t) dt + h(x). 

Jq 

Hence it follows that j(x) satisfies the differential equation 

y\x) + y(x) = h(x). (92) 

dy 

In fact, by setting x — a in the expressions for y and —■, we find that (91) 
defines that solution of (92) which satisfies the initial conditions 


y(a) = 0, y'(a) = 0. 


(93) 


In the case of a function defined by an improper integral. 


( f >(x) = Jl> dt ’ 


(94) 


where the range of integration is infinite, the situation is somewhat more 
complicated. Here, assuming that the integral (94) in fact converges, it is known 
that the formula 


/* 00 /*00 

Ax,t)dt = 
dx Ja(x) Ja 


-f(x,A) — 
ox dx 


(95) 


,v. 


is valid for x in (a,b) when f and-f- are continuous for all / ^ A and a < x ^ b, 

ox 

and A\x) is continuous in ( a,b ), and when also there exists a function M(t\ 
independent of x , such that 

1 df(x,t) | 


dt 


SM(0 


for all t ^ A and a g x ^ b, and such that the integral 

S*M(t)dt 

converges. The situations in which A — — oo in (94) are included as special 
cases. 

In illustration, we consider the integral 

9 ?(.x) = ( o c" r cos(2 tx)dt. (96) 

Formally, Equation (95) gives 

^ = -2 P re-' 2 sin (2rx) dt, (97) 

dx Jo 


and the validity of the use of that formula is established for all real x when we 
notice that 1 1 e~ l2 sin (2tx)\ ^ t e~ tZ for all real x and further that the integral 

J* t e~ i% dt converges. 
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Further, if Equation (97) is integrated by parts there follows 

— = [e~ t% sin (2tx)J t Zo — 2x f e~ 4 * cos ( 2 tx) dt 
dx Jo 

= —2xJ o e~ tZ cos (2tx) dt. 

dcp 

Hence 9 ? satisfies the differential equation — + 2xcp = 0, and therefore is of 
the form 9 o(x) = c e~ x a . But when x = 0 Equation (96) gives 


m = f* 

Jo 


dt = V^, 
2 


by Equation (58) of Chapter 2, so that the constant c is determined and there 
follows 


/■ 

Jo 


e * 2 cos ( 2 tx) dt = ^V7T e **. 


(98) 


If we introduce the change in variables t = aw, where a is real and positive, 
and write x = £/( 2 a), this result takes the useful form 


r 


e aS,M2 cos bu du = e b “ /4a “ (a > 0 ). 
2 a 


(99) 


7.10. Newton's iterative method. The use of the procedure known as 
“Newton’s method” (or as the “Newton-Raphson method”) in obtaining 
successive approximations to roots of algebraic and transcendental equations 
in one variable is introduced in courses in elementary calculus. In this section 
we rederive the basic equation and indicate the role of Jacobian determinants 
in the generalization to the solution of simultaneous equations in several 
variables. 

Suppose that we have obtained a first approximation to a certain root of 
an equation of the form f(x) = 0 and require a more nearly accurate value. 
If we denote the first approximation by x 0i we then attempt to determine h so 
that f(x 0 + h) = 0. But for small values of h we have the Taylor series 
expansion 

/(* 0 + h) = fix 0 ) + hf\x 0 ) + jfW + • • • • ( 100 ) 


If the initial approximation is sufficiently accurate and if the higher derivatives 
of / are not excessively large at x 0 , we may neglect terms involving higher 
powers of h in the equation f(x 0 + h) = 0 and hence obtain for h the approxi¬ 
mation 


K 


fix 0 ) 
fix 0 ) ■ 


( 101 ) 
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The next approximation for x is then taken as x x = x 0 + A 0 , and the process 
is repeated. Geometrically, this procedure consists of approximating the curve 
representing y — fix) by its tangent line at x = x 0 , and of determining the 
intersection of the tangent line with the x axis. In unfavorable cases the process 
may not converge. 

To examine the procedure more closely, we may consider the effect of 
retaining the h 2 term in the series expansion. Rather than solve the resultant 
quadratic equation for h 0 , we write the approximate relation in the form 


K ™ 




( 102 ) 


with an obvious abbreviated notation. From the first form it follows that the 
most favorable situation is that in which |/"(*)| < |/'(x)| near the desired root. 
This is geometrically evident. From the second form, assuming the remaining 
terms to be negligible, we see that the magnitude of the correction h 0 will be 
underestimated if/'' and / 0 have the same sign and will be overestimated other¬ 
wise. In general the process will be more likely to converge if the process does 
not “overshoot” the true value. Thus it is preferable that the initial point be 
taken at that end of an interval, inside which the root is known to lie, for 
which/and/" have the same sign (if this is possible or convenient). 

It can be proved that, when /"(*) is continuous, the error e k in the kth 
approximation x k satisfies the equation 




-e\. 


f"(t k . i) 


(103) 


where t k _ x is some number between x k __ x and the true root. 


To illustrate Newton’s method, we seek the real root of the equation 


f(x) = * 3 + 3x - 1 = 0. 


Since/(0) = —1 and/(1) = 3, and since/'(*) > 0 for all x f there is only 
one real root and it lies in (0,1). Further, linear interpolation (graphical or 
analytical) based on these two values of / suggests the starting value 
x 0 = £, for which it is also found that the desirable condition ff” > 0 is 
satisfied. The formula 

fix k ) = 4 + 3x fc - 1 
f\x k ) 3(4 + 1) 

then yields h 0 — —go when x 0 = $, so that x x — 0.3333 — 0.0111 = 
0.3222 when four significant figures are retained. Next, with k = 1, there 
follows h x = —0.00001465, to four significant figures, and hence x 2 = 
0.32218535, to eight places. 

Equation (103) here is of the form 


h-i 

1 + 4-i 


e k-i 


e k = 
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and, since here t k _ x certainly is in (0,1) when x k _ x is in that interval, it 
follows that certainly \e k \ < e\_ x in the present case. If we estimate e x as 
approximately x 0 — x x & 2 x 10~ 5 , we deduce that \e 2 \ < 4 x 10 -10 , 
indicating that the eight digits in x 2 are correct and, indeed, that a ninth 
digit might have been properly retained in its calculation. 

A sometimes useful higher-order procedure consists of first calculating an 
approximation to h 0 by neglecting hl in (102) and of then introducing this 
value into the right-hand member of that equation to obtain an “improved” 
approximation. 

Now suppose that a certain solution of the simultaneous equations 

f(x,y) = 0, g(x,y) = 0 (104) 

is required, and that a reasonably accurate initial approximation (*o>7o) has 
been obtained by some method. We next attempt to determine values of h and 
k such that the equations 

f(x 0 + h,y 0 + *) = 0, g(x 0 + h 9 y 0 + k) = 0 

are simultaneously satisfied. If the left-hand members are expanded in Taylor 
series about the initial point and if only linear terms are retained, these 
equations become 

fo + h fxo + k fyQ — 0, ^ 

go + hga + kgyo = 0 , 


where the zero subscripts indicate that the functions involved are evaluated at 
the point (x 0 ,^ 0 ). Thus approximate corrections h 0 and k 0 are given by the 
solution of these equations, in the form 


K 


fo 

fy 0 


fx 0 

fo 

Io_ 

SvO 

K = — 

SxO 

_£2J 


d(f,g )o 5 0 at/;*) o 


d(x 9 y) d(x,y) 


(106) 


It is seen that the success of this method depends in part upon the magnitude 
of the Jacobian determinant in the neighborhood of the desired solution. 

To see the geometrical significance of this dependence, we recall that the 
vectors 

V f = /** + fvb Vg = gxi + gy j 


are normal to the curves representing/ = Oandg = 0 in the xy plane. Further, 
we obtain the result 


(V/) X (Vg) = k Uxgy - fygx) = kM, 

o{x,y) 
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and it follows from the definition of the cross product (Section 6.3) that the 
numerical value of the Jacobian is proportional to the sine of the angle between 
the normals (and hence also between the tangents) to the curves at points of 
intersection. Thus, small values of the Jacobian may be expected to correspond 
to cases in which the intersecting curves have nearly equal slope at the inter¬ 
section, in which cases slow convergence (or divergence) of the iterative 
process is to be anticipated. Although procedures of higher-order accuracy 
can be derived by taking second-order terms into account, such procedures 
are rather cumbersome. 

To illustrate the procedure in a favorable case, we consider the 
simultaneous equations 

/ = x 3 4 5 6 7 8 9 — y 2 — 3x + y + 2 =- 0, g x 2 4- y 2 — 4 = 0. 

By rough graphical methods it is found that the circle g = 0 intersects the 
cubic curve / = 0 at a point with approximate coordinates (1.5,1.5). Taking 
■*o ~ Jo ~ 1.5, Equations (106) give h 0 = -0.080 and k 0 = —0.087, 
leading to the first improved coordinates x x = 1.420, y 1 = 1.413. The 
exact values are x = y — V2 = 1.414_ 

The methods of this section clearly can be generalized to the solution of n 
equations in n variables. 


REFERENCES 

1. Apostle, T. M., Mathematical Analysis , Addison-Wesley Publishing Co., Inc., 

Reading, Mass., 1957. 

2. Bliss, G. A., Calculus of Variations , First Carus Mathematical Monograph, 

The Open Court Publishing Co., La Salle, Ill., 1925. 

3. Buck, R. C., Advanced Calculus , McGraw-Hill Book Company, Inc., New York, 

1956. 

4. Franklin, P., A Treatise on Advanced Calculus , John Wiley & Sons, Inc., New 

York, 1940. 

5. Hardy, G. H., A Course of Pure Mathematics , Cambridge University Press, 

Cambridge, 1959. 

6. Kaplan, W., Advanced Calculus , Addison-Wesley Publishing Co., Inc., Reading, 

Mass., 1952. 

7. Taylor, A. E., Advanced Calculus , Ginn and Company, New York, 1955. 

8. Weinstock, R., Calculus of Variations : With Applications to Physics and 

Engineering , McGraw-Hill Book Company, Inc., New York, 1952. 

9. Widder, D. V., Advanced Calculus , 2nd ed., Prentice-Hall, Inc., Englewood Cliffs, 

N.J., 1961. 



366 


Topics in higher-dimensional calculus / chap . 7 


PROBLEMS 


Section 7.1 

1. If jc == r cos 0 and = r sin 0, determine expressions for each of the 
following and express each result as a function of r and 0: 



2. If x = r cos 0 and y — r sin 0, express each of the following as a function of 
r and 0: 



3. If s and t are functions of a: and y , say s = f(x,y) and t = £(*,>>), show that 



4. With the notation of Problem 1, show that 

0 2 F / 

0jc 

B 2 F d 2 F B 2 F 

= Vl/ "^2 ( Sxt V + Vx) tx *V "Jfi 



+ 



BF 

17 ’ 


and hence obtain the result 


d 2 F B 2 F B 2 F d 2 F dF BF 

luTy = ~d? + (Vv + 5 " 4) ITT/ + 1? + Sxv ~si + txv Tt ‘ 

[Notice that the variables (x,y) and (s,t) may be interchanged throughout.] 

5. (a) By identifying x and y in the result of Problem 4, obtain the relation 
#p 2 a 2 p o £2 f BF BF 

w = + 2Sxtx 171t + '* 1 ? + ^ + '**17 ’ 


as well as an analogous expression for 


B^F 
By 2 * 
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(b) If t v = s x and l x = —s y , show that 


a 2 F a 2 F 9 9 /a 2 F a 2 F\ 

v F “ + = + Sy) (l? + l/*) - 


6. If f(p,v,T) = 0, show that 

/M = Jr i¥\ _ _/» _ _/t 

Wr // W, /,’ 

and deduce that 

(¥\ = _/*\ />\ 

W TOW* 

7. If F ^-fip.T) and F = g(p,v), show that 

«Ga-M5iGa- 

/aF\ / be\ tdE\ /an 

<»y=/, + / rf ,-.y„ + (4y,. 

Section 7.2 

8. If £/ and v are functions of r and 5, and also r and s are functions of x and y, 
prove that 

d(u,v) d(r,s ) __ d(u,v) 
d(r,s) d(x,y) d(x,y) * 

9. The variables x and y are expressed in terms of the variables u and v by the 
equations 

x - F(u,v), y = G(u t v). 

(a) By writing 

f(x 9 y y u 9 v) = * - F(w,t>), g(x,y 9 u,v) = y - G(u,v) 

and thus reducing the given equations to a special case of Equations (18), show that 
the statement following Equation (22) implies that u and v may be considered as 

3(F,C) 

functions of x and y if the Jacobian / = ——- does not vanish, and that this 
condition is equivalent to the requirement ' 

d(u 9 v) 

when x and y are considered as functions of u and v. 

(b) Assuming that J ^ 0, show that Equations (21) then become 


Wj| j , Uy j , V X 
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(c) Obtain the same results directly by differentiating the original equations 
partially with respect to x and with respect to y, in each case holding the second 
variable constant, to obtain the relations 

1 = F u u x F v v Xi 0 = F u Uy H - F v Vy , 

0 — G U U X *f G v V Xf 1 ~ G u liy 4“ GyVyy 

and by solving these equations for the desired quantities. 

10. The five variables x, y, z, u, and v are related by three equations of the form 
fiXyUyV) = 0, g(y,u,v) = 0, h(z,u,v ) = 0. 

(a) State conditions under which the first two equations determine u and v 
as functions of x and y and the third equation determines z as a function of u and v f 
and hence then as a function of x and y. 

(b) Considering z, u , and v as functions of the independent variables x and y, 
differentiate the three equations partially with respect to x , holding y constant, and 
hence show that u Xi v Xi and z x satisfy the equations 


fu U X “h fv V X fxy 

gu"x + gvVx = 0, 

hz^x 4” hitMx 4“ hv^x ~ 

(c) By solving these equations for z x (by determinants), obtain the result 

Kh,g) 

_fx KUyV) 

Zx "* z 'Kr*y 

Ku,v) 

(d) Show also, by symmetry or otherwise, that 

W) 

d(<u ^ 

Zy “ */W 

d(u,v) 

(e) Verify these results in the case when 

2x 2 — u 4- v = 0, 2 y* — u — v = 0, z 4- w — u 2 = 0 

by first obtaining z explicitly as a function of x and y and differentiating, and also 
using the results of parts (c) and (d), to determine z x and z„. 

11. Show that the equations 

* =* F(u,v), y = G(u,v), 


z = H(UyV) 
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determine z as a function of x and y such that 

d(z,y) d(z,x) 


Zx = 


Kx,y) 

d(u,v) 


s (u,v) 

d(u,v) 


d(u,v) 

S(x,y) ' 

d(u,v) 


0. (Write f = x— F, g=y — G, h—z—H in Problem 10.) 


12. If f(,x,y,z) = 0 and g(x,y,z) = 0, we may in general consider any two of the 
variables as functions of the third. Show that 


dx 


dy 


dz 


Kf,g) Kfg) Kf>g) 

d(y,z) d(z,x) d(x,y) 

if no denominator vanishes. 

13. Show that the tangent line, at a point (x 0 ,y 0 ,z 0 \ to the curve of intersection 
of the surfaces f(x,y,z) = 0 and g(x,y,z) — 0 is specified by the equations 


* - *0 


1 “Jo 


Z - Z ft 


rwi 


rw 


p(/vf)l 


0 

_3(z,x)_ 

0 



xy 


Section 7.3 

14. Prove that the functions 

x + y 

Ul ~ ~x~—~y' " 2 “ (x - yf 

are functionally dependent. 

15. Prove that the functions u x — y -I- z, u 2 ----- x + 2 z 2 , and w 3 — x — 4yz — 2y 2 
are functionally dependent. 

16. Determine whether the functions 

x -y 




X + z 


and Uo 


are functionally dependent. 

17. Determine whether the functions 

yz — x 


X + z 


are functionally dependent. 


" 2 


xyz — y 2 z 2 + x 2 
xyz ■+• y 2 z 2 


Section 7.4 

18. The coordinates w, <p> and 0 are defined by the equations 

x = au cos 0 sin <p, y = bu sin 0 sin 9p, z = cu cos 9 ? 
where k ^ 0, 0 <; 99 <; tt, and 0 ^ 0 < 2?r. 
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(a) Show that the surfaces u = constant are the ellipsoids 

&+{ a 




Z \ 2 

w + (; 

s;) + (; 

s) 


whereas the surfaces 9 p = constant and 0 = constant are elliptical cones and planes, 
respectively. 

(b) Show that the element of volume is of the form 
dr = abc u 2 sin <p du d<p dO. 

19. Use the result of Problem 18 to show that the z coordinate of the center of 
gravity of that half of the ellipsoid 

* 2 f z 2 i 

a 2 b 2 c 2 

which lies above the xy plane is given by 

ri M2 rin „ 

V z = abc 2 I u 2 du I sin 9 ? cos <p d<p I dd = - abc 2 , 

where 

ri M 2 r 2 n 2 tt 

V = abc I u 2 du \ sin 9? d<p \ dd = — abc , 

Jo Jo Jo 3 

and hence has the value z = 3c/8. 


20. Suppose that a closed curve C, surrounding the origin in the xy plane, is 
specified by the parametric equations 

x=m> y=gW (0 0 < 2tt). 

(a) Show that, if coordinates u and 0 are defined by the equations 

x=uf(6 ), y = U g(d\ 

then the area A enclosed by C is specified by the ranges 0 ^ u < 1 and 0 ^ 0 < 2xr. 

(b) Show that the element of area in ud coordinates is given by 

dA = | W(Q)\ u du dO, 

where W(6) is the Wronskian (see Section 1.2) of /(0) and ^(0). 

WP) -/'(*>*(*>. 

Deduce that 

jj A F ( x, y) dxdy = Jo” Jo F[uf(0), ug(0)] \ tV(0 )| u du dd. 

21. (a) If a surface is defined by the equations 

x = x(u l9 u 2 ) f y = y(u lt u 2 ), z = z(u l9 u 2 ), 
show that the directed element of surface area on that surface is given by 

do — U x X U 2 du Y du 2 , 
dr dr 

where U t = — and U 2 = — , and where r is the position vector xi + y j 4- zk. 
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(b) Use Lagrange’s identity [Equation (36) of Section 6.4] to show that the 
scalar element of surface area is of the form 

da = V EG — F 2 du x du 2 

where 

dr dr dr dr dr dr 

du x du x 9 du x du 2 9 du 2 du 2 * 

22. Show that the element of arc length ds along any curve C on the surface 
considered in Problem 21 can be obtained, from the fact that 

dr dr du l dr du 2 
ds du x ds du 2 ds 

is a unit vector tangent to the curve C, in the form 

ds = VEdu j + 2F du l du 2 T G du\ y 
where E F, and G are defined in Problem 21. 

Section 7.5 

23. Obtain the terms of degree two or less in the Taylor expansion 

e x+v a 0 + b x x + b 2 y + c x x 2 + c 2 xy + c z y 2 + • • • 

(a) by direct use of the two-dimensional Taylor formula, 

(b) by first expanding <? x+v in a series of powers of x + y, 

(c) by multiplying together appropriate expansions of e x and e v . 

24. Obtain the terms of degree two or less in the Taylor expansion 

7x4—v = a o + b i( x - 0 + b i(y - 0 + Ci(* - l) 2 

i ■+* x — y 

+ C 2 (x - l)(j - 1) + c 3 (y - l) 2 + • • • 

(a) by direct use of the two-dimensional Taylor formula, 

(b) by any shorter method. 

25. For a certain function f(x,y), it is known that 

/(0,0) - 1, /*(0,0) - 0.25, fy(0 y 0) = 0.50 

and that 1/^1 £ 0.15, \f xy \ £ 0.05, and | f yy \ < 0.05 every where along that segment 
of the line y — x which joins (0,0) and (0.1,0.1). Show that 

1.0735 ^/(0.1,0.1) ^ 1.0765. 

26. Obtain a three-decimal place approximation to the value of 

IX e ~ xVdxd r 


by use of Taylor series. 
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Section 7.6 

27. Locate and identify all relative maxima and minima and saddle points (if 
such exist) of the following functions : 

(a) x 2 4- 2 bxy 4- y\ (b) x 2 — xy 4- y 2 — 2x 4- /, 

(c) x 2 y 2 — x 2 — y 2 , (d) x 3 y 3 — 3x — 3y. 

28. Locate and identify all points at which absolute maxima or minima are 
assumed by the following functions: 

(a) x 2/3 4- / 2/3 , (b) ( x 2 4- y 2 — 2x 4* 2y 4- 2) 1/2 , 

(c) (/ - * 2 ) 1/2 , (b) (2x -2 y-x 2 - y 2 ) 1/2 . 

29. Locate and classify all maxima and minima and determine any saddle points 
for the following functions: 

(a) 2x* - xy 4- 2/, (b) - 2 x 2 y 2 4- /, 

(c) x 4 — 4a: 2 / 2 4- y 4 , (d) x 4 4- y 4 . 

30. Find the absolute maximum and minimum of the function x 2 — y 2 — 2x 
in the region x 2 4 - y 2 ^ 1. (Write x = cos 0, / = sin 0 on the boundary.) 

Section 7.7 

31. Determine when, if ever, jc 2 4* y 2 takes on a minimum or a maximum value 
under the constraint xy = 1. 

32. Determine when, if ever, xy takes on a maximum or a minimum value under 
the constraint jc 2 + y 2 = 2. 

33. Minimize x 2 4- 4y 2 H- 16z 2 under each of the following constraints: 

(a) xyz = 1 , (b) xy = 1, (c) * = 1 . 

34. Determine the points on the ellipse, defined by the intersection of the surfaces 
x 4- / = 1 and x 2 4 * 2j 2 4- z 2 = 1, which are nearest to and furthest from the 
origin. 

Section 7.8 

35. Obtain the Euler equation associated with maximizing or minimizing 
J* Fdx in the following cases: 

(a) F = p{x)y' 2 - q(x)f + 2 f(x)y f 

(b) F = A(x)y' 2 4- 2B(x)yy f 4- C{x)y 2 4- 2D(x)f + 2 E(x)y. 

36. Obtain the two Euler equations associated with maximizing or minimizing 
Fdx in the following cases: 

(a) F = A(x) u' 2 + 2 B(x)u{ub 4- C(x)wj 2 , 

(b) F = a u (*)wi a + 2 a 12 (x)um + a 22 (x)uf 

+ 4- 26 12 (a:)« 1 W2 + b^{x)u\. 
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37. Geodesics on a surface are the extremals of the problem of minimizing the 
distance, along that surface, between two points on the surface. Determine the 
geodesics on the right circular cylinder + f - a 2 , by writing x = a cos 0 and 
y = a sin 6 and proceeding by each of the following methods: 

(a) Assume z — u(0 ), so that ds — V a 2 -f u' 2 d0 9 


(b) Assume 0 =■- v(z), so that ds = V a 2 v' 2 + 1 dz t 

(c) Assume z = f(t) and 0 — ^(/), where / is a parameter, so that 

ds = Vf ' 2 + a 2 g ' 2 dt. 

[Notice that in (a) we assume that z can be expressed as a single-valued 
differentiable function of 0 , whereas in (b) the roles of the variables are reversed. 
In (c) neither assumption is made.] 

38. Determine the geodesics on the sphere jc 2 -f y 2 -1- z 2 — a 2 , using the spherical 
coordinates defined by Equation (163) of Chapter 6 and assuming that the required 
equation can be written in the form 0 — //(<?). »(Take cot<p as a new variable in 
evaluating a relevant integral.) 

39. Determine the minimum and maximum values of the integral 

J 0 V^> 

subject to the end conditions j(0) — 0, KO 3:1 1. Also account for the degenerate 
form of the Euler equation in this case. 

40. Show that the Euler equation corresponding to minimizing the integral 

/ j' [/'(*)/- -q(x)f\dx. 


subject to the end conditions y{d) 0, y(b) — 0 and to the constraint 

j r(x)y 2 dx 1, 


is 


d / dy\ 
dx V dx / 


{q ■! >r)y - 0, 


when the Lagrange multiplier is denoted by -A. [Notice that here A is a character¬ 
istic number associated with a Sturm-Liouville problem (see Section 5.6).] 

41. Find the minimum value of y' 2 dx , subject to the conditions 

j(0) -v(l) = 0 and v 2 dx - 1. 


42. If the length of a curvilinear arc joining the points (0,0) and (1,0) is prescribed 
as L (with L < tt/ 2) and if the area bounded above by this arc and below by the x 
axis is to be maximized, show that the arc must be circular. Assume that we may 
write y =-= w(*) along the arc. 
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Section 7.9 


where a > b > — 1, show that 


na) = f 1 . 

Jo 


and hence, noticing that 1(b) = 0, obtain the result 


44. (a) If 


C a da t c 

J, 

f 00 e~ ax si 


(a > b > -1). 


where a > 0, show that 1(a) = -1 /(a 2 + 1). Hence, noticing that J(oo) =0, 
obtain the result 


’ e~ ax sin x 


tan- 1 « (a > 0). 


(b) By considering the limit of this result as a -► 0, and making the justifi¬ 
able assumption that the limit can be taken under the integral sign, deduce also that 


smjc^ it 
x X ~ 2* 


45. (a) By replacing jc by ax in the result of Problem 44(b), obtain the result 


a) - r - 

Jo 


sin ax ,ir 
— dx=: 2 (a>0) - 


(b) Show that, although hence /'(a) = 0 when a > 0, the derivative cannot 
be determined by differentiating under the integral sign. 

(c) Show that 1(0) — 0 and also that I(—a) = — 1(a ), so that 1(a) must be 
given by — tt/2 when a is negative. 

46. Given the evaluation 

j"„e-*dx = Vt r. 

[see Equation (58) of Chapter 2], determine the value of the integral 

f* x 2 e- x2 dx 
J -00 

by replacing x by ux in the original integral, dividing by u, differentiating with 
respect to u, and finally setting u = 1. 

47. Obtain a differential equation, together with appropriate initial conditions, 
satisfied by the function 
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Section 7.10 

48. Determine to five places the real root of the equation x 3 — 2x — 5 = 0. 

49. Determine to three places the smallest positive root of the equation 

tan x = x 

by Newton’s method. [Suggestions : Notice that x = 3tt/ 2 is a fair approximation, 
obtained by sketching the curves y = tan x and y = x on the same graph and 
estimating the abscissa of the intersection. Take f(x) = sin x — x cos x, rather than 
f(x) — tan x — x, to avoid the infinity of the latter function.] 

50. Determine to three places the smallest positive root of the equation 
tanh x = tan x by Newton’s method. 

51. Determine to three places the real solution of the simultaneous equations 

4JC 3 - 27 xf + 25-0, 4x 2 y - 3/ - 1 - 0 
in the first quadrant. 

52. The path of a projectile moving in the xy plane is specified by the parametric 
equations x =f(t\y = g(t) where t is time. It is required to determine the time at 
which its trajectory will intercept a curve specified by the equation (pix,y) = 0. If 
the approximate time is t 0 and the approximate coordinates of the interception are 
(jc 0 ,y 0 )» show that Newton’s method yields a new estimate t = f 0 + T , where 

= <Po + (/o - x 0 )(p x0 + (g 0 -- y Q )<p vQ 
foVxo + <3W/o 

and where the zero subscripts indicate evaluation for / — r 0 , x = x 0i and y — y 0 . 



CHAPTER 8 


Partial Differential Equations 


8.1. Definitions and examples. A partial differential equation is said to be 
linear if, when the equation has been rationalized and cleared of fractions, no 
powers or products of the unknown function or its partial derivatives are 
present. If it is true only that no powers or products of the partial derivatives 
of highest order are present, the equation is said to be quasi-linear . Thus, for 
example, the equation 


dz . dz 
x — 4 - v — : 
dx * dy 


z 


is a linear equation in z, of first order, whereas the equation 



is a quasi-linear equation of second order. 

In this work we deal principally with linear equations, although certain 
procedures to be developed can also be applied to the solution of certain 
quasi-linear equations. 

We recall that in the case of an ordinary differential equation of order n , 
a general solution involves n independent arbitrary constants. In particular, 
the general solution of a linear ordinary differential equation expresses the 
unknown variable as a linear combination of n independent functions, the n 
arbitrary constants appearing as the coefficients of the n functions in the linear 
combination. For nonlinear ordinary equations the constants in general appear 
in a more complicated way in the solution, and there may exist so-called 
“singular solutions” which do not involve the arbitrary constants and cannot 
be obtained from the first solution by specializing these constants. 
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sec . 8.1 I Definitions and examples 


In the case of partial differential equations, the most general solutions are 
found to involve arbitrary functions of specific functions. As a simple example, 
we readily verify that the equation 


is satisfied by the expression 


2 — — — = o 

dx dy 
*=/(* + 2 y\ 


no matter what functional relationship is indicated by / (so long as / is 
differentiable). For from Equation (2) we obtain 


df(x + 2 y) d(x + 2 y) 
d(x + 2 y) dx 

df(x + 2 y) d(x + 2 y) 
d(x + 2 y) dy 


= f'(x 


2/'(* + 2y) = 2^, 

dx 


and hence (2) implies (1). 

To see that (2) is indeed the most general solution of (1), we introduce the 
new variables 

t = x + 2y, s = x. (3) 

There then follows 



t = 

- X 

+ 

2 y- 


S ~ X. 


dz 

dz 

dt 

1 

dz 

ds 


dz 

dx 

~ dt 

dx 

nr 

ds 

dx 

-dt + 

ds ’ 

dz _ 

dz 

dt_ 

l 

dz 

ds 

-2- 


dy 

= a7 

dy 


ds 

dy 

■ 2 dt ’ 



and (1) becomes merely 


, dz(s 9 t) 


The general solution of this equation is clearly z =f(t) —f(x + 2y\ where 
/ is an arbitrary function, in accordance with (2). We see that such expressions 
as z = x + 2y + 1 , z — sin (x + 2 y\ z = 4Vx + 2y + cos (x + 2y\ . . . , 
are all particular solutions of the partial differential equation (1). 

As a further example, we determine a partial differential equation which 
has the expression 

z = /(: 2x +>>) + g(x -y)-xy (5) 

as its general solution. The procedure consists of attempting to obtain, by 
differentiation, sufficiently many relations to permit elimination of the arbitrary 
functions. With the notations 


4ft 2 * + y) 

d(2x + y) ’ 


dg(x - y) 
d(x - y) ' 
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the first and second derivatives of (5) are obtained in the form 


' P- = 2 /' + g' - 

OX 

— = 4/" 4 - g" - 2z 
dx 2 1 +S ’ dxdy 


dz r , , 
r -=f'-g'-x, 
dy 


( 6 a) 

( 6 b) 


Equations ( 6 b) constitute three relations involving the two arbitrary functions 
f* and g". If two of these relations are used to determine /" and g", and if the 
results are introduced into the third relation, there follows 


(Pz __ _ 2 — 

dx 2 dx dy dy 2 


(7) 


This is the differential equation of lowest order satisfied by (5), with / and g 
arbitrary functions. 

We may verify that, in fact, Equation (5) is the most general solution of (7) 
by first noticing that since z = — xy satisfies (7), the function 


w = z + xy 


( 8 ) 


must be the general solution of the equation 

_ 2 <^ = 0 

dx 2 dx dy dy 2 

Now, if we make the substitutions 

2x + y = s, x — y — t 


suggested by (5), there follows 


A = <^d_ + ch.i = 2- + - 

dx dx ds dx dt ds dt ’ 

i. = ^.2 + fli = £_2 

dy dy ds dy dt ds dt ’ 


and (9) takes the form 


from which the general solution 


9 2 w 

ds dt 


= 0 


(9) 

( 10 ) 


( 11 ) 


w=f(s)+ g(t) = /( 2x + y) + g(x - 4 ) ( 12 ) 

is obtained by direct integration. The introduction of (12) into ( 8 ) leads to (5). 
In a similar way, the expression 

z =f(ax + by) 4 g(cx + dy), 


(13) 
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where a , b , c, and d are constants such that ad # be, is readily shown to be 
the general solution of a linear partial differential equation of the form 


a * + b *l + c * - z 

ax 2 ax ay ay 2 


= o. 


(14) 


where A, B, and C are constants depending upon a, c, and d. 

In more involved partial differential equations, the arbitrary functional 
relations may enter into a general solution in much more complicated ways, 
and additional solutions may exist which cannot be obtained by specializing 
the general solution so obtained. Because of the fact that “general” solutions 
of partial differential equations involve arbitrary functions, the specialization 
of such solutions to particular forms which satisfy prescribed boundary condi¬ 
tions involves the determination of functional relations, rather than merely the 
determination of constants, and is usually not feasible. For this reason, we 
generally prefer to determine a set of particular solutions directly, and attempt 
to combine these solutions in such a way that the prescribed boundary condi¬ 
tions are satisfied. The development of such procedures, in cases of linear 
equations, forms the basis of most of Chapter 9. However, since certain 
general properties of solutions of certain equations are most readily obtained 
by studying the general solutions, we show in Sections 8.2 through 8.5 in what 
way such solutions can be obtained in certain simple cases of frequent occur¬ 
rence. 


8.2. The quasi-linear equation of first order. The most general quasi-linear 
partial differential equation of first order can be written in the form 

P(x,y,z) ^ + Q(x,y,z) ^ = R(x,y,z), (15) 

ox ay 

where z is the dependent variable and .v and y are independent. If (15) is to be 
truly linear, then P and Q must be independent of z and R must be a linear 
function of z, say R — R x z -f- R 2 , so that (15) becomes 

P(x,y) p + Q(x,y) ^ = R x (x,y) z + R 2 (x,y) (16) 

ox oy 

in this special case. 

Suppose that the equation 

u(x,y,z) = c (17) 

is an integral of (15), in the sense that (17) determines z as a function of x and y 
which satisfies (15). Then, by partial differentiation we obtain the two results 

9u 3u3z_0 9m dudz 
dx dz dx ’ dy dz dy 


( 18 ) 
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where in the derivatives ^, and ^ the variables x 9 y, and z are con- 
ox dy oz 

sidered as independent. Thus we may write 


du 


du 

dx 

dz 

_ d JL 

du 

dy ~ 

du 

Tz 


dz 


(19) 


du 


assuming, of course, that -r- ^ 0 . If these expressions are introduced into 
w oz 

(15), an equivalent equation is obtained in the form 


4 +^+ 4 -«. ( 20 ) 

ox oy oz 

This form has the advantage that in it the variables x, y, and z play com¬ 
pletely symmetrical roles, and we are readily led to a geometrical interpretation 
of the equation. Equation (20) obviously can be written in terms of a dot 
product, 

(P i+ Gj + *k).Vw = 0. ( 21 ) 


Since Vu is a vector normal to the surface u ~ c. Equation (21) states that the 
vector P i + Q j + P k is perpendicular to the normal to that surface at any 
point on the surface, and hence lies in the tangent plane. Thus we see that 
at any point the vector P i +- Q j + R k is tangent to a curve in the integral 
surface u — c which passes through that point. 

Thus the differential equation in any of its related forms (15), (20), and (21) 
may be considered as determining at any point in some three-dimensional 
region a direction , specified by the vector V = / > i+2j + J?k. If a particle 
moves from a given initial point in such a way that its direction at any point 
coincides with the direction of the vector V at that point, a space curve is 
traced out. Such curves are called the characteristic curves of the differential 
equation. 


In a similar way, the ordinary differential equation of first order, 

dy 

£ 

defines an angle 9 v - tan ^fixy) at any point in some region in the xy 
plane, which the tangent to an integral curve must make with the x axis, 
and the general solution of the equation consists of the set of curves having 
the prescribed direction at any point in the two-dimensional region of 
definition. 
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We see next that any surface which is built up from such characteristic 
curves in space will have the property that the tangent plane at any point 
contains the vector V = Pi + Q j + Rk, and hence the normal vector at any 
point of such a surface is perpendicular to V, as is required by (21). That is, 
any surface built up from characteristic curves is an integral surface of the 
differential equation. 

If r is the position vector to a point of a characteristic curve, and if s 
represents arc length along the curve, then the unit tangent vector to the curve 
at that point is given by 

dr dx . , dy . . dz _ 

— = — i + — j H-k. 

ds ds ds ds 

The requirement that this vector have the same direction as the vector 
P i + Q j + R k becomes 

_ dx - d v n dz 

P =/*—, Q = f*~. R=p — , (22) 

ds ds * ds 


where p may be a function of x, y\ and z. These relations can be written in 
the differential form 


dx dy dz 

7 “"q ” 7 ’ 


(23) 


and hence are equivalent to two ordinary differential equations. 

Let the solutions of two independent equations which imply (23) be denoted 
by 

m 1 ( x , v , z ) = q, U 2 {x,y,z) = c 2 , (24) 


where c 1 and c 2 are independent constants. Then these equations represent 
two families of integral surfaces of Equation (20). A surface of one family 
intersects a surface of the second family in a characteristic curve. If we consider 
the characteristic curves which are the intersections of those surfaces for which 
c x and c 2 are related by an equation of the general form F(c x ,c 2 ) = 0, the locus 
of these intersections will determine a surface which is an integral surface, no 
matter what functional relationship is indicated by F. That is, any surface 
given by an equation of the form 


or, equivalently, 


7 r [w 1 Cv, v,z), w 2 (.v, v,z)] = 0, 
w 2 (.\\v\z) f[ufx.}\z)] 


(25a) 

(25b) 


will be an integral surface of the given partial differential equation. 
The general result can be summarized as follows: 

The general solution of the equation 


P 


dz 

dx 



- R 


(26) 
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is of the form 

F(u l9 u^ = 0 or u 2 = f(u x ) 9 (27) 

wAere = c x and u 2 (x,y,z) = c 2 are solutions of any two independent 

differential equations which imply the relationships 

— = ^1 = — (28) 

P Q R ' K } 


The intersection of any two of the surfaces u x = c x and u 2 — c 2 is a characteristic 
curve whose tangent at any point has the direction ratios (P 9 Q 9 R). 


We notice that, since (28) is a consequence of (22), in case P 9 Q, or R is 
identically zero we must take dx 9 dy , or dz 9 respectively, equal to zero. Thus, 


dx dy dz 

the relations — = ■— = — imply the two equations Qdx = Pdy and dz = 0. 


We may now establish the validity of the general result by an 
argument which is independent of geometrical considerations. Let 
u x (x 9 y 9 z) = c x and u 2 (x,y f z) = c 2 be solutions of two independent 
equations which imply (23). Then since (23) implies (22), we have 


= du x — — 1 dx + 
dx 


du x , du 
ly y + 1z 


i , /„ „ Su \ , „ 

- dz = I P — -h Q ~r~ + R "r I — . 

: \ dx dy dz) 


Hence u = u x and (similarly) u == u 2 are solutions of (20). It follows also 
that if u x = c x and u 2 — c 2 determine z as functions of x and y 9 these 
functions are solutions of (15). We next replace the independent 
variables jc, y, and z in (20) by the new variables r -= u x {x 9 y 9 z) 9 s = w 2 (jc,/,z), 
and t = 9 ?(jt,j,z), where q> is a/zy function which is independent of and u 2 
and which does not satisfy (20). There then follows 


du du dr du ds du dt du du x du du 2 du d<p 

dx dr dx + ds dx dt dx dr dx + ds dx ^ dt dx * 


together with similar expressions for — and — . With these substitutions 
(20) takes the form ? z 





+ R 


du 2 \ du 
dz j ds 


+ 


dtp d(p d(p\ du 

P Tx + Q T y + R Tz\Tt =0, 


where u is now considered as a function of the independent variables 
r = u l9 s = w 2 , and t = (p. But since u x and u 2 satisfy (20), the coefficients 
_ du du 

of — and — vanish, and since q> does not satisfy (20), Equation (20) is thus 
. , , dw 

equivalent to the equation ~ = 0. Hence the most general solution of (20) 
is u = F(r y s) = F(u l9 u 2 ) 9 where F is an arbitrary differentiable function. 
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Thus finally, if — ^ 0, the most general solution of (15) is u = c or 

jF(wi,w 2 ) = C, where c can be incorporated into F,and hence can be replaced 
by zero, as was to be shown. 


As a first example, we consider Equation (1), 

ox oy 


(29) 


and deduce the solution (2) by the method derived above. In this case (28) 
becomes 


dx dy 

dz 

2 ~ —1 ~ 

0 ’ 

or dx + 2 dy = 0, 

o' 

II 

■8 

The solutions of these equations are 


x + 2 y = q. 

z = c 2 . 


and hence, with u x = x + 2y, w 2 — z, Equation (27) gives the general solution 
of (29) in the alternative forms 


JF(x 4- 2y, z) = 0 or z=f(x + 2y), (30) 

in accordance with (2). In this case the surfaces u x = c x and w 2 = c 2 are planes, 
and the characteristic curves are the straight lines parallel to the xy plane, 
given by the intersections of the planes x + 2y = c x with the planes z — c 2 . 
The direction cosines of these lines are proportional to the coefficients P,Q,R 
in (29), that is, to the values (2, —1,0). In this case the characteristic “curves” 
coincide with their tangents. Any surface built up from straight lines of the 
type noted is of the form (30), for some choice of / or F, and is an integral 
surface of (29). It should be noticed that any solution of (29) is constant along 
any line a' + 2 y — constant in the av plane. 

More generally, we verify readily that the general solution of the equation 

a~ + h^- = 0, (31) 

ox oy 

where a and b are constants, includes all cylindrical surfaces with elements 
parallel to the direction (a,b, 0), and is of the form 


z =/(*■ * - a y)- 


(32) 


It should be noticed that this solution can also be expressed in other related 
forms such as 


z = F(ay — fcx), 




and so on, if exceptions when a or b vanish are taken into account. 
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As a second example, for the equation 

dz dz 

x -h v — — z 

dx y dy 

the associated equations become 

dx dy dz 
x y z 

for two of which solutions are obtained in the form 


(33) 



x x 


The general solution of (33) can then be written in the form 

f(M)- 0 or * = ,/(*) (34) 

or in several other equivalent forms, such as 



Since the characteristic curves are straight lines with the direction ratios ( x f y\z), 
it follows that any surface (34) contains the straight lines from the origin to 
points on the surface, and hence is a conical surface with vertex at the origin. 


8.3. Special devices. Initial conditions. Although th c geometric interpreta¬ 
tion of the general solution of an equation of type (26) usually is readily 
obtained, the determination of explicit solutions of two of the associated 
equations (28) may present difficulties. In the linear case, 


P(x,y) + Q(x,y) ^ = R x (x,y): + R 2 (x,y), 
ox dy 


(35) 


dy Q 

since P and Q are independent of z, the equation = — involves only x 


and y . If it can be solved in the form u x (x,y) = c v then this result may be 
used to express, say, y in terms of x and c v Then the equation 


d£ = R x z + R 2 
dx P 


becomes a linear ordinary differential equation in z. The solution of this 
equation can be written in the form 

U 2 = Z Oifoq) + Ojj (x,c x ) = c 2 . 
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If c l is then replaced by its equivalent in terms of x and y, the result is of the 
general form 

«2 = 2 Pi(x,y) + Pi(x,y) = c 2 . 


The general solution of the partial differential equation then becomes u 2 — /(«i) 
or 


z = 


1 

Pi(x,y ) 


/[«i(x,y)] - 


Pi(x,y) 

Pi(x,y ) 


Thus, the general solution of a linear equation offirst order can he put in theform 

z = Si(x,y)/[s 2 (jc,y)] + S 3 (x,y), (36) 

where s l9 s 2 , and s 3 are specific functions and f is an arbitrary function . 

For example, in the case of the equation 

y- + xy- = z-l, (37) 

ox dy 

Equations (28) become 


dx dy dz 



Equality of the first two members gives 

y dy — x dx = 0, y 2 — x 2 = c v 

Equality of the first and third members then gives 

dz dx z — 1 z —1 

- ■ ; - 7 =— = Co or - 

z — 1 V x 2 + c x x + V x 2 + c x x + y 


Thus, with 

o •> 2 1 

Mj = y* — x\ u 2 = -, 

X + y 

the general solution of (37) becomes u 2 = /(w x ) or 

z = (.V + y)f(y 2 - X 2 ) + 1. (38) 


In other cases, if one integrable equation can be obtained by suitably re¬ 
arranging (28), a similar procedure can be followed. In particular, since the 
equal ratios in (28) are also equal to the ratio 


k x dx + k 2 dy + k 3 dz 
k x P + k 2 Q + k 3 R ’ 


(39) 


where k v k 2 ,, and k 3 are entirely arbitrary, any one of the given ratios can be 
replaced by a new ratio of this form. If k v k 2 , and k z can be chosen in such a 
way that the denominator of the new ratio vanishes and the numerator is an 
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exact differential du l9 then the corresponding vanishing of the numerator leads 
to the fact that one integral is u t = c v 
As an example, we consider the equation 

(mz — ny)^ + (nx — lz)^- = ly — mx. (40) 

ox dy 

The associated equations are 

dx _ dy _ dz 

mz — ny nx — Iz ly — mx 

and no pairs are immediately integrable. We next determine k l9 k 2 , and k 3 so 
that the ratio (39) has a zero denominator and hence also a vanishing numera¬ 
tor, and so write 

k x (mz — ny) + k 2 (nx — Iz) + k 3 (ly — mx) = 0. 

If we require the coefficients of /, m , and n to vanish independently, we obtain 
k x = x 9 k 2 — y 9 k 3 = z 9 

and if we require the coefficients of x 9 y, and z to vanish independently, we 
obtain 

kx = /, k 2 = m 9 k 3 = w. 

With these particular choices of the fc’s, we obtain the two additional equivalent 
ratios 

x dx + y dy + z dz l dx + m dy + n dz 
0 ’ 0 

Since the numerators happen to be the exact differentials \d(x 2 + y 2 + z 2 ) 
and d(/x + my + nz) 9 their vanishing leads immediately to the integrals 

ss X 2 + y 2 + z 2 = c l9 u 2 lx + my + nz = c 2 , 

and hence the general solution of (40) can be written in the form 

F(x 2 + y 2 + z 2 , lx + my + nz) = 0. (41) 

The characteristic curves in this case are the circles in space determined as the 
intersections of the spheres tq = c t and the planes u 2 = c 2 . 

In the case of an ordinary differential equation of first order, the arbitrary 
constant can, in general, be determined so that the integral curve passes 
through a specified point in the xy plane. In a similar way, the arbitrary 
function in the general solution of a first-order partial differential equation 
can, in general, be determined so that the integral surface includes a specified 
curve in xyz space. If the equation of the curve is given by the pair of equations 

<p 1 (x,y,z) = 0, <p 2 (x,y,z) = 0, (42) 
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that is, as the intersection of the two surfaces <Pi = 0 and <p 2 = 0, and if the 
solutions of two of the associated equations (28) are written in the form 

Ui(x,y,z) = c 1% u 2 (x 9 y y z) = c 2 , (43) 

the determination of the function F in the general solution (27) is equivalent 
to the determination of a functional relationship between c x and c 2 in (43) such 
that (42) and (43) are compatible. Thus, if the elimination of x , y , and z from 
the four equations involved in (42) and (43) leads to an equation of the form 
F{c l9 c^ = 0, the required solution is given by Fiu^u^ = 0. 

For example, if we require the solution of (37) which passes through the 
curve 

z = x 2 +y 4 - 1, y = 2x (44) 


we must eliminate x, y, and z between these equations and the equations 

u i = c i> W 2 = c 2 . 


y 2 — x 2 


The result of the elimination is 


z — 1 
x + y 


c 2 . 


C 2 = 


vji , 2 

3a/3 + 3’ 


and hence the desired solution is 


z = 


X + y 
3 



+ 1. 


(45) 


Alternatively, if we take x as the independent variable along the curve, we 
have, from (44), y = 2x, z = (x + l) 2 , and the introduction of these results 
directly into the general solution (38) gives 

x 2 + 2x = 3x/(3x 2 ), /(3x 2 ) = ^ + j . 

If we write u = 3x 2 , this equation becomes 




V u 
3V3 



and so determines the function / in (38) in accordance with (45). 

It should be noticed, however, that the prescribed curve cannot be taken as 
a characteristic curve , since , in general, infinitely many integral surfaces include 
a characteristic curve . Further, in general there exist exceptional curves through 
which no integral surface passes (see Section 8.7). 

The procedures given above can be extended to the solution of analogous 
equations in which there are more than two independent variables. Thus, for 
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example, if x, y, and t are independent variables, the general solution of the 
quasi-linear equation 

P^- + Q^ + R^ = S (46) 

dx dy dt 

is of the form 

F{u x ,u 2 ,u^ = 0 (47) 

where ujjcyjsf) = c 1% u 2 {x,y,z,t) = c 2 , and u 3 (x,y,z,t) = c 3 are independent 
solutions of three of the associated ordinary equations 


dx _ dy dt dz 
P ~ Q ~~ R ~ S ' 


8.4. Linear and quasi-linear equations of second order. The general 
quasi-linear equation of second order, involving two independent variables x 
and y , is of the form 


3 2 z , 3 2 z 

°d? + b d7T, 


+ V + F = 0 ’ 


(49) 


dz dz 

where a , b , c, and Fmay depend upon x, y,z, — , and — . In particular, when 

dz dz 

a , b , and c are independent of z, — , and , while F is a linear function of 

those quantities, the equation is linear in z. Such an equation thus is of the 
form 


3 2 z , , 3 2 z 

a —- + b - 

dx 2 dx dy 


d 2 z ,dz dz 

+ C S? + J ^ + e fy +/2 - g ’ 


(50) 


where the functions a ,... ,g depend only upon x and y. 

It happens that the terms involving second derivatives are of principal 
significance. In fact, a very important role is played by the sign of the dis¬ 
criminant b 2 — Aac . From analogy with the terminology associated with conic 
sections, we say that (49) or (50) is of hyperbolic type when b 2 > Aac , of 
elliptic type when b 2 < Aac, and of parabolic type in the intermediate case, 
when b 2 = Aac. The importance of this classification will be indicated in later 
sections with reference to linear equations, to which our attention will be 
restricted in most of what follows. 

In the linear case, it is clear that, as in the case of ordinary differential 
equations, the most general solution of (50) consists of the sum of any particular 
solution of (50) and the most general solution of the equation obtained by 
replacing the right-hand member of (50) by zero. This second solution is 
usually called the complementary solution of (50). 

It is seen also that any linear combination of two complementary solutions 
will also be a complementary solution. However, such a combination cannot 
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be expected to be the most general complementary solution, since the general 
solution should involve arbitrary functions. It might be expected that the most 
general solution of (50) would be a generalization of the form (36), 

z = s 1 (x,y)f[s 2 (x,y)] + j 3 (x,j) f[j 4 (x,j)] + s s (x,y), (51) 

where s l9 ..., s 5 are specific functions and / and g are arbitrary functions. 
However, this condition exists only in special cases. That is, the most general 
complementary solution of (50) cannot always be written as a sum of terms 
involving arbitrary functions . * 

In Section 8.5 we consider an important special class of linear equations 
in which the general solution is of simple form, and in Section 8.6 we illustrate 
other special types of linear equations. 


8.5. The homogeneous linear equation of second order , with constant 
coefficients. We here consider equations of the very special form 


d 2 z , , d 2 z 
a dx 2 + h Bx dy 


-b c 


a*z 

dy 2 


0 , 


(52) 


where a, b, and c are constants. An equation of this general type, in which all 
terms contain derivatives of the same order, is called a homogeneous equation. 
To obtain the general solution of (52), we assume a solution of the form 


z =f(y + mx )> 


(53) 


where/is an arbitrary twice-differentiable function, and attempt to determine 
values of m for which (53) is a solution of (52). By differentiation, we obtain 
from (53) the expressions 


d 2 z d 2 z d 2 z 

— = m 2 f"(y + mx), -—— = mf"(y + mx), — =f”(y + mx), 
ox 2 dx dy dy i 

and the introduction of (54) into (52) gives the condition 

am 2 -r bm + c = 0 


(54) 

(55) 


which must be satisfied by m. 

In general, (55) will determine two distinct values of m, say m x and m v 
Then, because of the linearity of (52), it follows that any expression of the form 

z =/(y + w i x ) + s(y + m 2 x ) (56) 

is a solution of (52). Further, if the new variables s — y + myc and t y + m 2 x 

d 2 z 

are introduced, it is readily verified that (52) takes the form = 0, from 
which it follows that (56) is indeed the most general solution of (52). 


* For an example establishing this assertion, see Problem 18. 
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For example, for the equation 


d 2 z d 2 z Vz 

dx 2 3y 3y 2 

the determinant equation becomes 


0 , 


m 2 — 3m + 2 = 0, 


m x = 1, m 2 = 2, 


(57) 


and the general solution is 

z = fix+y) + g(2x + y ). (58) 

If a = 0 and b 0, only one solution of Equation (55) is obtained. How¬ 
ever, in this case it is clear that the second term in the general solution is then 
an arbitrary function of x alone. If a — b = 0, the general solution is clearly 
2= fix) + y g(x). 

The remaining exceptional case is that in which (55) is a perfect square, so 
that the two roots are equal. The second term in the general solution can be 
found by a method similar to that used in analogous cases in Chapter 1. 
If m x and m 2 are distinct roots of (55), then the expression 

hjy + m 2 x) — h(y + rn x x) 
m 2 — m 1 

is clearly a solution of (52). As m 2 -> m l9 this solution approaches the limiting 
value 

h(y + mx) I = x h'(y + m lX ). 

Lent J m = m 1 

If we write g = h\ the general solution in the case of equal roots can then be 
taken in the form 

Z — f(y + m lX ) + *£(>’ + m x x). (59) 


Thus, for example, the general solution of 


is found to be 


d 2 z 

dx 2 ^ dx dy ' dy 2 


d 2 z d 2 z 

+ — =0 


z ~ fix + y) + xg(x + y). 


It may be noticed that since we can write 

* giy + Wi*) s — l(y + m x x) giy + m x x) - y giy + m x x)] 

if m x ^ 0, the second solution can equally well be taken in the formj>g(y + rn x x) 
unless m x = 0. 
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It is seen that the solutions of (55) will both be real if b 2 > 4 ac, so that (52) 
is hyperbolic , and will be conjugate complex if b 2 < 4 ac, so that (52) is elliptic. 
The intermediate case, when b 2 = 4 ac, so that the equation is of parabolic 
type, is that in which (55) is a perfect square. 

Thus, Laplace’s equation 


dx 2 dy 2 


(60a) 


is elliptic , with general solution of the form 


the equation 


*=/(* + ty) + g(x - iy\ 

d 2 z d 2 z __ 
d? ~ dy 2 ~ 


is hyperbolic , with general solution 

z=f(x+y) + g(x~y), 


and the equation 


??_2J!L + *5-o 


dx 2 dx dy dy 2 
is parabolic , with general solution 


(60b) 

(61a) 

(61b) 

(62a) 


2 = /(* + j) + * £(* + /)• (62b) 


^4 procedure completely analogous to that given above can be applied in 
obtaining the general solution of a homogeneous linear equation of any order n 
with constant coefficients . In such a case, the assumption of a solution of form 
(53) leads to an equation analogous to (55), but of «th degree in m. If n distinct 
roots exist, the general solution is of a form similar to (56) but involving n 
independent terms. If a root m x is repeated r times, the part of the solution 
corresponding to the r equal roots is readily shown to be of the form 

fiiy + «!*) + */aO + rn x x) 4-h * r_1 / r 0' + m x x). (63) 


Occasionally it is feasible to solve a problem, governed by a partial differ¬ 
ential equation together with appropriate side conditions, by obtaining the 
general solution of the equation and determining the relevant arbitrary func¬ 
tions by imposing the side conditions, in analogy with the usual procedure 
relating to ordinary differential equations. 

Perhaps the best-known situation of this type is that in which the solution 
(p(x,t) of the “one-dimensional wave equation” 


d 2 cp 
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is required, for all real values of x and /, subject to the conditions 

<p(x,0) = F(x), <p t (x, 0) = G(x), (65) 

prescribed for all x when t = 0. Here c is a positive real constant. 

If the general solution of (64) is written in the form 

<p(x,t) =/(* + ct) + g(x - ct), (66) 

the conditions (65) require that / and g satisfy the conditions 

fix) + g(x) = F(x), c[f'(x) - g\x)\ = G(x), 

for all values of x. The elimination of g(x) yields 

f'(x) = 1 F'(x) + 1 G(x), f(x) = - F(x) +1 f “ G(£) d£ + C, 

2 2 c 2 2c Jo 

where C is an arbitrary constant. The substitution of this result and the corre¬ 
sponding expression for g(x) into (66) gives the desired solution 

<p(x,t) = i [F(x + ct) + F(x - c0] + f P +C< G(0 d£. (67) 

2 2 cJx-ct 

This solution is associated with the name of d'Alembert . A physical inter¬ 
pretation of the problem and its solution is included in Section 9.12. 

Analogous solutions of certain other problems governed by (64) are ob¬ 
tained in Problems 28 and 30. 


8.6. Other linear equations. As a simple example of a nonhomogeneous 
linear equation of second order, we consider the equation 


3*z 

dx 2 


~ z = 0 , 


( 68 ) 


where x and y are the independent variables. Since y is not involved explicitly, 
we may integrate (68) as though it were an ordinary equation, holding y 
constant in the process, and hence replacing the two arbitrary constants of 
integration by arbitrary functions of y. Thus the general solution of (68) is of 
the form 

Z = e*f(y) + e-*g(y). (69) 

However, even though the coefficients in the general second-order linear 
equation (50) be constants, it is not possible in all such cases to obtain general 
solutions of similar forms. The following procedure is frequently useful. 

From the analogy with the ordinary equations, we are led to expect that 
exponential solutions of the equation 


3 2 z , , 3 2 z 

a -h b - 

3x 2 dx dy 


. 3 2 z , 3z 3z , _ 

+ c + d — + e — +/z = 0 
3y 2 ox 3 y 


( 70 ) 
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with constant coefficients, may be of importance. If we assume a solution of 
the form 

z = A e* x+fiv , (71) 

where A , oc, and P are unknown constants, the introduction of (71) into (70) 
gives the condition 

aoi 2 + b*p + cp 2 + da + efi +/= 0 (72) 

to be satisfied by a and /?. This equation will, in general, determine P as either 
of two functions of a, say 

P = P = ^(a). (73) 


It then follows that any expression of either of the forms 

^ + £ e ax + q> 2 {<x)v 

will satisfy (70) for arbitrary values of A,B, and a, and hence will be a particular 
solution of (70). The same is true for any linear combination of such expres¬ 
sions or for suitably convergent infinite series of such solutions. 

As will be seen, this procedure leads to a precise form of the general solu¬ 
tion if (73) expresses p as linear functions of a, as is the case when (70) is 
homogeneous and in certain other special cases. The algebraic equation (72), 
associated with (70), represents a conic section in the (a,/?) plane, and is a 
hyperbola, ellipse, or parabola, according as b 2 — 4 ac > 0, < 0, or = 0. In 
the special cases just mentioned, the conic section degenerates into two straight 
lines. 

As an application, we consider first the equation 


— — dz q 

dx 2 dy 2 dx dy 

The assumption (71) leads to the equation 

a 2 _ ^2 __ a p _ ( a _ + p — l) = 0. 


(74) 


Hence (71) is a solution of (74) if 


P = a or p = —a + 1. 

Thus, by superposition, any expression of the form 

z = 2 e * U+v) + 2 B(a) e v+aU ~ v) (75) 

a * 

is also a solution, the notation ^ indicating that a may take on arbitrary 

a 

values in the summation. But since the coefficients A and B are also arbitrary, 
the first term in (75) may be expected to represent an arbitrary function of 
x 4* y, and the second term to represent the product of e v and an arbitrary 
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function of x — y. Thus we may expect that the general solution can be 
written in the form 

z =/(* +y) + e v g(x - y), (76) 

where/and g are twice differentiable, and this can be verified by direct sub¬ 
stitution. 

This sort of simplification clearly is always possible when the left-hand 
member of (72) contains linear factors, the condition for which is 

ae 2 + fb 2 + cd 2 = bde + 4 acf. (77) 


In the case of the two-dimensional Helmholtz equation , 




(78) 


the assumption (71) leads to the equation 


a 2 + p 2 + k* = 0, 

and hence 

= ±iV« a + k z . 

Any expression of the form 

A(x) g« 3 ' + ‘ A/ « a+ * s » + B(ot)e* x - iV * 2+k2y 
is then a solution of (78), for any choice of A, B , and a. If we write 


A+ B=C, i(A — B) = D, 


this expression takes the real form 

e ax [C cos V(x 2 + k 2 y + D sin Va 2 + k 2 y]. 

Any combination of expressions of this sort, as a, C, and D take on arbitrary 
values, will also satisfy (78). Finally, any expression of the form 

z = [C(a) cos Va 2 + k 2 y + D(a) sinVa 2 + k 2 y\ e ax da, (79) 


for which the indicated integral is suitably convergent, will be a particular 
solution of (78). The functions C(a) and D(at) may, of course, be taken to be 
zero except in a finite range in a, say for a 2 ^ a ^ Og. 


8.7 . Characteristics of linear first-order equations. In Section 8.2 we have 
defined a characteristic curve of the first-order linear equation 

pf 5 + ef £ = K 1 z + R 2 , 

ox oy 


( 80 ) 
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where P 9 Q 9 R l9 and R 2 are functions of * and y only, as a curve in space 
whose tangent at any point has the direction ratios ( P 9 Q 9 R x z + R 2 ). Any 
such curve is the intersection of two surfaces of the form 


Ui(x,y) = c v u 2 (x,y,z) = c 2 , (81) 

where u x (x 9 y) = c x is an integral of the ordinary equation 


dx dy 

~P~~Q 


(82) 


and u 2 (x 9 y 9 z) — c 2 is an independent integral of one of the associated equations 


dx dy _ dz 

P Q R x z -j- R 2 


Thus, any characteristic curve of (80) is the intersection of the cylinder 


“i (x 9 y) = c v 


(84) 


with elements parallel to the z axis, and a second surface of the form u 2 {x 9 y 9 z ) 
— c 2 . It follows that any characteristic curve can be specified by first choosing 
a particular cylinder of the family (84), and so satisfying (82), and then pre¬ 
scribing z on this cylinder in such a way that another independent equation 
obtained from (83) is satisfied. We shall find it convenient to speak of any 
cylinder obtained by specializing c x in (84) as a characteristic cylinder. Also, 
we refer to the intersection of this cylinder with the xy plane as a characteristic 
base curve. Such a curve is clearly the projection of a characteristic space curve 
onto the xy plane. 

In the case of the equation 


dz dz 

y - x — 

dx dy 


= y. 


(85) 


two associated equations can be written in the form 


with solutions 


dx _ dy 


«i = x 2 + y 2 = c 1; 


dz = dx 9 


u 2 ~z X = c 2 . 


Thus the characteristic curves are ellipses in space determined as the inter¬ 
sections of the right circular cylinders x 2 + y 2 = c x and the planes z — x = c 2 . 
The cylinders x 2 + y 2 = c x are the characteristic cylinders, and the circles 
x 2 + y 2 = c x in the xy plane are the characteristic base curves, which are the 
projections of the characteristic ellipses onto the xy plane. Along this base 
curve we can express x and y in terms of a single variable A by writing 

x = Vc x cos A, y = Vq sin A. (86a,b) 
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If along this curve we define z by an equation of the form 

z — x + c 2 = Vc t cos A + c 2 , (86c) 

the corresponding locus in space is a characteristic curve. Each characteristic 
cylinder is seen to include infinitely many characteristic curves. 

We now reconsider, from a somewhat different point of view, the question 
discussed in Section 8.3, as to whether an equation of form (80) has as a 
particular solution an integral surface which includes an arbitrarily prescribed 
curve in space. 

Along any curve in space, the coordinates *, y , and z can be considered as 
functions of a single variable, say A. Thus the curve can be specified by three 
equations of the form 

C: * = x(A), y = y(X\ z = z(A). (87) 

The variable A may be taken as arc length along the curve, for example, or it 
may be identified with one of the coordinates x or y. The projection C 0 of this 
curve onto the xy plane is clearly given by 

C 0 : * = *(A), y = y{X) (88) 

and z = 0. Thus (87) can be considered as specifying z along the curve C 0 in 
the xy plane in terms of a parameter A which varies along C 0 . 

Suppose then that z is prescribed along an arbitrary curve C 0 in the xy 
plane, in accordance with (87), and that x(A), y{X) have continuous first deriva¬ 
tives and z(A) continuous derivatives of all orders with respect to A. We inquire 
whether (80) has a solution expressing z as a function of x and y everywhere in 
a region including C 0 in such a way that z takes on the prescribed values on C 0 . 
This query is clearly equivalent to asking whether (80) possesses an integral 
surface which includes the space curve (87). 

Let us assume that such a solution does exist and that the solution z—f (x,j>) 
can be expanded in a series of powers of x and y, about a point (x 0 ,j 0 ) on C 0 , 
of the form 

* =/(Wo) + (* - x 0 ) + (,-*) + ••• 

= (z)<*„v„> + (P) (* - *o) + (P) O' - y 0 ) + • • • • 

\uX'{x q^vq) 'dy/(zo,vo) 

Then the solution is determined in the neighborhood of a point on C 0 if we 
know all its partial derivatives at that point. 

It may be recalled that in Chapter 3 we made use of such ideas to 
calculate the series solution of an ordinary differential equation of the form 

dy 
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for which y is prescribed as y 0 when x =- x 0 . The differential equation 
dy 

then gives — when x -= x 0 , and by successive differentiation all higher 
derivatives are generally obtainable. We then have the required solution 

y(x) =-j(x 0 ) + y(x 0 )(* -* 0 ) + y ~Y^(.x -x 0 f + ■■• 

if suitable convergence is assumed. 


On the curve C 0 , the coefficients P , Q, R v and R 2 , as well as z- itself, are 
now known functions of X, and hence (80) gives one equation involving the 
values of the two first partial derivatives of z at points on C 0 , 

m — h ^ = w) zw + r&), (89) 

ox oy 

where, for example, P{X) has been written for P[x(A), y(X)]. To obtain a second 

dz 

equation, we notice that since z is known on C 0 , its derivative — along C 0 is 
also known, and it must satisfy the equation r 

dz(X) _ dx dz dy 
dk dx dk dy dX 


Thus a second equation complementing (89) is of the form 

dxdz dydz = dz 
dX dx dX dy dX 

Equations (89) and (90) can be solved uniquely for the unknown quantities 
dz dz 

— and — everywhere on C 0 if and only if the determinant of their coefficients 
is never zero, 

m m 

dx dy 

dX lx 


= 0. (91) 

dX dX 


But this condition is equivalent to the restriction 

dx(X) dy(X) 

m qw 9 


(92) 


and hence (91) requires that the curve C 0 along which z is prescribed never be 
tangent to a characteristic base curve. If (91) is satisfied at all points on C 0 , the 
dz dz 

values of — and — can then be calculated by (89) and (90) at all points on C 0 . 
ox oy 
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To calculate the second-order partial derivatives of z on C 0 , we may differ¬ 
entiate (80) with respect to x, and so obtain the equation 


9 8 z 0 9 2 z _ dz dRi dR 2 dP dz dQ dz 

dx 2 dx dy 1 dx dx dx dx dx dx dy ’ 


(93) 


02 z df 2 z 

where all quantities but and ■=—s- are now known functions of A on C 0 . 
dx 2 dx dy 

A second equation involving these unknown quantities is obtained by differ- 

dz 

entiating the known function along C 0 , with respect to A, 


dx (Pz <dy d 2 z — — (—\ 
dX dx 2 dX dx dy dX \3x/ 


(94) 


d 2 z 


d 2 z 


in terms of 


Equations (93) and (94) determine and ^uniquely i 

dx 2 dx dy n g,' 

known functions if (91) is true, and the remaining derivative ^ can then be 

dz * 

calculated from the equation obtained by differentiating with respect to A. 

This process can be continued indefinitely, to determine the values of all partial 
derivatives of z on C 0 in such a case, and it follows that the function z is deter¬ 
mined uniquely for values of x andy in a region about C 0 by its prescribed values 
on C 0 if C 0 is never tangent to a characteristic base curve . This assertion is 
equivalent to the statement that if C is never tangent to a characteristic cylinder 
of (80), there exists a unique integral surface of (80) which includes C. 

If, however, (91) is violated for all X on C 0 , so that C is on a characteristic 
cylinder, then (89) and (90) are incompatible unless they are equivalent , that is, 
unless 

dx(A) = dy(X) = dz(X) . 

P(X) 6(A) R 2 (X) + zR 1 (A)' 


In this case one of the two equations (89) and (90) implies the other, and hence 
only one restriction on the two derivatives is present. Thus the partial deriva- 
dz dz 

tives -g- and ^ are not determined uniquely in this case but may be chosen in 

infinitely many ways. But this result is to be expected, since if (95) is satisfied, 
C is then a characteristic curve , which clearly does lie on infinitely many integral 
surfaces. Thus it follows that if C lies on a characteristic cylinder of (80), there 
is no integral surface of (80) which includes C unless C is a characteristic curve , 
in which case there exist infinitely many such surfaces . It follows also that if C 0 
is a characteristic base curve, then z cannot be prescribed arbitrarily on it but 
must be taken in such a way that C is a characteristic curve . In such a case the 
value of z at a point near C 0 is not determined by the values of z on C 0 . 
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Thus, in the case of Equation (85), there exists a unique integral surface 
including any space curve whose projection onto the xy plane is not a circle 
with center at the origin. The only curves whose projections are of this type 
and which lie on integral surfaces are the ellipses which are characteristic 
curves, and these curves each lie on infinitely many integral surfaces. 

When (91) is violated only for certain isolated values of A, so that C 0 is 
tangent to a characteristic base curve at each corresponding point, the relevant 
solution z(x,j>) may behave exceptionally at each such point of tangency. 

We next show that if the equation (84) of the characteristic cylinders of (80) 
is known, the differential equation can be reduced to a simpler form by a 
suitable change in variables. For this purpose we take as a new independent 
variable the expression 

<p = Ki(*,.y)> (96) 


where u x {x,y) = c x is a solution of (82), and retain either x or y as the second 
independent variable. If P 0, then x and u x are functionally independent.* 
If we take them to be the independent variables, there then follows 

( dz\ _ dz(x,tp) dz(x,tp) du l 

dxL dx dtp dx 

( dz(x,tp) du l 
\3y/a? dtp dy 

and hence, now considering z as a function of x and tp , Equation (80) becomes 


p £ + 


(pin i 

\ dx 


, d»i \ dz 
dy) dtp 


R\Z + 


(97) 


where P, Q , R v and R 2 are now to be expressed as functions of x and tp. But 
since u x — c x is an integral of (82), the function u x satisfies the partial differential 
equation 

pfi. = 0. 

dx dy 
dz 

Hence the coefficient of -r- in (97) vanishes, and the equation takes the form 

dtp 


P^ZX) = R , z + R,. 
dx 


Thus, in the case of Equation (85), 


dz dz 

y to- X Ty = y ' 


(98) 


( 99 ) 


If P ^ 0, Equation (80) is already in the desired form. 
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we write 

cp — x 2 + y 2 , y — V <p — x 2 . 

Then (98) shows that (85) can be put into the simpler form, 

dx 

Since V q> — x 2 does not involve z, it may be canceled, and the equation 
becomes 


dz(x,cp) = 
dx 


with the obvious general solution 


Z = X +f(<p) = X +f(x 2 - 1 - /). 


( 100 ) 


This result is equivalent to the form u 2 = /(w^), with the notation following 
(85), as is to be expected. 

8.8. Characteristics of linear second-order equations. We next investigate 
in a similar way the problem of determining solutions of linear second-order 
partial differential equations satisfying appropriate initial conditions. The 
most general linear second-order equation with right-hand member zero is of 
the form 


a d 2 z a 2 z 

dx 2 dx dy 


d 2 z ,dz dz 

+ c—+ d-H-c-+/z 
dy* dx dy 


0 , 


( 101 ) 


where the coefficients may be functions of * and y. In the case of ordinary 
equations of second order, the initial conditions prescribe a point in the plane, 
through which the integral curve is to pass, and also prescribe the slope of the 
integral curve at that point. This is equivalent to prescribing the values of the 

dy 

dependent variable^ and its derivative corresponding to a given value of 

the independent variable x. In the case of a partial differential equation, the 
analogous initial conditions prescribe a curve C in space which is to lie in the 
integral surface, and also prescribe the orientation of the tangent plane to the 
integral surface along that curve. These conditions are equivalent to conditions 

dz d" 

which prescribe the values of z and its two partial derivatives — and ~ 

dx dy 

along the projection C 0 of the curve C onto the xy plane. However, the values 
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of z, — , and — cannot be prescribed in a completely independent way 

if z is to be differentiable along the curve C 0 , since if A is a parameter specifying 
position along C 0 , we must have 


dz 

Jx 


dz dx dz dy 
d~xdX + TyJx' 


( 102 ) 


Thus, for example, if C 0 is the x axis and if z is prescribed as f{x) along C 0 , 
dz 

then the derivative — along C 0 cannot also be prescribed but must be given 
dx dz 

as f\x). However, the derivative — normal to C 0 can be independently pre¬ 
scribed. This limitation is in accordance with (102), which here becomes 


/'(*) = ^ . 1 


dz 


with direction ratios 


dx dy 
if we identify A with the distance x along C 0 . 

dz dz 

A curve C in space, together with values of — and prescribed along C 

in such a way that (102) is satisfied, is called a strip, and Equation (102) is 
referred to as the strip condition. If it is 
recalled [see Equation (103), Chapter 6] 
that the tangent plane to a surface 
z = z(x,y) has as its normal a vector 

(* t -i) 

[dx'dy' r 

we can think of the prescribed values 

_ dz dz . _ 

of — and — at points along C as 

determining the normal direction to 
differential elements of surface area at 
these points on the required integral 
surface. The strip condition (102) re¬ 
quires that the elements join together 
in a regular way (Figure 8.1). 

Suppose now that a curve C 0 in the xy plane is given by the equations 
C 0 : x = x(A), y = y(i l), (103) 

dz dz 

where x(A) and y(X) have continuous derivatives, and that z, ^ , and ^ are 
prescribed as functions of A having derivatives of all orders at all points of C 0 , 
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in such a way that (102) is satisfied. For brevity, we introduce the conventional 
abbreviations 

dz dz 

p ~dx ’ q ~dy 

dx 2 ’ dx dy 9 dy 2 . 

Then the differential equation (101) becomes 

ar + bs + ct + dp + eq + fz = 0, 

and the strip condition takes the form 

dz dx , dy 

— = p -h q — . 

</A dA dA 

The prescribed conditions along C 0 are then 

z = z(k), p = p(k), q = q(X), 

where z(A), /?(A), and q(X) satisfy (106). 

As in the preceding section, we now attempt to calculate the values of the 
higher derivatives of z along C 0 in terms of the prescribed values. If all such 
derivatives can be determined and if z can be expanded in a power series in x 
and y about points on C 0 , then an integral surface satisfying the prescribed 
conditions is determined for values of x and y in a region including Q)5 and 
the values of z at points near C 0 are determined in terms of the known values 
on C 0 by use of this series. 

The first problem, then, is to attempt to determine the values of the second 
derivatives r , s, and t for points on C 0 . One condition involving these unknown 
quantities is given by (105), 


(104) 

(105) 

(106) 

(107) 


ar + bs + ct — —{dp + eq + fz). 
If we notice that, along C 0 , there follows also 


(108) 


d_ /3z\ — — ( i 1 /dy 
dA \3x/ dx \dx) dX dy \9x/ dX 

d_ ldz\ __ d_ ldz\ dx d_ ldz\ dy 

dX \dy) dx \dy/ dy dy \dy) dX 

we thus obtain two additional conditions involving r, s , 

dx . dy dp 

^ r + 7A S = 7f 

dl dk dk' 


and t y of the form 

(109) 

( 110 ) 




sec. 8.8 I Characteristics of linear second-order equations 


403 


If Equations (108), (109), and (110) can be solved for s, then (109) and (110) 
will determine r and t in terms of s. * But these equations have a unique solution 
in r, s, and t if and only if the determinant of their coefficients is not zero. 


a b c 


dx 

dX 

0 


dy 

dX 

dx 

dX 


0 

dy 

dX 


\dl! dl dl \dl) 


* 0 . 


(Ill) 


If (111) is satisfied for all points on C 0 , then (108), (109), and (110) deter¬ 
mine r, s , and / everywhere along C 0 . If we proceed by a method similar to 
that used in the preceding section, we then find that all higher partial deriva¬ 
tions of z also can be calculated at points on C 0 if only (111) is satisfied. In 
such a case we may say that the strip consisting of the curve C in space and the 
dz dz 

associated values of — and — along C, satisfying (102), is a proper strip , in 

the sense that there exists a unique integral surface of (101) which includes this 
strip. 

Now suppose that at all points of C 0 the determinant in (111) is zero. 


a (*y)'- b **iy + e (**)' = o. 
\dJJ dl dl \dl) 


( 112 ) 


Then (108), (109), and (110) cannot be solved for s unless the numerator 
determinant in the formal solution by Cramer’s rule also vanishes, 


or 


a —(dp + eq+fz ) c 


dx dp 

Hi Hi 



dq dy 

Hi dl 


dpdy , dq dx r .dxdy n 

dldl dldl ^ dldl 


(113) 


In this case two of the three equations imply the other one,*and hence only 
two restrictions on the three unknown quantities r, s, and t are present. Hence, 
if (112) and (113) are both satisfied, we can determine infinitely many values 
of r, s 9 and t y satisfying the necessary conditions (108-110). Finally, if (112) 

* Exceptional cases where a and or c and ^jj- vanish on C« must be treated 
separately. 
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is satisfied but the left-hand member of (113) is not zero, no solution exists. 
Equation (113) is known as the equation of compatibility. 

If (112) is satisfied at all points on C 0 , then at all such points the slope 


dy 

of the curve in the xy plane must satisfy the equation 


That is, we must have 


\dx) 


dy 

dx 


2 — b— + c = 0. 

(114) 

dx 

h ± b 2, — 4ac 

2 a 

(115) 


and hence the quantity b 2 — 4 ac must be nonnegative. Suppose that b 2 — 4 ac 
is positive and a is not zero. Then (115) determines two families of curves in 
the xy plane, say 

<p{x,y) = c l3 yKx,y) = c 2 . (116) 

That is, if (112) is satisfied, the curve C 0 must be a member of one of these 
families. In such a case no integral surface including the prescribed strip exists 
unless along the curve C (which projects into C 0 ) z and its partial derivatives 
satisfy ( 113). If, however, (113) is also satisfied, infinitely many integral surfaces 
including the prescribed strip exist, and the strip is called a characteristic strip. 
The curve C in space which bears the strip is called a characteristic curve , and 
its projection C 0 in the xy plane, which must be a member of one of the families 
of (116), is called a characteristic base curve. The Equations (116) determine 
two families of cylinders in space, with generators parallel to the z axis, which 
may be called the characteristic cylinders. Some writers refer to the projection 
C 0 itself as a “characteristic” of the differential equation. 


If a = 0, Equation (112) can be solved for — and two families of 

characteristic cylinders are again obtained unless also c = 0. If a — c = 0, 
the cylinders reduce to the planes x = c x and y — c 2 . If b 2 = 4 ac, the two 
families coincide. 


From Equation (115) we see that an elliptic linear equation of second order 
has no real characteristic curves , since for such an equation the discriminant 
b 2 — 4 ac is negative. Thus an integral surface of an elliptic equation can always 
be determined so as to include a prescribed regular strip in space. Equivalently, 
if z and its first partial derivatives are prescribed in a sufficiently regular way 
along any curve in the xy plane, the solution of an elliptic equation which takes 
on these values is determined uniquely in the neighborhood of this curve. 

The situation in the case of a hyperbolic or parabolic equation is, however, 
quite different. In these cases real characteristics exist, and if a strip is built up 
along a curve C which lies on a characteristic cylinder, there will in general be 
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no integral surface including this strip unless the strip is a characteristic strip. 
In this last case there are then infinitely many integral surfaces including the 
strip, and the solution in the neighborhood of the strip is not determined 
uniquely by the prescribed values on the strip. 

Thus, for the hyperbolic equation 


Equation (114) becomes 


— — — 0 
dx 2 dy 2 ^ ’ 


(£)*-1=0,‘ *-±l. 

\dx / dx 

and hence the characteristic base curves in the xy plane are the straight lines 
x+y--=Cn x — y — c 2 . (118) 


x — v — c>. 


Along any such line the values of z, p — — , and q — — cannot be 

independently prescribed in an arbitrary way. The compatibility condition 
(113), 

dldl dXdX 

as well as the usual strip condition (102), 

dz dx . dy 

7i = , Tx + q i- (119b) 

must be satisfied. 

If we identify X with arc length, say s, then along a line of the first family 
x + y = c x we have 

dx dy Vl 

ds ds 2 

and hence Equations (119a,b) lead to the requirements 

p + q = constant, p — q =Vl — (along x + y = q). (120a) 

ds 

Similarly, along a line of the second family x — y = c 2 , we have the relations 


dx _ dy __Vl 
ds ds 2 


and hence (119a,b) give 


y—- 

p —q = constant, p + q — V 2 — (along x — y = c 2 ). (120b) 

as 
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A comparison of these conditions shows that the equation of compatibility 
requires that at all points of a line of one family, the derivative of z in the 
direction of the intersecting lines of the other family must be constant. Since 
here the two families of characteristic lines are perpendicular to each other, 
the derivative of z normal to a characteristic line must be constant along that 
line in this particular example. 

The general solution of (117) is of the form 

Z =/(* + y) + g(x - y). (121) 

We may notice that each function in (121) is constant along one of the 
characteristic lines. If we write (118) in the form q>(x,y) = c v ip(x,y) = c 2t the 
general solution (121) becomes 

z=m+g(v\ (122) 


Also, if (p and ip are taken as new independent variables, Equation (117) 
becomes 


d 2 z 
dcp By) 


= 0 . 


(123) 


Although the general solution of any given equation of form (101) cannot 
necessarily be expressed in a form similar to (122), still it is not difficult to 
show that if the expressions cp and ip of (116) are taken as new independent 
variables, in the case where (101) is of hyperbolic type, then (101) is trans¬ 
formed to the so-called normal form 


d 2 z _ n 3z 3z 

dcpdy> D d<p +E dy> + Z ’ 


(124) 


where D, E, and F are functions of cp and ip. 

By choosing suitable new real independent variables a and /?, any elliptic 
equation of type (101) can be put in the normal form 


3 2 z 3 2 z 3z 3z 

--=D-b E -b Fz 

3a 2 3/S 2 3a 3/S 

and any parabolic equation of this type can be put in the form 


(125) 


3/S 2 3a 3/S 


+ Fz. 


(126) 


8.9. Singular curves on integral surfaces. Let S be a particular integral 
surface corresponding to the linear first-order equation 

pS i + <! Ty- R '’ + R » 


(127) 
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where P, Q , R v and R 2 are continuous functions of jc and Then the existence 
dz dz 

of the partial derivatives and — in (127) implies that z itself be continu¬ 
ous; that is, the surface S must be a continuous surface. Hence the equal 
members of (127) must both be continuous functions of x and y. This condi¬ 
tion, however, does not exclude the possibility that the two terms on the left 
may be each discontinuous, so long as their sum is continuous. In particular, 
there may be a curve C on S along which the 
surface possesses a “corner” or “edge,” as is 
indicated in Figure 8.2. We denote by C 0 the 
projection of C onto the xy plane, and con- 
dz dz 

sider z, — , and as functions of a* and y. 
ox dy 

Then, while z is an everywhere continuous 
function of x andj>, and while the derivative 
of z in the direction of C 0 is continuous, we 
suppose that the derivative of z normal to C„ 
has a finite jump as the curve C 0 is crossed 
in the xy plane (Figure 8.2). Surfaces of this 
general nature are of frequent interest in the 

study of physical phenomena where abrupt changes of some sort may occur. 
We now investigate more explicitly the possibility of their existence, as integral 
surfaces of an equation of type (127). 

Let the curve C 0 be specified by the parametric equations 



x - 4A), y - y(X\ 


(128) 


where X is a convenient variable indicating position on C 0 . Then X may also be 
considered as representing position in the direction of C 0 along parallel curves 
in the immediate neighborhood of C 0 . In particular, the derivative of z in the 
direction of C 0 at points on such curves is given by 


dz dz dx dz dy _ Ax dy 
dX dx dX dy dX ^ dX ^ dX 


(129) 


Now consider any point P on the curve C 0 . Since the left-hand member of 
(127) must be continuous across C 0 at this point, we must have 

PtSp+ Q A ? = 0, (130) 


where A p and A q are the values of the jumps associated with the partial deriva- 
d dz 

tives p= — and q = — across C 0 at P. Since the derivative of z in the 
dx dy 



408 


Partial differential equations / chap . 8 


direction of C 0 is also assumed to be continuous across C 0 , the right-hand 
member of (129) must also be continuous, and we obtain a second equation 


— Ap + — Ag 
dX F dX H 


(131) 


relating the jumps in p and q across C 0 at P. Equations (130) and (131) are 
compatible (with A p and A q not both zero) only if the coefficients of A/7 and 
A q are proportional, that is, if 


dx _ dy 

P~ Q 


(132) 


along C 0 . Thus C 0 must lie on a characteristic cylinder of (127), and hence, 
since we have assumed that C lies on an integral surface of (127), we conclude 
that the “singular curve” C must be a characteristic curve of (127). That is, 
corners of the type considered can exist on an integral surface of (127) only 
along characteristic curves. 

In the case of the linear second-order equation 


d 2 z , . d 2 z 
dx 2 dx dy 


• d 2 z 

a?" 



(133) 


the existence of the second derivatives presupposes continuity of z and its first 
partial derivatives, and hence also continuity of the equal members of (133) 
if the coefficients are continuous. However, the possibility that the separate 
terms on the left may be individually discontinuous is not excluded. Let C be a 
curve in an integral surface S , with projection C 0 in the xy plane, and denote 
position along C 0 by the parameter X. We investigate the possibility that z, p, 
and q be continuous on S, and that the derivatives of p and q in the direction 
°f Co> 

dp ^ dp dx 4 dpdy ^ r — -I-- < nw 

dk dxdk dydk dl dX' K ’ 

dq = h d Ji + k*y = s d? + t *y y (135 ) 

dX dx dX dy dX dX dX 

be continuous across C 0 , but that the derivatives of p and q normal to C 0 be 
discontinuous across C 0 . 

The continuity of the right member of (133) and of the left members of 
(134) and (135) implies continuity of their equivalents, and hence we obtain 
the three equations 

a Ar + b As + c A* = 0 1 
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relating the jumps in the three partial derivatives r 9 s 9 and t across C 0 . These 
equations are consistent only if the determinant of the coefficients vanishes. 
But this condition is the same as that of Equation (111), and hence the curve C 0 
must lie on a characteristic cylinder of (133). Since C lies on an integral surface 
and projects into Co? it follows that C must be a characteristic curve of (133). 
In particular, since an equation of elliptic type has no real characteristic 
curves, an integral surface of such an equation cannot contain a “singular 
curve” of the type required. 

Results of this type are of importance, for example, in the study of two- 
dimensional compressible fluid flow around rigid bodies [see Equation (194), 
Section 6.20]. Here it is found that for low velocities the problem is governed 
by a partial differential equation of elliptic type, whereas if sufficiently high 
velocities are attained the governing equation becomes hyperbolic, and dis¬ 
continuous phenomena may then be present. 


8.10. Remarks on linear second-order initial-value problems. In this 
section we summarize briefly certain preceding results and present additional 
facts bearing on their significance. 

For the general linear second-order equation of the form 


d 2 z d 2 z d 2 z 


, dz 3z 

d— + e—+fz = 0, 
ox ay 


(137) 


we define the characteristic base curves , in the xy plane, as those curves for 
which 

a{dy)f - b(dx){dy) + c{dx) 2 = 0. (138) 


In the elliptic case, for which b 2 < 4 ac, no real characteristic base curves 
can exist. In the hyperbolic case, for which b 2 > 4 ac 9 two distinct sets of such 
curves are obtained, whereas in the parabolic case, b 2 = 4 ac 9 the two sets 
become coincident. 

In the elliptic case, if along any curve c in the xy plane z and its derivative 
in the direction normal to that curve are prescribed as functions of position 
along c in such a way that these prescribed values are regular everywhere 
along c, then a solution to the resulting initial-value problem is determined for 
values of x and y in some neighborhood of c. However, here two additional 
facts are of importance. First, unless the prescribed values are regular along c 
(in particular, unless derivatives of all orders exist at all points), no solution to 
the defined problem can exist. Second , even though a solution exist, in many 
cases it will exist only in a restricted neighborhood of c and will not be valid 
over the whole xy plane. 

In the hyperbolic and parabolic cases, if c is not a characteristic base curve, 
the initial-value problem again has a solution. However, here the prescribed 
initial values need not be regular. The higher derivatives of the prescribed 
values may have finite jumps at certain points on c. These jumps are then 
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found to be propagated along those characteristic base curves which pass 
through the relevant points on the initial curve, and the solution obtained is 
valid throughout the xy plane. If c is a characteristic base curve, then the 
initial-value problem does not have a solution unless the initial values of z and 
its derivative normal to c satisfy a certain compatibility condition, in which 
case infinitely many solutions then exist. 

Certain of these facts are illustrated in Problems 46 and 47 at the end of 
this chapter. 


8.11. The characteristics of a particular quasi-linear problem. To illustrate 
the nature of characteristics in other types of problems, we here consider the 
simultaneous equations 


3t? dv . 

-1-cos 2v H -sin 2v — 0 

dx dx dy 

du dv dv ~ 

-1-sin 2v -cos 2v — 0 

dy dx dy 


(139a, b). 


These equations, which are quasi-linear in u and v , are of basic importance in 
certain two-dimensional problems in the mathematical theory of plasticity. We 
suppose that u and v are prescribed at all points along a curve C 0 in the xy 
plane. If X specifies position along C 0 , we may define C 0 by the equations 

C 0 : x = x(X), y= y(X). (140) 


For points on C 0 the dependent functions u and v are then to be considered as 
given functions of X. 

We now ask whether there exists a curve C 0 , or a set of such curves, with 
the property that u and v are not uniquely determined for points near C 0 by 
their prescribed values along C 0 . It is assumed here that these prescribed values 
are continuously differentiable along C 0 . 

Since u and v are known along C 0 , as functions of X, their derivatives along 
Co are calculable, and must satisfy the equations 


du(X) _ 3u dx du dy 
dX ~dxdX^dydX 
dv(X) __ dv dx fod_y 

dX dx dX dy dX 


(141a,b) 


Equations (139a,b) and (141a,b), constituting four linear equations in the four 

~ . .. , , . .. du du dv dv . , _ 

first partial derivatives —, —, ~, and ^, may be rewritten in the form 


u x + v x cos 2v + v v sin 2v = 0 * 

u y + v x sin 2v — v y cos 2v = 0 
+ u v / = u' 9 


(142a-d) 
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where a prime denotes X differentiation. A unique solution is assured unless 
the determinant of coefficients vanishes, that is, unless 


1 0 cos 2v 

0 1 sin 2v 

x' / 0 

0 0 x' 


sin 2v 
—cos 2v 
0 


= 0 . 


By expansion, this equation can be written in the form 


y 2 sin 2v + 2x'y cos 2v — x 2 sin 2v = 0, 
from which we obtain the two alternatives 


(143) 


y — x ' tan v \ 
y — —x cotv ) * 


(144a,b) 


Thus two systems of curves are determined in the plane, for one of which 
dy dy 

— = tan v, and for the second — cot v. The two systems are seen to be 

dx dx 

orthogonal, and the slope of each curve is seen to depend upon the value of 
the dependent function v at the point under consideration. 

Along any such curve, Equations (142a-d) cannot have a unique solution. 
In particular, the set cannot be solved for u x and hence no solution exists unless 
the numerator determinant of Cramer’s rule also vanishes, that is, unless 


or, expanding, unless 


0 0 cos 2v 

0 1 sin 2v 

u / 0 

v 0 


sin 2v 

—cos 2v 

0 

/ 

y 


= o, 


u' - l>'(i 


= v' I cos 2v 


x ' • 0 
— sin 2v 

y 


(145) 


Along the curves (144a) we then obtain the requirement u' = —v\ or 


dy 

— = tan v: u + v — constant; 

dx 

and along the curves (144b) there follows u — v\ or 


(146a) 


— = — cot v: u — v — constant. (146b) 

dx 


If either (146a) or (146b) is satisfied, u x may be taken arbitrarily , and it may be 
readily verified that Equations (142a~c) then determine u y , v x > , and v y in terms 
of u Xi u\ and v'. Thus, in these cases infinitely many solutions exist, all corre¬ 
sponding to the same prescribed values of u and v along C 0 . 

The curves in the xy plane for which (146a) or (146b) is true may be called 
the characteristics of the simultaneous equations (139a,b). 
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We next show that the equations (139a,b) are simplified if we take as new 
dependent variables the combinations u + v and u — v suggested by (146a,b), 
say 

£ = w + i>, yj — u — v. (147) 


The variable £ is then constant along the first set of characteristics, whereas rj 
is constant along curves in the second set. Then since we also have 

* = Jtt + *?), v = |(f - rj\ (148) 

Equations (139a,b) take the form 

(f* + *7*) + (i x - Vx) cos 2v + (£ v - ??„) sin 2u = 0, 

(f„ + Vv) + ($x — Vx) sin 2v — (£ y — rj y ) cos 2i; = 0, 

or, after a rearrangement, 

(l* ~ Vv cot v) + cot 2 v (£* + £ v tan t?) = 0 1 , 

-( rj x - rj v cot v) + (£ x + £ y tan v) = 0 J * V ' 


These equations imply the simplified relations 

f * + f v tan y = 0 j 
If.-!?, COt!> = 0| * 


(150) 


where v = £(£ — ^). Equations (150) are still nonlinear, but they are more 
tractable than the equivalent equations (139) (see Problem 49), and form the 
basis for further treatment of certain problems in plasticity. Physically, the 
characteristics in this case are the so-called shear lines (lines of maximum 
shearing stress) in a plastic problem of plane strain for an incompressible 
material.* 
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PROBLEMS 

Section 8.1 

1. Find the differential equation of lowest order which possesses each of the 
following solutions, with f and g arbitrary functions: 

(a) z ~ (x y)f(x + y ), 

(b) z — f(ax -f by) H- g(cx -J- dy) {ad - be ^ 0), 

(c) z — f(ax H- by) -f- xg{ax -}- by). 


2. (a) Obtain the partial differential equation of first order satisfied by z — f(y >), 
where y> is a given function of x and y and/is an arbitrary function, in the form 


dz dz 

Vy — -Vx—. ~ 0 . 


dx 


dy 


(b) With the new independent variables s and t , where t = y(x,y) and s is 
any independent function of x and y , show that, when z is considered as a function 
of s and /, the differential equation of part (a) takes the form 


dz 

{SjcWij - SyV>x) 


Hence deduce that the most general solution of that equation is of the form z = 
/(vO, where /is arbitrary. 

3. Noticing that z = is a solution of the equation considered in Problem 2(a), 
deduce that if one solution of the equation 


P{x,y) 


dz 

lx 


dz 

Q (x '- V) Tv 


= 0 


is of the form z = y{x,y), then the most general solution is z — f{\p), where / is 
arbitrary. 


4. Obtain the partial differential equation of first order satisfied by z = 9?/(y>), 
where cp and y are given functions of x and v and / is an arbitrary function, in the 
form 

/ dz dz\ 

Yx “ H ' x Ty) = ( ' rtV,J ~ 
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Section 8.2 

5. Determine the general solution of each of the following equations (with a, b 9 
and c constant), writing each solution in a form solved for z : 


dz 

dz 

dz dz 

(a) «- 

+ b— = c, 

Sy 

( ~ b)a T x + b di =cz ’ 

dz 

dz 

dz dz 

{c) yTx 

- x — =0, 
dy 

(d) ——h -—f 2 xz — 0, 
dx dy 

dz 

dz 

. dz dz 


~ y Ty =2 ’ 

(f > 


6. (a) Show that if a particular solution of the equation 

a Tx +b Ty =fl(x) +My) ’ 

where a and b are constant, is assumed in the form z v = <p x (x) -f <p z (y) f there 
follows 

If* 1 C y 

Zp = - I /A) dx + - I f 2 (y) dy (ab ^ 0), 

so that the general solution is of the form 

z = f(bx - ay) -f z v . 

(b) Illustrate the results of part (a) in the case of the equation 
dz dz 

T -2— = 2x ~ eV + 1 . 
ox dy 

7. Use the results of Problem 9 of Chapter 7, with an appropriate change in 
notation, to show that if the dependent and independent variables are interchanged 
in a pair of simultaneous quasi-linear differential equations in u and v , each of the 
form 

Au x + Bu v + Cv x -\~ Dv y — 0, 

where A , B f C, and D depend only on u and v , a pair of equivalent linear equations 
in x and y is obtained, each of the form 


Ay v - Bx v - Cy u + Dx u - 0. 


Section 8.3 


8. (a) Show that the characteristic curves of the equation 

dz dz 

a-^ *-T ~ 1 

dx dy 

are straight lines parallel to the vector ijj + k, and hence that the characteristic 
curve passing through a point (x 0 ,y 0y z 0 ) is specified by the equations 

* - *o = y ~ Jo = * - *o- 
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(b) Determine the characteristic curve which passes through the point 
(0,7o> z o) i n the yz plane, and show that those characteristic curves which pass 
through points on the curve z = y 2 in the plane x = 0 are specified by the equations 
y — x = y 0 , z — x = y%. Thus deduce that the surface traced out by these curves is 
the parabolic cylinder 

z ~ x -j~ (y x) 2 . 

(c) Verify directly that the surface z — x + (y — z) 2 is an integral surface of 

dz dz 

the equation — + — = 1 which includes the curve z = y 2 in the yz plane. 

9. (a) Obtain the general solution of the differential equation of Problem 8(a), 
in the form 

z = x +f(y - x). 

(b) Determine the function / in such a way that this solution is consistent 
with the equations z — y 2 , x — 0. Hence rederive the result of Problem 8(c). 

10. (a) Show that the solution of the differential equation of Problem 8(a), 
for which z = q>(x) along the line y = 2x in the xy plane, is of the form 

z = 2x — y + r(y - x). 

(b) If z is prescribed as (p(x) along the line y = x in the xy plane, show that 
no solution exists unless <p(x) is prescribed in the form q>(x) = x -b Ar, where A; is a 
constant. In this last case, show that z ^ x -h f(y — x) is a solution for any 
differentiable / such that /(0) — k, so that infinitely many solutions then exist. 

(c) Show that the projections of the characteristic curves onto the xy plane 
are the lines y = x -b c, and that if z is prescribed as <p(x) along any such curve 
there is no solution unless y(x ) ~ x -b k , in which case infinitely many solutions 
exist. 

dz dz 

11. Find the solution of the equation —■ = —- for which z = (/ + l) 4 when 

x ^ t* + \ and y = 2t. dx 

12. Determine the general solution of each of the following equations, writing 
each solution in a form solved for z: 

/ dz dz\ dz 

(a )( x+ >J ) (-+-j = z- 1 > 0» Tx -xy. 

dz dz 

13. (a-f) Determine the integral surface of each equation of Problem 5 which 
includes the straight line x = y = z, if such a surface exists. 

14. (a-f) Determine the solution of each equation of Problem 5 for which 
z — x 2 along the straight line y = 2x in the xy plane, if such a solution exists. 

Section 8.4 

15. If z = w(x,y) satisfies Equation (50) and z = u(x f y) reduces the left-hand 
member of (50) to zero, prove that z = w + cu satisfies (50), where c is a constant. 
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16. If z = «(*,>>) and z = v(x,y) each reduce the left-hand member of (50) to 
zero, prove that the same is true of z = c x u + c 2 v, where c L and c 2 are constants. 

17. (a) Show that the equation 

d 2 z d 2 z d 2 z 

lx i + 2x Bx By + ^ y ) ~Bf = ° 

is elliptic for values of x and y in the region x 2 + y 2 < 1, parabolic on the boundary, 
and hyperbolic outside the region. 

(b) Show that the quasi-linear equation 

d 2 z d 2 z d 2 z 

X Bx 2 + 2 3x By 

is elliptic when z 2 < 4xy, parabolic when z 2 = 4 xy, and hyperbolic otherwise. 
(Notice that the nature of a quasi-linear equation thus may depend not only upon 
position in the xy plane but also upon the solution z, which in turn depends upon 
the boundary conditions.) 

18. (a) Show that the assumption that the equation 

d 2 z dz 
dx 2 dy 

possesses a solution of the form z = <p(x,y) flv(x y y)], where (p and y> are specific 
functions and / is arbitrary, leads to the requirement 

W*/"(v) + (2 <p x f x + <py>xx - W,)/'W + (<Pxx - <Py )/(vO = 0, 

for arbitrary/, and hence to the three requirements 

n>l = o, 2<p x y> x + <PW XX - n>v = o, <f xx - <Py = 0. 

(b) Show that these conditions imply that either <p » 0 or y> = constant, so 
that there exists no solution of the assumed form which actually depends upon an 
arbitrary function /. 


Section 8.5 

19. Obtain the general solution of each of the following equations: 

a 2 z 


a 2 z 

(a) 37* ~ 2 Bx By 
d 2 w d 2 <p 


3 2 z 

- 3 a^= 0 ’ 

d 2 (p 

+ 2 ^=°> 


(c) 


d 2 (p d 2 <p 


dx 2 dx dy 


= 0 , 


a 2 


r 2 d 2 w 


(d)— 
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^ afy a 2 © a 2 © 

C)(0*-r) i? + 2O s t + 5-<^ 

a 4 © a 4 © 


a 4 ^ 

( g >^- 2 


(h) w 


a 4 ^ a 4 z A 

ta 2 3/ + ly* = °* 

av a 4 ^ 

Bx* + ^ Bx 2 By 2 1 ay 4 


a 4 © 

+ T“=0. 


20. Obtain the general solution of the simultaneous equations 


in the form 


Bu Bv 

dx C By ’ 


dv _ , 2 a« 

dx By 




(First eliminate v and solve the resultant equation for u ; then use the original 
equations to determine v. Notice, for example, that 

V = kc ! 

dx dy ' 

An arbitrary constant so introduced can be absorbed into the definitions of/ and g.) 

21. (a) Prove that the general solution of Laplace’s equation, in the form 

B 2 <p 


can be written in the form 


Bx 2 + ays °> 


<p(x,y) =f(x + iy) + g(x - iy), 

where f and g are twice-differentiable functions of the complex conjugate arguments 
x + iy and x — iy. 

(b) Deduce that the real and imaginary parts of both f(x + iy) and^(x — iy) 
satisfy Laplace’s equation. 

(c) Use the fact that the real and imaginary parts of a twice-differentiable 
function g(x — iy) are respectively the real part and the negative of the imaginary 
part of the twice-differentiable conjugate function §(x -f iy) to deduce that any 
real solution of Laplace’s equation is the real or imaginary part of a twice-differen¬ 
tiable function of the complex variable x -f iy, and conversely. 

22. (a) Obtain as the real and imaginary parts of the function (jc + iy) n , for 
n = 0, 1, 2, 3, and 4, the functions 1 f x, y, x 2 - y 2 , 2xy, x 3 - 3 xy 2 , 3* a ^ — y 3 , 
x 4 — 6x 2 )? -f y* 9 and 4x 3 y — 4 xy 3 , and verify directly that they each satisfy Laplace’s 
equation. 
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(b) Show that the functions r n cos nd and r n sin nd 9 where n is integral, are 
the real and imaginary parts of (x 4- iy) n when x and y are expressed in polar 
coordinates, and verify directly that they each satisfy Laplace’s equation. [See 
Equation (26) of Section 1.5 and Equation (162e) of Section 6.18.] 

23. In each of the following cases, first obtain a particular solution of the equa¬ 
tion as a function of one variable only, and then obtain the general solution by 
adding this solution to the general complementary solution: 

d 2 z d 2 z d 2 z d 2 z d 2 z 

(a) (b) lx 2 ~ 3 IxTy + 2 ajT* = cos y ‘ 

24. Suppose that the right-hand member of a linear partial differential equation 
is a homogeneous polynomial of degree k in x and y (each term being of degree k) 9 
whereas the left-hand member is homogeneous of order n in z (each term involving 
an nth derivative) with constant coefficients. Show that the assumption of a 
particular solution in the form of a homogeneous polynomial of degree n + k leads 
to k 4- 1 linear equations in n 4- k 4- 1 unknown coefficients. (It can be shown that 
this set always possesses a solution and, indeed, that a certain set of at least n of the 
coefficients can be assigned arbitrarily, in a convenient way.) 


25. Use the procedure outlined in Problem 24 (and/or Problem 23) to obtain 
any particular solution of each of the following equations: 


(a) 

(c) 


dz 

dz 


d 2 z 

d 2 z 

T X + 

— = x 2 y + xy*. 

(b) 

II 

1^ 

1 * 

d 2 z 

d 2 z 

(d) 

d 2 z 

a 2 z 


y =xy + x. 

dx 2 2 dx dy 


x* + xy, 
d 2 z 

+ i?= xt+ y- 


[In parts (c) and (d), consider the two terms on the right separately and use 
superposition.] 

26. (a) If am 2 + bm + c = a(m — m^(m — w 2 ), show that the equation 
d 2 z d 2 z d 2 z 

a -&+ b lTd-y +C W~ f( ' X,y) ' 

where a , b 9 and c are constants, can be written in the operational form 


l_ m ±\t* 

dx 1 dyj \ Bx 



and deduce the general solution when f(x 9 y ) = 0 by the methods of Section 8.2. 

(b) Show that a particular solution of the general equation of part (a) can 
be obtained as a particular solution of the equation 

dz dz 

- - mi -= z^y), 

where z x is a particular solution of the equation 

/8z, dzi\ 
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27. Use Equation (67) to find the solution of the equation 


3 V , dV 

dt 2 c a ^ 2 

dg? 

for which y = x 2 and — = cos x for all values of jc when t = 0. 


28. It is required to find the solution of the equation 

d 2 <p 

dt 2 ° dx 2 

which satisfies the conditions 

9 >( 0 ,/) = 0, <p(L,t) = 0 (for all values of t) 
along the boundary of the strip 0 ^ x < L in an xt plane, and the conditions 

d<p(x,0) 

(p(x,0) = F(x), —-— = G(x) (when 0 < x < L) 
dt 

along the line segment f = 0 in that strip. 

(a) Taking the general solution of the equation in the form 

<p = /(* + ct) + g(x - ct), 

show that the conditions along the boundaries x = 0 and x = L lead to the relations 
/O') + g(-u) = 0 (writing u = ct), 

f(u + 2 L) = f(u) (writing u = ct — L), 

for all values of u, while the conditions along the segment / = 0 for 0 <;c<L 
become 


/O') H g(u) =* Hu) | 
c[f'(u)-gXu)]=G(u)] 


(when 0 < u < L). 


(b) Deduce that, if we write H\u) -= G(u), then the last two conditions of 
part (a) give 


f(u)^ X -F(u) + j c H(u) 9 
g(u) = l - F(u) - y c 


when 0 < u < L, and that also, for all values of u, f(u) must be a periodic function, 
of period 2 L, and the condition 

/O') = -g(-u) 

must be satisfied. 

(c) Show that these conditions are all satisfied if we take 


/(«) = &(u) 4- Y c 
g(u) = \ ~ J c 



420 


Partial differential equations / chap. 8 


for all values of w, where ^(u) and ^{u) are odd period functions of period 2L, 
agreeing with F(u) and G(u), respectively , when 0 < u < L> and where 3^\u) = 5?(w). 
Thus, with this notation, obtain the required solution in the form 

1 1 Cx+ct 

<p(x,t) = - Wix + ct) + 3F(x - cOJ + — ^(£) d$. 

2 2 cj x _ ct 


29. To illustrate the solution of Problem 28, notice that if F(x) = sin t tx/L and 
G(x) = 0, there follows jF = F and ^ = G = 0, and obtain the solution in the 
form 


If. x + ct . . 

(p = - sin 77 ——-h sin 7r - 


cf 


ttJC Cnt 

= sin — cos —. 

Li Li 

30. By using the method of Problem 28, obtain the solution of the problem 

9V _ 2 3V 

dt* ~ c dx 2 ’ 

B<p(x,0) 

<Kx, 0) = F(x), —— = G(x) (when x > 0) 
ot 

<p(0,t) = 0 


in the half plane x > 0 in the form 

1 I rx+ct 

<p(x,t) = - W(X + cr) + - ct)] + - m) ds, 

2 2c J x _ ct 

where here ^(u) and &(u) are odd functions of u agreeing with F(u) and G{u), 
respectively , when u > 0. 


Section 8.6 


31. (a) By assuming a solution of the Helmholtz equation 


d 2 z d* z 

& + if + k z =0 


in the form z = and satisfying the resultant requirement a 2 + p 2 + k 2 = 0 

by writing a = ik cos 9? and P = ik sin 95, where 9? is an arbitrary real parameter, 
obtain particular solutions in the forms 


cos [k(x cos 9? + y sin 99)], sin [k(x cos 99 + y sin 99)]. 


(b) Deduce that the real and imaginary parts of any expression of the form 

rr/ » i>, . tic{x cos <p ^ y sin <p) 

U(x,y) A(<p) e dtp 

is a formal solution, for an arbitrarily chosen function A(<p) and arbitrary constant 
limits <p x and 9 p 2 . 


32. By changing to polar coordinates, deduce from the results of Problem 31 
that the real and imaginary parts of any expression of the form 

m f<p» Af x tier COB (<P-6) 

V(r,6) = A(tp)e dtp 

J<Px 
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formally satisfy the Helmholtz equation in polar coordinates, 
d 2 z 1 dz 1 d 2 z 

’e? + rdr l ~ 7 i ld i + k 2 =0 ’ 

33. By assuming a solution of the equation 

d 2 z d 2 z dz 

~dx 2 + ~df = k * Tt 

• 

in the form z — &**+Pv+Yt 9 and satisfying the resultant requirement by setting 
a — ikp cos 99, p = ikp sin 99, y = —p 2 , deduce particular solutions in the forms 

e ~ p2t cos [kp(x cos 99 + y sin 99)], e ~ p2t sin [kp(x cos <p 4- y sin 9?)] 

or as the real or imaginary parts of an expression of the form 

U(x,y,t) = J A(p,'p) e -^ 11 «<<* 108 »’+*' sin dp dtp. 


34. By changing to polar coordinates in Problem 33, deduce particular solutions 
of the equation 

d 2 z 1 dz 1 d 2 z _ 2 3z 

3H* + r + 7 2 ~d 0* " * 

in the forms 

J'iO'AO = JJ^ /4(p,9>) e _p2 * cos [fcpr cos (99 — 0)] dp dtp 
and 

J'aOAO = J J*^ 5(p,?)) sin [Arpr cos (? - 0)] dp d<p. 

Section 8.7 

35. The function z(x,y) is required to satisfy the differential equation 


dz dz 
dx dy 


and to take on the value z(2) — sin 22 along the straight line C 0 specified by the 
equations x = y = 2 in the xy plane. 

(a) By using equations corresponding to (89) and (90), show that 


dz 1 dz _, 1 . *, 

— = cos 22 4- - sin 22, — = cos 22 - - sin 21 

dx 2 dy 2 


at points of C 0 . 

(b) By using equations corresponding to (93) and (94), show that 


at points of C 0 . 


d 2 z 

Jx 2 


= cos 21 — - sin 22, 
4 


d 2 z 
dx dy 


- sin 22 
4 
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(c) Use the result of differentiating ~ along C 0 to show that 

3 2 z 3 

— = -cos 2A — 7 sin 2A 
dy 2 4 

at points of C 0 . 

(d) Check the result of part (c) by using the result of differentiating the 
governing differential equation with respect to y. 

36. (a) Show that the Taylor expansion of the solution of the problem con¬ 
sidered in Problem 35, in the neighborhood of the point (0,0), can be written in the 
form 

z(x,y) =jj( x + y) + jjC * 2 -/) + • • •» 

in consequence of the results of Problem 35. 

(b) Obtain the solution in the closed form 

z = e(*-v)/2 sin (jc + j). 

(c) Verify the correctness of the result of part (a) by obtaining the leading 
terms in the expansion of the closed form in a Taylor series about (0,0). 

37. Verify directly that the procedure of Problem 35 fails if the curve C 0 is 
taken instead to be the characteristic base curve x = — y = A. 

38. (a) If Problem 35 is modified in such a way that C 0 is taken as the charac¬ 
teristic base curve x = —y — A and z is prescribed as z(A) = e x along C 0 , verify 

3 z 3z 

directly that — and — then can be determined in infinitely many ways. 

(b) Show that the curve x — A, y = —A, z = e x is a characteristic curve of 
the differential equation. 

39. (a) If Problem 35 is modified in such a way that C 0 is taken as the circle 

3z 

x = cos A,^== sin A, and z is prescribed as z(A) == /(A) along C 0 , show that — and 

3z X 

— can be determined uniquely at all points along C 0 except the points 

(V2/2.V2/2) and (-V2/2.-V2/2). 

(b) Show that C 0 is tangent to characteristic base curves at the exceptional 
points of part (a). 

Section 8.8 

3 2 z 3 2 z 

40. The solution of Laplace’s equation -f = 0 is required in the 

neighborhood of the line C 0 : x = y = A, subject to the requirement that z = 0 
3z 

along C 0 and that ~ ^ = A along C 0 . 
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dz 

(a) Show that the strip condition requires that — " q = —A along C 0 . 

(b) With the notation of Equation (104), verify that Equations (108-110) 
take the form r + t=0, r + s = l,s + t= — 1, so that there must follow r — 1, 
s = 0, and / = —1 along C 0 . 

(c) Deduce that, at the origin (0,0), there follows 

dz dz 

z = 0 , — = 0 , — = 0 , 

ox dy 


d*z 


d 2 z a 2 z 

STT = and T1 = 

3* 3y ay 2 


and hence show that the Taylor series expansion of z near the origin must be of the 
form 

z(x f y) -0+^(0x+0y) + ^(x 2 + 2 0xy-y 2 ) + - ==^ ^ -/) + •••• 


(d) Verify the correctness of the result of part (c) by showing that the 
function z — %(x 2 — y 2 ) in fact satisfies the conditions of the problem. 

41. (a) Show that the characteristic base curves of the equation 

3 2 z ^ 3 2 z ^ d 2 z dz ^ 

IP 3 dx Ty + 2 Of ~ Tx = 0 

are the lines ^ c x and y 2x c 2 . 

(b) Show that, along the characteristic base curve C 0 : y =- x = A, the strip 
e/z 

condition takes the form — — p 4 - q and the equation of compatibility becomes 

d _p , = „ 

f 2 <M P ' 


(c) Verify directly that, if z(A), /?(A), and q(X) are prescribed along C 0 in such 
a way that these conditions are satisfied, then any one of the second derivatives, 
say 5 , can be chosen arbitrarily along C 0 , after which there follows accordingly 
r(A) = p'(X) — j(A) and /(A) =- q'(X) — s(A). 

42. Show that, if <p y — x and y -= y — 2x are taken as new independent 
variables in Problem 41, then there follows 



a 

dy 


d 

d(p 



and the differential equation takes the normal form 
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Section 8.9 


43. Show that the solution of the equation — + = 0, for which z = |*| 

along the x axis, is of the form z = \y — x\. (Notice that the “corner” at the origin 
is propagated along the characteristic base curve y = x which passes through the 
origin.) 


44. Show that, if z satisfies the equation 


d 2 z d 2 z 
lx 2 ~ If = °’ 


d 2 z 


and if — 2 has a jump of one unit across the line C 0 : y = x in the xy plane, then 


d 2 z _ _ d 2 z 

By 2 

be continuously differentiable along C 0 . 


dz dz 

— ^ must have a jump of — 1 and a jump of -f 1 across C 0 , if — and — are to 


d 2 z B 2 z 

45. If z satisfies Laplace’s equation, — 2 + — 2 = 0, show that the assumption 
d 2 z 

that — 2 has a jump across the line C 0 :y = x in the xy plane leads to a contradiction 


dz dz 

if — and — are to be continuously differentiable along 


C 0 . 


Section 8.10 

46. (a) By replacing ct by ix 9 where i 2 = — 1, in Equation (67), show that 

d 2 z d 2 z 

formally we obtain a solution of Laplace’s equation ^ + — 2 = 0 for which 
dz(xfi) 

z(x, 0) = F(x) and —-— = G(x) in the form 
By 


If “I l C*+iv 

2 = 2 + '» + f(x - (>)J + —. J G(f) di. 

(b) Show that if we specify F(x) = x, G(x) = e x , then an expression 

z — x + e x sin y 

is obtained, and verify that this expression satisfies Laplace’s equation everywhere 
and also satisfies the conditions imposed along the line y = 0. 

(c) Notice that the formal solution is meaningless if, for example, we specify 
that F(x) be zero along the negative x axis and unity along the positive x axis. 
Show also that if 

f(x)== TT ^ 9 g(x) = ° 

the formal solution becomes 

1 + x 2 — y 2 

z = (i +* 2 - ff + 4 X y ’ 
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and that this expression is not defined at the points (0, ±1). In particular, show that 
this formal solution becomes infinite as either of these points is approached along 
the y axis, so that the differential equation is not satisfied at this point. 

[In general, the initial-value problem for Laplace’s equation (or any elliptic 
equation) has no solution unless the prescribed values are sufficiently regular. Also, 
even though a solution be determined by the above method, it may be valid only 
near the curve along which the function and its normal derivative are prescribed. 
A deeper insight into the problem is afforded by the theory of analytic functions of 
a complex variable (Chapter 10).] 

47. Writing the general solution of the equation 

d 2 z 

dx dy 0 


in the form z = fix) + g(y ), show that the initial conditions 


z(x, 0) - Fix), 


fix, 0) 


dz(x,0) 

dx 


- F'{k\ 


qixfi) 


d z(x, 0) 

dy 


imposed along the infinite line y = 0, lead to the conditions 


G(x ), 


fix) + giO) — F(x\ g'(0) = G(x). 


Hence deduce that the problem has no solution unless G(x) is prescribed as a 
constant, say G(x) -= C, in which case the problem has infinitely many solutions of 
the form 

z - F(x) -1- giy) - g(0 ), 

where g(y) is any (differentiable) function of y for which g'(0) = C. (Notice that 
the line y — 0 in the xy plane is a characteristic base curve in this case.) 


Section 8.11 

48. Show by the methods of Section 8.11 that the simultaneous equations 


BU 

2 — + 
dx 


dU dV 
dx + dy 


IdU dV\ 

W + d x) 


0 , 


tan 2 K = 0, 


possess the same characteristics [Equations (144a,b)] as the problem of that section. 

d(Z,v) 

49. Use the results of Problem 7 to show that if the Jacobian —- is not zero, 

K*,y) 

the dependent and independent variables in Equations (150) may be interchanged 
to give the equations 


y n - x n tan v = 0, yt + x$ cot v = 0, 

where v = J(f — ?/). [Notice that these equations are linear in x and y> whereas 
Equations (150) are quasi-1inear in £ and rj, since v depends upon £ and rj.] 



CHAPTER 9 


Solutions of Partial Differential 
Equations of Mathematical Physics 


9.1. Introduction. Many linear problems in mathematical physics involve 
the solution of an equation obtained by suitably specializing the form 

<0 

where / is a specified function of position and A and p, are certain specified 
physical constants. Here the operator V 2 is the Laplacian operator in the space 
of one, two, or three dimensions under consideration and is of the form 


dx 2 dy 2 dz 2 


( 2 ) 


in rectangular coordinates of three-space. The unknown function <p is then, in 
general, a function of the position coordinates (x 9 y 9 z) and the time coordinate t. 
In particular, Laplace's equation , 


V 2 <p = 0, 


( 3 ) 


is satisfied, for example, by the velocity potential in an ideal incompressible 
fluid without vorticity or continuously distributed sources and sinks, by 
gravitational potential in free space, electrostatic potential in the steady flow 
of electric currents in solid conductors, and by the steady-state temperature 
distribution in solids. 

Also, Poisson's equation , 

W +/= o, 

426 


( 4 ) 
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is satisfied, for example, by the velocity potential of an incompressible, irrota- 
tional, ideal fluid with continuously distributed sources or sinks, by steady- 
state temperature distributions due to distributed heat sources, and by a 
“stress function” involved in the elastic torsion of prismatic bars, with a 
suitably prescribed function/. 

The so-called wave equation , 


vv = -^, 

' c 2 dt 2 


( 5 ) 


arises in the study of propagation of waves with velocity c, independent of the 
wave length. In particular, it is satisfied by the components of the electric or 
magnetic vector in electromagnetic theory, by suitably chosen components of 
displacements in the theory of elastic vibrations, and by the velocity potential 
in the theory of sound (acoustics) for a perfect gas. 

The equation of heat conduction , 


V 2 (p — 


d(p ' 


( 6 ) 


is satisfied, for example, by the temperature at a point of a homogeneous body 
and by the concentration of a diffused substance in the theory of diffusion, 
with a suitably prescribed constant a. 

The telegraph equation , 


d 2 <p _ x d 2 (p dtp 

a? _A 0F + ' l 0T* 


( 7 ) 


which is a one-dimensional specialization of Equation (1), is satisfied by the 
potential in a telegraph cable, where X — LC and p = RC , if leakage is 
neglected (L is inductance, C capacity, and R resistance per unit length). 

Differential equations of higher order, involving the operator V 2 , also are 
rather frequently encountered. In particular, the bi-Laplacian equation in two 
dimensions, 






( 8 ) 


is involved in many two-dimensional problems of the theory of elasticity. 

The solution of a given problem must satisfy the proper differential equa¬ 
tion, together with suitably prescribed boundary conditions or initial conditions 
(if time is involved), the nature of these conditions depending upon the problem. 
In place of attempting to obtain the most general solution of the relevant 
differential equation, and specializing it so as to satisfy the given conditions, 
the usual procedure consists of determining a suitable set of particular solu¬ 
tions, each of which satisfies certain of the conditions, and then of attempting 
to combine a finite or infinite number of such solutions in such a way that the 
combination satisfies all the prescribed conditions. In those cases which are to 
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be treated here, the particular solutions are obtained by a certain method of 
separation of variables . It may be mentioned that, although this method is 
restricted in a mathematical sense to a comparatively narrow range of differ¬ 
ential equations, fortunately this range includes a very large number of those 
equations which arise in practice. 

Before illustrating the solution of such problems, we first treat the formula¬ 
tion of the problem of heat flow in space. 


9.2. Heat flow. We consider the flow of heat in a region in space such that 
the temperature T at a point (x,y,z) may depend upon the time t . For any 
region bounded by a closed surface S, the rate at which heat flows outward 
from through a surface element do with unit outward normal n is given by 

-dQ x = -K — do= -K(?T) • n da, 
d n 


where K is the thermal conductivity of the material. Thus the net rate of heat 
flow into is given by 

& = + K(VT) • n da. (9) 

However, the rate at which heat is absorbed by a volume element dr is given by 

An 3t a 

dQz = sp— dr. 


where s is the specific heat and p the mass density. Hence, if there are no 
sources or sinks in Si, the rate of heat flow into Si is also given by 


82 = 



dT A 

s„-dr. 


( 10 ) 


Before equating Q x and g 2 , we first transform Equation (9) to a volume 
integral by making use of the divergence theorem [Equation (116), Section 
6.13], and so obtain* 

Qi = lll m K * Tdr - (U) 

The requirement Qi — Q t then becomes 


JJJL 


xv 2 r- s P 


dr 

dt 


dr = 0; 


( 12 ) 


* If K is a function of position, K V*7” must be replaced by V • K VT in Equations (11) 

ST 

and (12), and (13) is replaced by V • K VT = sp —. 

dt 
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but since this result must be true for any region not containing heat sources 
or sinks, the integrand must vanish. Hence T must satisfy the equation 


where we have written 


V 2 T= .1 — 
a 2 dt 9 



(13) 

(14) 


The quantity a 2 is known as the thermal dijfusivity of the material. 

In particular, in the steady-state condition when the temperature at a point 
no longer varies with time, the temperature satisfies Laplace's equation , 


v 2 r- 0. 


(15) 


We now consider two basic problems in the theory of steady-state heat 
flow. First, it would be expected intuitively that in the steady state the tempera¬ 
tures at points inside a given region would be uniquely determinate if the 
temperature were prescribed along the bounding surface S. Second, one might 
prescribe the rate of (steady) heat flow outward per unit of area, 


W = _ K d_I 

do dn 9 


at all points of the boundary S and require the temperature at internal points. 
Let T represent a function which satisfies Equation (15) and one of these 
boundary conditions. Then Equations (122) and (123) of Section 6.14 give the 
useful results 


and 


fff (VrjMr-fi T*£da 

J J J* JJs dn 

JJts on 


(16) 

(17) 


Equation (17) is readily interpreted as requiring that the net flow through the 
closed boundary S must be zero, as must obviously be the case in steady-state 

dT 

flow without sources or sinks inside St. Thus — cannot be specified in a 

perfectly arbitrary way on 5, but its mean value on S must be zero. 

Assume now that two solutions T x and T 2 exist, both satisfying Laplace’s 
equation (15) and both taking on the same prescribed values on the boundary 
S. Then clearly the difference T 2 — T x also satisfies (15), and hence may be 
substituted for Tin (16). But since T 2 — T x takes on the value zero at all points 
of S , the right-hand side of the resultant equation vanishes, and there follows 

fj7^[V(T 2 -T 1 )] 2 dr = °. 


( 18 ) 
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Now since the integrand is nonnegative, it must itself vanish everywhere in St, 
and hence we have 

V(r 2 — 7\) == 0, r 2 — 7\ = c = constant. (19) 

Finally, since T 2 — 7\ vanishes on S , there follows c — 0 and consequently 
r 2 = 7i. That is, there can be only one solution of Laplace's equation valid in St 
and taking on prescribed values on the boundary S. In a similar way we find that 
two solutions of Laplace's equation valid in St and having the same specified 
value of the normal derivative on the boundary S can differ at most by a constant, 
noticing that here T 2 — 7\ is not necessarily zero on S. 

The two problems considered are known respectively as the Dirichlet and 
Neumann problems. The solution to the Dirichlet problem, where the function 
itself is prescribed on the boundary, is unique , whereas the solution to the 
Neumann problem, where the normal derivative is prescribed on the boundary, 
is determined only to within an additive constant. These statements clearly 
apply to the solution of any problem governed by Laplace’s equation, regard¬ 
less of the nature of the unknown function. 

Although other types of boundary-value problems involving Laplace’s 
equation may occur, the two discussed here are of most frequent occurrence. 

Next we consider the solution of several simple problems of the Dirichlet 
type. Although, to fix ideas , we choose to identify the quantity to be deter¬ 
mined with steady-state temperature, the results may be equally well inter¬ 
preted in terms of many other physical quantities which also satisfy Laplace’s 
equation. 


9.3. Steady-state temperature distribution in a rectangular plate. Suppose 
that the three edges x = 0, x — L, and y — 0 of a thin rectangular plate are 
maintained at zero temperature, 

T(0,y) = T(L,y) = T(x,0) - 0, (20a,b,c) 

and that the fourth edge y = H is maintained at a temperature distribution f(x), 


T(x,H) =/(*), (21) 

until steady-state conditions are realized (Figure 9.1). The temperature distribu¬ 
tion throughout the plate is required. Thus we must determine that solution of 
Laplace’s equation in two dimensions, 


&! d^T 

dx 2 dy 2 


( 22 ) 


which takes on the prescribed boundary values (20) and (21). 

The method of separation of variables consists of seeking particular 
“product solutions” of (22) in the form 


T v (x,y) = X(x) Y(y), 


( 23 ) 
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where A"is a function of x alone and Y isafunction ofy alone. Introducing(23) 
into (22), there follows 


d 2 X d 2 Y 

77 ‘ y + x 7 ?-°- 


or, separating the variables. 


1 d * X 

X dx 2 


i 

Ydy 2 ‘ 


(24) 


Since, by hypothesis, the left-hand member of (24) is independent ofj and the 
equivalent right-hand member is independent of x, it follows that both sides 
must be independent of both x and y, and 
hence must be equal to a constant. If we 
call this arbitrary constant k 2 , there follows 


T=f(x) 


d*X 
dx 2 

d 2 Y 
dy 2 


+ k 2 X = 0 


k 2 Y ■= 0 


(25a, b) 


r=o 


H 


T= 0 


r=o 


Figure 9.1 


Thus we see that the product (23) will 
satisfy (22) if X and Y are solutions of 
(25a,b), regardless of the value of k. 

Because of the linearity of (22), it follows that any linear combination of such 
solutions, corresponding to different values of k, will also satisfy (22). 

We next notice that three of the boundary conditions are homogeneous. 
Thus, if each of the particular product solutions is required to satisfy (20a,b,c), 
any linear combination will also satisfy the same conditions. Equations (20a,b) 
will be satisfied if 


AW) - X( L) = 0, 
whereas (20c) implies the condition 

y(0) = 0. 


(26a,b) 


(27) 


Equations (25a) and (26) constitute a previously considered Sturm-Liouville 
problem for which the characteristic values are 


k = k„ = 


#17r 


(n = 1,2,3,...), 


(28) 


and the corresponding solutions (characteristic functions) are of the form 

X = X„ = ^„ sin^\ (29) 
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Corresponding to (28), the solution of (25b) which satisfies (27) is of the 
form 

Y=Y n = B n sinh^\ (30) 

Lj 

Thus it follows that any particular solution of the form 

T„ = a n sin sinh (n = 1, 2, 3,...), (31) 

L L 

where we have written a n = A n B n , satisfies Equation (22) and the three 
boundary conditions (20a,b,c). The same is true for any series of the form 


T = 2 a n sin sinh ( 32 ) 

n — 1 

if suitable convergence is assumed. It remains, then, to attempt to determine 
the coefficients a n in (32) in such a way that the remaining condition (21) is 
satisfied, so that 


/(*) = 2 («n sinh ~) sin ^ (0 < X < L). (33) 

But, from the theory of Fourier sine series, the coefficients a n sinh (nnH/L) in 
this series must be of the form 

. , KITtH 2 C L r/ . . 717 TX , 

a v sinh- — - f(x) sin- ax, 

L LJ o L 


and hence, writing c n — a n sinh ( mrH/L ), the required solution (32) takes the 
form 



T(x,y) = 

or; sinh —— 

v • L 

L . , mrH 

n ~ 1 sinh- 

L 

(34) 

where 

Cn = 

2 f L N . yittx . 

7 f(x) sm — dx , 

LJ o L 

(35) 


assuming appropriate convergence. 

If f(x) is, in fact, representable by a convergent Fourier series of the form 
(33) in (0,L), it can be established that the series (34), subject to (35), truly 
converges to the solution of the stated problem inside the rectangle of defini¬ 
tion. This situation exists, in particular, when f{x) is bounded and piecewise 
differentiable in (0,L). 
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It is clear that the solution of the more general problem where T is pre¬ 
scribed arbitrarily along all four edges can be obtained by superimposing four 
solutions analogous to the one obtained here, each corresponding to a problem 
in which zero temperatures are prescribed along three of the four edges, 
although more convenient alternative procedures frequently suggest them¬ 
selves in such cases. 

It is of importance to notice that permissible values of the “separation 
constant” k 2 were here determined by the characteristic-value problem arising 
from the presence of homogeneous boundary conditions along the two edges 
x — constant. 

By virtue of (23) and (25), any expression of the form 

T p = (c x cos kx + c 2 sin kx)(c 3 cosh ky + c 4 sinh ky ) (36a) 

is a particular solution of (22) for arbitrary values of k. It is readily verified 
that if the equal members of (24) were set equal to — k 2 rather than +fc 2 , the 
signs in (25a,b) would be reversed and particular solutions of the form 

T v = (r *5 cosh kx + c 6 sinh kx)(c 7 cos ky + c 8 sin ky) (36b) 

would be obtained. Finally, if k 2 is replaced by zero in (25a,b), the solutions 
of the resultant equations lead to the further particular product solutions 

T P = (c 9 x + c 10 )(c n y + c 12 ). (36c) 

Clearly, exponential forms could be used in (36a,b) in place of the hyperbolic 
functions, if this procedure were desirable. However, only the product solutions 
listed in (31) satisfy the homogeneous boundary conditions (20). 

The choice of the sign of the separation constant associated with (24) was 
motivated by the knowledge that solutions of type (36a) would lead to a 
Fourier series expansion in the x direction along the edge y = H where the 
nonhomogeneous condition is prescribed. 

It was not obvious, a priori , that (22) would possess separable solutions of 
the form (23) or that a solution built up from such solutions could be made to 
satisfy the prescribed boundary conditions. In fact, only in special cases, in a 
mathematical sense, do partial differential equations possess product solutions. 
These cases are fortunately of frequent occurrence. 

9.4. Steady-state temperature distribution in a circular annulus. Suppose 
that the temperature distributions along the inner and outer radii of a circular 
annulus are maintained as f x {0) and / 2 (0), respectively, 

T(r v 6) =/#), TIM) =/ 2 (0)> (37a,b) 

until steady-state conditions are realized (Figure 9.2). The temperatures at 
internal points of the annulus are required. 
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If polar coordinates are used, Laplace’s equation in the plane becomes 
(see Section 6.18) 

V*T~ —+ -0. (38) 

Sr* t Sr r*dl‘ 

Assuming a particular product solution of the form 

W) = R(r) 0(0), (39) 


Equation (38) becomes 


R"& + - R'@ + - a RQ" = 0, 
r r 2 


where a prime denotes differentiation with respect to the argument. By sepa¬ 
rating the variables, there follows 


T=m 

rrnTTTTTT^ 

r-AW 


- (r 2 IT + rK') 
R 


= k\ (40) 


jfcL A where k 2 is the separation constant. This 

\ 3 condition implies the two ordinary equa- 

t J tions 

\\ jF J r 2 R" + rR f - k 2 R = 0, (41) 

V%TTrT^0/ 0 " + k2Q = °- (42) 

The s *8 n se P arat i° n constant was 

chosen in such a way that sines and cosines 
Figure 9.2 (rather than exponential functions) will be 

introduced in the 0 direction where expan¬ 
sions along the circles r = r x and r = r 2 presumably will be required. 

Equation (41) is an equidimensional equation (see Section 1.6) with general 
solution 

R = A k r k + B k r~ k (k # 0)) 

(43) 

R = A 0 + B 0 \ogr (fc = 0)j 
whereas (42) has the solution 

0 = C k cos kd + D k sin k6 (k # 0) | 

Q = C 0 +D 0 6 (k = 0) /' (44) 

Thus any expression of the form 
T = a 0 + b 0 log r + (c 0 + d 0 log r) 0 

+ 2 + V“*) cos kd + (c fc r* + <4r~*) sin /c0], (45) 


where k takes on arbitrary nonzero values, is a solution of Equation (38). 
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In order that T be single-valued in the annulus, we must take 

Cq = d 0 ~ 0. (46) 

Also, for the same reason, the trigonometric functions must possess a common 
period 2n. This requirement , in the present case, serves to determine the per¬ 
missible values of the separation constant , 

k = n (n= 1,2,3,...). (47) 

Hence we are led to assume the solution of the present problem in the 
form 

00 

T= (a 0 + b 0 log r) + [(«,/' + b n r~ n ) cos nO 

n= 1 

4- ( c n r " + d„r~") sin nO ] (r x S r g r 2 ). (48) 

The boundary conditions (37a,b) then take the form 

oo 

f\(0) = («o + 0 o lo 8 ''i) 4- 2 K a » r i + b » r i" ") cos « 0 

4- (c„r” + d n r~”) sin n0] 

Of; 

AC 0 ) = («0 4- h 0 *°g r i) + 2 + b » r 2 - ”) C0S n0 

+ + d n ri”) sin n0] 

so that, according to the theory of Fourier series, 

a 0 + b 0 log r x = ^- f A(0) dO 

Itt J o 

«o + 0 o log ^2 = 7" f AC 0 ) dO 

2tt Jo 

a n r ” + b n r{ n = - J* A(0) cos nO dO 

” ° (« = 1,2,3,...), (50c,d) 

a n r% 4- b n r 2 n = - AC 0 ) cos nd dd 

7T JO 

c n r” + d B rf" = - J A(0) sin nd dd 

W ° [ (« = 1,2,3,...). (50e,0 

c n r$ + d n rl " = - f 2 (d) sin nd dd 

7 T JO 

These equations serve to determine in pairs the constants appearing in the 
required solution (48). 


(50a,b) 
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Two limiting cases are of particular interest. First, in the limiting case 
/*! = 0, the region considered becomes the interior of the circle r = r 2 . In order 
that the left-hand members of (50a,c,e) remain finite as r x 0 we must take 

b 0 = b n = d n = 0 (« = 1, 2, 3,.. .)• (51) 


If we also write A„ for a„r", C n for c n r\, a for r 2 , and f(0) for f 2 (d), we deduce 
that the solution of the problem 


^7=0 (r^a) 

T(o,6) —f(6) 


is of the form 


T— A 0 + / ( A„ cos nd + C„ sin nd) (r ^ a) 


where 


n = l 


m do 


= if s 

° 2ir Jo 

.-IP 

7r Jo 

C„ = - r /(0) sin nO dO (n = 1,2,3,...) 

77 JO 


/(0) cos nO d6 (n = 1 , 2 , 3,... ) 


(52) 


(53) 


(54) 


from (50b,d,f). 

In this case / x (0) is merely the constant value, say r„, of the temperature 
at the center of the circle r = a, so that (50c,e) reduce to the trivial identity 
0 = 0. Also, Equation (50a) becomes 


1 C 2 * 

*0=+- T 0 d6=T 0 . 

2 tt Jo 


(55) 


Since this result must be compatible with the first equation of (54), which 
states that A 0 is the mean value of the temperature distribution along the 
circle r = a 9 we conclude that the temperature at the center of the circle is the 
mean of the temperature distribution along the boundary of the circle . This 
result also follows directly from (53) when r = 0. 

In the second limiting case r 2 —► oo, the region considered becomes the 
exterior of the circle r = r v In this case we must take 

b 9 = a n = c n = 0 (n = 1, 2, 3,...) (56) 

in (50b,d,f). Equations (50d,f) then become, in the limit, 

/*2jt 

f 2 (d) cos nO dO = I / 2 (0) sin nd dO 
0 Jo 

(n = 1,2,3,...), (57) 
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where / 2 ( 0 ) is the prescribed temperature distribution on the circle with in¬ 
creasing radius r 2 . These relations can be true only if f z (d) is constant in the 
limit. Thus the temperature must approach a uniform value, say T as r -► oo. 
Equations (50a,b) become 

A 0 - ° 0 = ^ f 2 Vi(0) d6 = T^, (58) 

27T Jo 


showing that 7^ is the mean of the prescribed temperature distribution on the 
inner boundary, and Equations (50d,f) reduce to 0 = 0. 

If we also write B n for rf 1 n b„, D n for r l n d n , a for r 1# and /(0) for yi(0), we 
deduce that the solution of the problem 


V 2 T = 0 (r^a)l 
T(a,6) = /(0) j 

/j of the form 


T= A 0 + ( B n cos n6 + 

D n sin nd) (r ^ a) 

n = l 

where 


1 C 2ir 

A 0 = ± f(0)d0 

2tt Jo 


B n = - | /(0) cos nO dO 

7T Jo 

s 

ii 

K) 

y> 

D n = - J /(0) sin nd dd 

7r Jo 

(« = 1, 2, 3,... ) 


(59) 

(60) 


(61) 


9.5. Poisson's integral. We now show that if the values given by (54) are 
introduced into (53), then the resultant series can be summed, and the solution 
can be expressed as an integral. For this purpose, we first replace the dummy 
variable 6 in (54) by (p , to distinguish this variable from the current variable 0 
in (53). The introduction of (54) into (53) then leads to the relation 


T(r,0) = ~ f f((p)d<p+ - cos nd f f(<p) cos ncp dtp 

2tt Jo 7 t ~ \a/ L Jo 

n = l 

+ sin nd J f(<p) sin ncp dtp J 
^ [cos nd cos n<p + sin n6 sin dtp. 


or 


T(rft ) = - f f(<p) l + S (-) cos n((p - 0) d<p (r ^ a), (62) 

7 t Jo L2 \a / J 
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assuming the legitimacy of the interchange of summation and integration in 
the first form. But since* 


there follows 


cos n(q> — 0 ) = Re {e ini,p 9 ’}, 


J Q " cos n(<p - 0 ) = Re {2 ^ e <( *" #) ] "} 


H e n<p-e) 


1 r e iW-0) 


(r<a) 


r _ rj 

* e n<p-e ) l — - 
a J L a 


-cos(<p - 0) -~ 
a 

2 

1 — 2 - cos (<p - 0) + 

a a* 


(r < a). 


Thus the quantity in braces in ( 62 ) becomes 


2 + 2 (“) cos "(v ~ e ) 
2 


a 2 — r 2 


and, noticing that 


2 a 2 — 2ur cos (9? — 0) + r 2 

/(«) = r(a,0), 


(r < a), ( 63 ) 


we find that Equation ( 62 ) takes the form 


r(r, 0 ) = 7- f -7— - - r — 1 T(a,<p) d<p (r < a). ( 64 ) 

2tt Jo a 2 — 2ar cos (0 — 9?) + r 2 

This remarkable integral formula, due to Poisson , expresses the value of a 
harmonic function T at all points inside a circle of radius a in terms of the 
values of T on the circumference of the circle. 


*“Re” means “real part of”; “Im” means “imaginaiy part of” in the sense that 
/ = Re/ + «Im/, so that Im/is real (see Section 10.1). 



sec . 9.6 I Temperature distribution in a solid sphere 


439 


It can also be derived by methods which do not presume the validity of (53), 
or of the interchange of summation and integration which led to (62), and it 
holds, in particular, when T(afi) — f(0) is bounded and piecewise continuous 
in (0,27r). The validity of the series representation (53) can be guaranteed only 
when somewhat more stringent conditions are 
imposed, such as the requirement that f(0) be 
bounded and piecewise differentiable. 

9.6. Axisymmetrical temperature distri¬ 
bution in a solid sphere. On the surface of a solid 
sphere, let the temperature distribution be pre¬ 
scribed in such a way that it is symmetrical with 
respect to a diameter. The temperature distri¬ 
bution inside the sphere is to be determined. 

Using spherical coordinates (Figure 9.3), with 
the z axis coinciding with the axis of symmetry, 
and noticing that the temperature T is indepen¬ 
dent of 6 , we recall that Laplace’s equation takes the form (see Section 6.18) 

d ( 2 dT\ , 1 d I . dT\ A _ 

a;!' *) + ^«;r , ’V =0 - <65) 

The boundary condition on the surface r = a is then- 

T{a,(p) =/(?). 

If a product solution is assumed, 

T p (r,cp) = R(r) <%>), 

Equation (65) is readily separable into the form 

1 



( 66 ) 


(67) 


-(r 2 /?')' = - 
R O sin cp 


( 0 ' sin <p)' = k 2 , 


( 68 ) 


and 


( . d®\ 

sm cp — I 

\ d<p! 


+ k 2 0 = 0. 


(70) 


where k 2 is a separation constant. This condition is equivalent to the equations 
(r 2 R')' - k 2 R = r 2 R" + 2 rR! -k 2 R = 0 (69) 

1 d 
sin <p d<p 

Equation (70) is brought into accordance with Equation (169), Section 4.12, 
if we write 

k 2 = n(n + 1). (71) 

The general solution of (70) is then of the form 

$ = ^ n ^„(cos cp) + B n Q n {cos <p), 


(72) 
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where P n and Q n are Legendre functions. In order that the solution be finite 
at the z axis 9 0 — 0 , 7 r, we must restrict n to integral values and take 

B n = 0 . (73) 

This follows from the fact that the Legendre polynomials (for which n is an 
integer) are the only Legendre functions of type (72) which are finite at both 
<p = 0 and (p = 7T (see Section 4.12). With the notation of (71), the general 
solution of (69) is obtained in the form 

R = C n r n + D n r- n ~\ (74) 

To avoid infinite temperature at the center of the sphere (r == 0), we must set 

D n = 0 . (75) 


Hence we are led to assume the desired temperature distribution in the 
form 


T(r,cp) 




,(cos 9 0 ) (0 < cp < 7 r), 


where we have written A n C n = c.Ja n . The boundary condition ( 66 ) requires 
that the constants c n be determined so that the representation 


f(<p) = 2 C « P »( C0S v) (0 < <p < rr) (77) 

71 — 0 

is valid. If we introduce the new variable 


pi = cos (p , 

the function f(cp) becomes a new function of pi, say F(pi), such that 

F(fi) — /(cos -1 n), 

and (77) becomes 

00 

F(j*) = 2 C n p n(/*) (-1 < fl < 1 ). 

n -0 

The results of Section 5.13 [Equation (204)] then give the result 



(78) 

(79) 

(80) 

(81) 


or alternatively, returning to the original variable <p and using the relation 
f(cos <p) =f(<p), 

c„ = 1 f f(<p) P n {cos 95 ) sin <p dtp. (82) 

2 Jo 
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If the first n derivatives of with respect to its argument are continuous 
for — 1 ^ ft ^ 1, the second alternative form given by Equation (204), 
Section 5.13, 




2 n + 1 
2 n+1 n\ 





(83) 


may in certain cases be more useful for the determination of c n . 


9.7. Temperature distribution in a rectangular parallelepiped. Let the 
temperatures of five faces of a rectangular parallelepiped be maintained at 
zero, 

my*) = HL^z) = T(xfi,z) = T(x 9 L 29 z) = T(x,y, 0) - 0, (84) 

and suppose that the sixth face is maintained at a prescribed temperature 
distribution 

T(x,y,H) =f(x 9 y) (85) 

until steady-state conditions are attained (Figure 9.4). We again investigate 
the resultant distribution of temperature in the interior. 

If we assume a product solution of the 
relevant equation 

3 2 T d 2 T d 2 T 

w + v + = ° (86) 

in the form 

T v = X(x) Y(y)Z(z\ (87) 

the equation may be separated in the form 


X" _ Y" Z" _ 8 
X ~ Y + Z ~ l ' 


/ T-f(x,y)yS 

r; 

H 

i 

1 

1 

1 

j_ 


/ J X 

'x 




( 88 ) 


Figure 9.4 


the separation here depending upon the fact that the first member is indepen¬ 
dent of both y and z and the second equal member is independent of x. Hence 
we must have 


X" + k\X = 0 

(89) 

and, after a second separation, 


V" 7 " 

_ J_ = t- - k? = k% 

YZ 

(90) 

Thus Y and Z are determined by the equations 


Y" + klY = 0, 

(91) 

Z" - (k\ + k\)Z = 0. 

(92) 
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The homogeneous boundary conditions (84) are satisfied by the product 
solution if the factors satisfy the conditions 


1 

II 

§ 

II 

© 

(93a,b) 

no) = y(l 2 ) = o, 

(94a,b) 

i 

ii 

p 

(95) 

We thus obtain from Equations (89), (91), (93), and (94) 


= ~ (m = 1,2,3,...), 

(96) 

v v A rmrx 

x = x m = A„ sin —— , 

(97) 

fc 2 = ^r (n = 1, 2, 3 ,... ) 

(98) 

7= Y n = B n sin . 

If we write further 

(99) 



or + 

(100) 

the solution of (92) satisfying (95) becomes 


Zmn = C nn sinh k mn z. 

(101) 

Thus, writing a mn = A m B n C mn , we are led to assume the desired solution 

in the form 


T(x,y,z) = 2 2 " sin sin ^ sinh k mn z. 

m = 1 n-1 L 1 ^2 

(102) 


This expression satisfies ( 86 ), as well as conditions (84), for arbitrary values of 
the coefficients a mn . It remains, then, to determine these coefficients in such a 
way that the remaining condition (85) is satisfied. If we introduce the abbrevia¬ 
tion 

Cmn ^m» sinh k mn H > (103) 

this condition takes the form 

f(x,y) = 2 2 c m » sin — sin ^ (0 < x < L v 0 < y < L*). (104) 

m = l »=1 L 1 L t 

Thus the coefficients c mn are the coefficients of the double Fourier sine-series ' 
expansion of f(x,y) over the indicated rectangle. 
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These coefficients are readily determined by a simple extension of the 
methods used in earlier work. If both sides of (104) are multiplied by 

sin ( pnx/L *) sin {qiryjL^, 

where p and q are arbitrary positive integers, and if the results are integrated 
over the rectangle, there follows 

f f f(x,y) sin sin dx dy 
Jo Jo L 2 

V V C L iC L * . pttx . qny . rmrx . niry , . 

= Z c mn\ sin ~— sin '-f -sin — sin —£ dx dy. (105) 

wVl n = l J ° J ° L l L 2 L l 

The double integral on the right can be written as the product 

U ' Ll . P7tx . W77X 1 f f^ . <77rv . ti7ry . 1 

sin -— sm-dx I sm 7 -^- sin —- dy , 

o L x L x J LJo L 2 L 2 J 

and hence, by virtue of Equations (134) and (135), Section 5.10, this product 
vanishes unless p — m and q = n, in which case it has the value 

L 2 _ ^if 2 

77~~4”~' 

Thus the double series in the right-hand member of (105) reduces to a single 
term, for which m — p and n = q, and there follows 

C mn = -f-r f f /(x.jO sin ~ sin ^ dx dy. (106) 

EjE 2 Jo Jo JLi /-. 2 

With these values of c mn , the solution (102) becomes, with the notation of (103), 

OO 00 

rp/ \ \ \ . runs. . tm y ouui rv mn ^ /i r\n\ 

T(x,y,z) = 2, 2, c ’«» sin T" sin . TTT^T. > ( 107 ) 

m = 1 n = 1 

where /r ww is defined by ( 100 ). 


. rmrx . nny sinh k mn z 

sin-sin —--. 

L x L 2 sinh fc mn H 


9.8 Ideal fluid flow about a sphere. The preceding problems have all 
been of the Dirichlet type. To illustrate the solution of a Neumann problem, 
we investigate the effect of the presence of a stationary sphere of radius a in an 
initially uniform flow of an ideal incompressible fluid (Figure 9.5). We intro¬ 
duce spherical coordinates and require that for large values of r the flow be in 
the negative direction parallel to the z axis (<p = 0). The flow will then clearly 
be independent of the circumferential angle 0. The velocity potential is here 
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denoted by P(r,<p). According to the results of Section 6.15, this function 
satisfies Laplace’s equation, which here takes the form 


a / 2 dp\ , 1 a / . dP\ 

Yr l'‘a7/ + ^^l sm9 V 


= 0 . 


(108) 


Also, the velocity vector V is determined as the gradient of P, 



V=VP 

= u r V r + u v V, 


dp , iap 


( 1 ®) 


[See Equation (163e), Section 6.18.] At the 
surface of the sphere (r — a) there must be 
no component of V normal to the sphere; 
dP 

that is, V r = must vanish, 
dP 

r = a: — = 0 . ( 110 ) 

dr 


As r -> oo, the velocity vector must 
approach — K 0 k, where V 0 is the undisturbed velocity. Making use of the 
readily established relation 


k = u r cos <p — u v sin ( 111 ) 

we see that as r -► oo we must have V -> — V 0 cos <p u r -4- V 0 sin (p u r Referring 
to (109), it follows that as r -> oo the radial velocity must satisfy the condition 


r-> oo: 


—->-7 0 cos cp . 
or 


( 112 ) 


According to Section 9.2, the boundary conditions (110) and (112) are sufficient 
to determine P 9 except for an irrelevant additive constant. 

As was shown in Section 9.6, particular product solutions of (108) may be 
superimposed to give solutions of the form 

P = 2 l(A n r n + B n r- B - 1 )P n (cos <p) 

+ (C n r n + D n r-”-'m cos ?)] (113) 

for which also 


Y = 2 nA J n 1 - ( n + n ~ 2 ~\P n ( cos <P ) 

n 

+ [nQr "- 1 - (« + l)D n r-”- 2 ]Q n (cos ^)}. (114) 

To avoid infinite velocities along the axis of symmetry, we must take 

C n = D n = 0, 


(115) 
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and to avoid infinite velocities as r —► oo, in accordance with ( 112 ), we must 
have 

A n = 0 (n = 2,3,...). (116) 

Finally, to satisfy (110) we then must have 

nA^^ 1 — (n + 1 )B n ar n ~ 2, — 0 

or B n — —Y"— a 2n+1 A n . (117) 

n + 1 

Thus, with (115), (116), and (117), Equations (113) and (114) become 

P =- A 0 P ,)(cos f) + P,(cos <p) (118) 

and = /4^1 — ^jP^cos cp). (119) 

If we recall [see Equation (171), Section 4.12] that 

P 0 (cos 9 ) — 1, P 3 (cos 9 r ) = cos q, 
it follows that the remaining condition ( 112 ) is satisfied if 

A 1 — — V 0 . (120) 

Hence the velocity potential is of the form 

p = - cos <r + A 0 , (121) 

where A 0 is an irrelevant constant and may be set equal to zero. The velocity 
vector is of the form 

v = -[*(1 - cos <p]u r + K 0 (l + ^ 5 ) Sin <p u v . ( 122 ) 
by virtue of (109). 

To find the streamlines, we make use of Equation (173), Section 6.19, with 

hi = h r = 1 , h 2 = hy = r, h 3 = h 0 = r sin q, 

in accordance with Equation (163b), Section 6.18. The stream function ip is 
then determined from the relation 

, dP . . , dP 2 . 

dip — -sin 9 ■) dr + — r sm “V 

d(p or 

==_K °[( r + ^) sin2 ’ ,rfr + 




sm <p cos q i 
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By integration we then obtain 

y> = — y ( r2 ““ “) sifl2 (123) 

where C is an arbitrary constant. The streamlines are thus the traces of the 
surfaces y = constant, or, equivalently, 

r 2 (l — sin 2 9 v = constant (124) 

in the diametral planes 0 = constant. 

A considerably shorter but less direct procedure for solving the problem 
specified by (108), ( 110 ), and ( 112 ) would consist of guessing initially that the 
solution will be of the form P(r,<p) = R(r) cos cp , and of then attempting to 
determine R(r) in such a way that this expression satisfies (108), and such that 
R'(a) = 0 and R'(co) = — V 0 . 


9.9. Vibration of a circular membrane. If we consider equilibrium of an 
element (x, x + dx; y,y + dy) of a membrane under a distributed normal 
load of intensity f(x,y), and denote the deflection in the z direction by w(x,j>) 
and the tension by T(x,y), the differential resultant vertical component of 
tensile force normal to the xy plane is found to be 


i{ T T) dXiyJr 7y{ T f) dXdy ’ 

if only small slopes and deflections are considered. Since the distributed load 
on the element is given by/ dx dy, the differential equation satisfied by w is of 
the form 


or 


, (d 2 w 3 2 w\ (dTdw dTdw\ r A 

\d? + W + \7,Tx + 7y7,) +f ~ 0 


(125a) 


or, in terms of the invariant operator V, 

T V 2 w + (VT) • (Vw) +/= 0. (125b) 

For small deflections of an initially tightly stretched membrane we may 
assume that T is uniform in the membrane. In addition, if we consider here 
only free vibration of the membrane, and hence replace /by the inertia loading 
d z w 

—P fa? 9 Equation (125b) reduces to the two-dimensional wave equation 


vSv = A 92yv 


at 2 ’ 


(126) 


2 


1 

P 


where 


a‘ 


(127) 
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In dealing with vibrations of a circular membrane, we introduce polar co¬ 
ordinates and write (126) in the form 

3 2 w 1 3w 1 d 2 w ^ 1 g 2 w 

dr 2 rdr r 2 3d* a 2 0t 2 * 1 ' 

If a product solution is assumed in the form 

w p = R(r)Q(9)T(t) 9 (129) 

the usual process of separation leads to equations determining the factors in 
the form 

T" + co 2 T= 0 

r 2 R" + rR' + r 2 — fc 2 ) R = 0 ■, (130a,b,c) 

0" + fc 2 0 = 0 

where co 2 /a 2 and A: 2 are arbitrary separation constants. The general solution of 
(130b) is of the form [see Equation (130a), Section 4.10] 

R = AJ k (^)+BY k (^), (131) 

and, if k and o) are not zero, (130c) and (130a) give 

0 = Ceos kO + D sin k0 9 (132) 

J = £ cos cot + F sin cot. (133) 

In order that the deflection w be single-valued, the functions in (132) must 
be of period 2i t, and hence k must be integral, 

k — m (m = 0, 1, 2,...). (134) 

If k = m = 0, (132) does not represent the general solution of (130c). How¬ 
ever, the missing solution DO is not periodic. Next, to avoid infinite deflections 
at the center (r = 0), we must take 

B = 0. (135) 

Finally, since w must vanish on the boundary r — a, 

iv(ff,0,O = O, (136) 

we require that each of the product solutions h’„, to be superimposed, vanish 
when r = a. By virtue of (135) and (134), this condition requires that to be a 
solution of the equation 

= 0. (137) 

We notice that the solution co = 0, when m > 0, would reduce the factor R(r) 
to zero (identically), and hence it need not be considered. 
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Denoting the nth positive solution of this equation by co mn9 

/m ( f T £ ) =0 <» = 1.2. - • *), (138) 

the superposition of permissible product solutions leads to an expression for w 
in the form 

w(r,e,t) = y y 4 — k(«™ cos md + b mn sin m6 ) cos a> mn t 

m=d n = l ' « ' 

+ (c mn cos md + d mn sin md) sin co mn t]. (139) 

In addition to the boundary condition (136), we may be given two initial 

dw 

conditions which prescribe the deflection w and the velocity — as functions 
of r and 0 at an initial time / — 0, 

w(r,d,0) =f 1 (r,d), 8w (^’°) =/ 2 (r,0). (140a,b) 

ot 

Thus the constants in (139) must be determined so as to satisfy the relations 

CO 00 

fyirfi) =22 cos m0 + bmn sin m0) Jm 

0 n= 1 

OO PC 

fz(r,d) =22 w >»«( c »«« cos md + d <nn sin md) 

m- 0 n = 1 

when 0 < r < a and 0 < 0 < 2rr. The determination follows closely the 
procedure used in Section 9.7, if use is made of Equations (154) of Section 5.11 
and of the corresponding results in Section 5.12 (see Problem 39). 

For simplicity, we consider further only the special case when is in¬ 
dependent of 6 and / 2 — 0; that is, we assume that initially the membrane is 
deflected into a radially symmetricalform and is releasedfrom rest . The ensuing 
motion of interior points is to be determined. In this case only the terms for 
which m = 0 are independent of 0, so that all other terms may be suppressed. 
The initial velocities of all points will vanish if the c and d coefficients are set 
equal to zero. Hence, writing co n for co 0ni Equation (139) reduces to the form 

W = 2 An J o(—) cos co n t (0 < r < a, t > 0), (142) 

W = 1 ® 

where co n is the wth (positive) solution of 

Jo (yf ) =0 ( n = i > 2 > 3 >---)- 



( 143 ) 
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If the membrane is initially deflected to the form 

Mr, 0) = F(r\ (144) 

the coefficients A n must be determined so as to make 


00 / \ 

F(r) = 2 A * J o(— ) (0 < r < a). (145) 

Reference to Equations (169) and (175a) of Section 5.12, with / i n = co n /a,/? = 0, 
and L = a, then leads to the determination 


A n 



(146) 


It may be noticed that the motion specified by (142) is a superposition of 
modes having frequencies o)J2tt 9 where w' n satisfies (143), the amplitude of 
vibration in each such mode varying in the radial direction as a Bessel function. 
The smallest solution of (143) is given by 


^ = 2.405, 
a 

to three places (see Appendix B, Table II), so that, for example, the funda¬ 
mental frequency f x = (oJItt of a circular drumhead is 


A = 


- = 0.3828 
2tt a 



Conversely, the tension T required to produce a desired fundamental note is 
given by 

T — 6.825 pail 


9.10. Heat flow in a rod. We next consider the one-dimensional problem 
of heat flow in a homogeneous rod of length L with insulated sides, the 
temperature depending only on the distance * from one end of the rod and the 
time t. The heat flow equation (13), Section 9.2, then becomes 


&T_ \_dT 
a* 2 “a 2 3t ’ 


(147) 


where a is a constant defined by (14). It is apparent from (147) that in the 
BT 

steady state, when — = 0, Tis a linear function of the distance x. 
ot 

Initially, the temperature is prescribed along the rod as a function of x, say 

m 0 ) =/(*). ( 148 ) 
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In particular, if steady-state conditions exist initially, f(x) must be a linear 
function, of the form 

/(*) = T< 0) + (T< o) - T< 0, )y 

Li 

where J[ 0> and 7^ 0) are the initial temperatures of the ends. 

At the instant / = 0 we suppose that the temperature at the end x = 0 is 
changed to a new value, say T» and the temperature at the end x — L is 
changed to the value T 2 , and these constant values are assumed to be main¬ 
tained thereafter: 

T(0,t) = T v T(L,t) =T 2 (t> 0). (149) 

The temperature distribution throughout the rod is required as a function of x 
and t. 

In a problem of this sort it is convenient to express the temperature distribu¬ 
tion as the sum of two distributions, one of which is to represent the limiting 
steady-state distribution (independent of t) after transient effects have become 
negligible, and the other of which is to represent the transient distribution 
(which must then approach zero as t increases indefinitely). Thus, writing 

mi) = T s (x) + T T (x,t), (150) 

the function T s (x) must be a linear function of jc satisfying (149), and hence is 
of the form 

T s (x) = T 1 +(T 2 -T 1 )^, (151) 

and T T (x,t) is a particular solution of (147). The function T t must be deter¬ 
mined in such a way that it vanishes when t -> oo, 


T t (x, oo) — 0, 


(152) 


and so that the sum T s + T t satisfies the initial condition (148). Also, since 
T s {x) satisfies (149) it follows that T t must vanish at the ends x = 0 and 
x = L for all positive values of t, 

7V(0,0 = T t (L,0 = 0 (t > 0). (153) 


Thus the transient distribution satisfies homogeneous end conditions. It is for 
this reason that the steady-state distribution was first separated out.* 

Product solutions of (147) satisfying (152) and (153) are readily obtained 
in the form 


T TtP — a i 


. nnx - 

sin- e 

L 


■ rfw'cft 


(n = 1, 2, 3,...). 


♦ A procedure of the same type was used in Problem 18, Section 9.3. 
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Thus, by combining (151) and a superposition of solutions of this type, the 
required function T(x,t ) may be assumed in the form 

T(x,t) = 7i + (T 2 - T,) 2 + y a n sin ^ e = ^. (154) 

L , L 

n = 1 

We may verify that (154) satisfies the end conditions (149), and that this 
solution approaches the proper steady-state solution as t -* oo. It remains, 
then, to determine the coefficients a n in such a way that the initial condition 
(148) is satisfied, and hence 

oo 

/(x) - 7i - (T, - = V a n sin ^ (0 < x < L). (155) 

L , L 

n = l 

The Fourier coefficients a n in (155) are determined in the usual way, 

a n = - I /(x) sin dx + — (T 2 cos htt — T 2 ). (156) 

LJ 0 L I17T 


If we write 


L 2 spL 2 

7T 2 a 2 " 77 2 X ’ 


(157) 


the parameter A has the units of time.* Since the exponential factor in (154) 
is then of the form e~ n2tix , we see that A is closely related to the time required 
for the transient effect to become negligible. 

We remark that if the temperatures at the ends are not held constant but 
are required to vary in a specified way with time, the problem is somewhat 
more difficult. A procedure which can be used in such cases is illustrated in 
the following section (see also Problems 47-49). 

9.11. The superposition integral. We consider here the special case where 
a rod is initially at zero temperature, 

T(x,0) -/(*) = 0, (158) 

and where when t > 0 the end x = 0 is kept at zero temperature while the 
temperature of the end x = L is varied in a prescribed way with time, 

7(0,0 = 0, T(L,t) ~ F(t). (159) 

* In cgs units the relevant quantities are of the following dimensions: 

[j] = cal/(g)(°C), Ip] = g/cm 3 , [L] - cm, 

[£] = cal/(cm)(sec)(°C), [A] =- sec. 
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As a first step toward the solution of this problem, we solve first the problem 
when F{t) is unity . Denoting this solution by T = we obtain from (155) 

and (156), with fix) — 0, 7\ = 0, J 2 = 1, the result 


a/ x x 2 v (—l) w • n7TX 

A(x,0 = - + - > -— sin- e * 

L 7r ^ n L 

71 = 1 


0 > 0 ), 


(160) 


with the notation of (157). 

Next, suppose instead that the temperature at the end x = L is maintained 
at zero until a certain time t — r v and at that instant is raised to temperature 
unity and is maintained at unit temperature thereafter. Then it is easy to see 

that the resulting temperature distri¬ 
bution will be zero everywhere when 
t < Tj, and will be given by the result of 
replacing t by t — r, in (160) when 
t > Tj; that is, in this case 

T=A(x,t-r 1 ) (Or,). (161) 

Here t — r, is time measured from the 
instant of change. 

Next, suppose instead that the tem¬ 
perature is raised abruptly to the value 
F( 0) when t = 0 and held at this value 
until t = r x , then is again abruptly 
raised by an amount F(t x ) — F( 0) to the value F(r x ) at the time r, and held at 
that value until t = r 2 , then is abruptly raised by an amount F(t 2 ) — Fir,) 
at the time t 2 , and so on (Figure 9.6). From the linearity of the problem it is 
seen that at the instant following t = r n , the temperature distribution is given 
by the sum 

T = F(0) A(x,t) + [F^) - F(0)] A(x, t - r x ) 



+ [^ 2 )-^] A(x, / — r 2 ) + * ’ * 


+ t^(r„) - F(r n _ 1 )] f - t b ). (162) 

If we write 

F( T k) - f(T)t-i) = AF*. r fc - = At,., (163) 


Equation (162) can be written in the form 

T = F(0) ,4(x, f) + 2 4*.' - (^) ■At*. (164) 

fc = l 

Finally, proceeding to the limit as the number n of jumps becomes infinite, 
in such a way that all jumps and intervals between successive jumps tend to 
zero, the definition of the integral suggests the limiting form 

T(x,0 = F(0) A(x,t) + /* A(x, t - t) F'(r) dr. 


(165) 
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assuming that F(t) is differentiable. This is the superposition integral which 
gives the desired solution in terms of the basic function A(x,t). An alternative 
form is obtained by an integration by parts, 

T = F(l0) A(x, t) + OKx, t - r) F(t)];:‘ - f' F(r) |- A{x, t - r) dr, 

Jo OT 

d d 

or, since — A(x , t — r) = — — A(x,t — t), we also have 

OT Ot 

T(x,t ) = /f(x,0) F(t) + f F(r) 8A(x '! - t) dr. (166) 

Jo ot 

If we notice further that in the present case A(xfi) vanishes when 0 ^ x < L, 
this result reduces to the form 


T(x 


Jo 


' F(r) d - A{X ll- . T) dr (0 g X < L). 
dt 


(167) 


When this form is used, the solution of the given problem takes the form 

„t L 

(168) 


o r rt 2 ~ 

T(x,t) = — y (~l) w+1 n F(t) e A dr 

77/ " LJO 

n = 1 


, . rnrx 
e x sin-, 


When the form (165) is used, the solution takes the equivalent form 


T(x,t) = ^ F(f) 


+ 2y(-ir 

7T " 


n = l 


n 


F(0) + 


p «« 

F'(t) e * 

Jo 


dr 


~ n 7 . 1XTTX 

e A sin -. 


(169) 


Although the second form appears to be somewhat more complicated than the 
first, it has the advantage that in many cases the convergence of the infinite 
series in (169) is more rapid than the convergence of (168). 

As an example, suppose that the temperature at the end x — L is increased 
uniformly with time from a zero value, at the rate of r 0 degrees per second, 


F(t)=T 0 t. (170) 

Then (168) gives 

_ x 2XT 0 V (~1)” +1 [” 2 t (, • mrx . 

n = l 

and (169) gives the alternative form 

T(x,t) = T 0 ±t - — £ (-l) n *~V ~ sin nj f • (171b) 

JL 77 n JL 
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The equivalence of these forms is verified by noticing the validity of the expan¬ 
sion 


f = jv(:j 

L *. 4 , » 


(-l) n . nnx 

-- sin- 

L 


(0 ^ x < L). 


It is clear that the second form (171 b) is better adapted to numerical calculation. 


9.12. Traveling waves. It was found in Section 8.5 that the general solu¬ 
tion of the one-dimensional wave equation 


d 2 fp _ 1 d 2 qp 
dx 2 ~ c 2 h t* 

is of the form 

<p =/(x - ct) + g(x + ct). 


(172) 

(173) 


where/and g are arbitrary functions. If we consider the graphical representa¬ 
tion of tp as a function of x for varying values of the time f, we see that a 
solution of the form 9 o=f(x — ct) is represented at the time / = 0 by (p = /(*), 
and is represented at any following time t by the same curve moved parallel to 
itself a distance ct in the positive x direction. That is, a solution tp — f(x — ct) 
is represented by a curve moving in the positive x direction with velocity c. 
Similarly, a solution (p = g(x + ct) is represented by a curve moving in the 
negative x direction with velocity c. We may speak of these solutions, in a 
general sense, as traveling waves . 

D'Alembert's formula (67), of Section 8.5, in the form 

<p(x,t) = \ [F(X + ct) + F(x - ct)-] 4- 1 \ X+C> G(i) di, (174) 

2 2 cJx-ct 


defines that solution of (172) which satisfies the conditions 

V(x 9 0) = F(x\ <p t (x 9 0) = G(x) (175) 

for all real values of x, where F and G are any twice-differentiable functions. 
Here, for example, we may interpret 9 0 and <p t as the lateral deflection and 
velocity, respectively, of a tightly stretched uniform string of infinite length 
with c = VT/p 9 where T is tension and p is linear mass density, and where 
small slopes and deflections are assumed. (The case of a string of finite length 
is treated in Problem 28 of Chapter 8 and in Problem 59 at the end of this 
chapter.) 

In many other applications we are principally interested in solutions of the 
wave equation which are periodic in time. Such solutions, for (172), must be 
combinations of terms of the form f x {x) cos tot or f 2 (x) sin tot or, equivalently, 
must be the real or imaginary part of a function of the form 

<P = F(x) e iat , 


(176) 
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where F(x) may be complex. By introducing (176) into (172) and canceling the 
resultant common factor e iat , there follows 

F" + ^ F = 0. (177) 

c" 

If we write the general solution of (177) in the complex form 


i—x —i-x 

F = c x e c -\- c 2 e « , 

the required solution (176) becomes 


(178) 


V 


i—(x+ cO -i-(x-ct) 

c x e c + c 2 e c 


(179) 


This solution is of the form of (173). By taking real and imaginary parts, we 
see that linear combinations of terms of the form 


m , 

cos — (x 
c 


ct). 


. O) 

sin — (x 
c 


ct) 


(180) 


for arbitrary values of co are available for the representation of periodic plane 
waves moving in the positive x direction, whereas combinations of terms of the 
form 

cos — (x + ct), sin — (x + ct) (181) 

c c 


are solutions of (172) representing periodic plane waves moving in the negative 
x direction. In certain problems it may be more convenient to retain such 
solutions in the complex exponential form of (179). 

We next investigate the existence of analogous spherical wave solutions of 
the wave equation. In spherical coordinates, with the solution cp dependent 
only on the radius r from the origin, the wave equation takes the form 

i dy 

r 2 dr \ dr) c 2 dt 2 

If we assume a solution periodic in time, of the form 

<P = F(r) e iwt , 

substitution of (183) into (182) gives the equation 

2 

rF" + 2F' + —rF=0 

(r 

to be satisfied by the amplitude function F. The general solution of (184) can 
be expressed in terms of Bessel functions by identifying (184) with Equation 


(182) 

(183) 

(184) 
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(127), Section 4.10. The solution is then given by Equations (128) and (129) of 
that section in the form 


F = 




(185) 


This result is in turn expressible in terms of elementary functions, by virtue of 
Equation (115), Section 4.9, in the form 


F = 

770) L 

or, finally, in the complex form 


. cor cor 

sin — cos — 

A - - + B -- 

r r J 


e 'c r e l c T 

F = c x — + c 2 - 

r r 


Thus Equation (183) becomes 

<P = Cl 


e i^(r + ct) e -i-(r-ct) 

-b c 2 - , 


(186) 


(187) 


Linear combinations of such functions, or of their real and imaginary 
parts, are thus solutions of the wave equation which represent periodic 
spherical waves moving inward toward or outward from the origin, respec¬ 
tively. It may be noticed that the amplitude of the oscillation is inversely 
proportional to r. 

In cylindrical coordinates, with op dependent only on the distance r from 
the z axis, the wave equation becomes 


! A (r Hi\ = ! 

r dr l dr/ c 2 dt 2 


The assumption 

then leads to the equation 


cp = Fir) e iat 


1 co 2 

F"+ - F' + F = 0. 
r c 2 


(188) 

(189) 

(190) 


Although the general solution can be written in the form 

we are guided by the preceding developments in writing this solution instead 
in the complex form 


( 191 ) 
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where, as defined in Section 4.8, the Hankel functions are given by 


H?’l 

(f) 

l='o| 

ft or ) 

► + 1 y o| 

(?) 


( air' 

17 

| =Jo\ 

f cor' 
l c ) 

) - i ^ol 

(?) 


The solution (189) then becomes 


<p = c t e itot 



+ c 2 e iatt 



(192) 


(193) 


The usefulness of the definition of the Hankel functions is now seen if we 
consider the asymptotic expressions for N ( 0 1} and //[ ) 2) as given by Equation 
(106), Section 4.9. By making use of these results, the behavior of the expression 
(193) for large values of r is found to be given by the asymptotic expression 


(p 



e*> +ct) 

V r 


+ 



e^r-ar 

v; J 


(r -> oo). (194) 


Hence we see that for large values of r the real and imaginary parts of 
e iu>t H^Xcor/c) represent cylindrical waves moving inward toward the z axis, 
whereas the real and imaginary parts of e ilut H^Xwr/c) represent outward 
traveling waves. The amplitude of the oscillation here is inversely proportional 
to V r. 

More generally, reference to the asymptotic expression^ for and H ( p Z) 
shows that the real and imaginary parts of e not H { p \kr) represent inward 
traveling cylindrical waves for large values of r (for any nonnegative value of/?), 
whereas the real and imaginary parts of e not Hf\kr) represent outward 
traveling waves. 

Although in most problems these complex forms are preferable, the 
explicit real and imaginary parts may be listed as follows: 

e itot H\} ] j = j cos cot — Y^—j sinwfj 

+ ' [•//>(“”) s * n Mt + ^(~“) cos (0t 

e i(0i j = jy^— j cos (ot f Y^—j sinrofj 

+ sin (ot — cos (0t 


(195a,b) 
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9.13. The pulsating cylinder. As a simple application of these facts, we 
next consider a problem which is related to certain aerodynamic investigations 
of nonuniform motion. The lateral boundary of an infinite circular cylinder 
surrounded by ideal compressible fluid is caused to pulsate radially with 

circular frequency co in such a way that the 
radial velocity of the boundary varies periodi¬ 
cally about a zero value, with maximum value 
V 0 (Figure 9.7) The periodically varying veloci¬ 
ties imparted to the points in the surrounding 
fluid are to be determined. 

According to hydrodynamic theory [see 
Equations (198) and (199), Section 6.20], the 
velocity vector Vis here the gradient of a velocity 
potential (p which satisfies the wave equation 



Figure 9.7 


X? 2 (p 


J_ d 2 (p 

7 2 !w 9 


(196) 


where c is the velocity of sound in the fluid. If we introduce cylindrical co¬ 
ordinates, noticing that (p is independent of z and 0, Equation (196) becomes 


d 2( p 1 dtp 1 d 2 (p 


(197) 


The magnitude V of the (radial) velocity is given by the equation 

dr 


(198) 


On the boundary the fluid velocity must equal the velocity of the pulsating 
boundary, say V 0 cos cot, whereas for Jarge values of r the velocity must corre¬ 
spond to outward traveling cylindrical waves (in the absence of a reflecting 
outer boundary). 

As will be seen, it is convenient to use complex notation, with the conven¬ 
tion that real parts of complex functions or of products of complex functions are 
to be taken . Thus the boundary condition on the cylinder r = a is written in 
the form 

r — a: ^ = K„ e iai . (199) 

or 

Accordingly, if we write 

<p = F(r) e i0)t , (200) 

Equation (193) of the preceding section shows that a suitable expression for <p 
is of the form 

= 


( 201 ) 
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If we make use of the derivative formula (114), Section 4.9, there then follows 


-- 


h H (l> + Ci e i»t W (2) . 


To ensure outward traveling waves for large values of r, we must take 

c x = 0. (203) 

The remaining constant c 2 is determined by (199) in the form 


V 0 e ia)t = - - c 2 H 
c 


?{-)■ 


K 

HfM 


With (203) and (204) the velocity (202) is determined as the real part of the 
expression 

h'»M 


V — V 0 e imi 


ifH 


If now we write (205) in the expanded form 

V — V 0 Re 1 (cos ojt + / sin cot) - 


J ‘(-) 

- / n (■ -)' 


\ c J 


l -« nN 

\ c } 

\ c I 


the usual process of rationalization and separation of real and imaginary parts 
leads to the explicit form 


cos cot + Yi I 


_ j,| jy t j sin cot — j cos a>/JJ. (206) 

The amplitude of the velocity oscillation at a given distance r from the axis 
is given by 


Mr) = v 0 


*( t ) + **(?) 1 
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With this notation, Equation (206) can be written in the form 

V = A(r) cos [cot - a(r)], (208) 

where the phase shift a at distance r from the axis is given by 


a (r) = tan 


(coa\ v (c*>r\ v / coa\ /ct>r\ 

'il / n\ / “ *i| I •'ll I 

\ c / \c/ \ c / \ c / 


'■(tMtMtHt) 

For values of r and a large with respect to c/co there follows, in particular, 


(209) 


A(r) ~ F 0 /- , a(r) ~-(r - a), 

V r c 

if use is made of Equation (105), Section 4.9. Thus, as r -> oo, (208) becomes 

if cco > c. 


9.i4. Examples of the use of Fourier integrals. When the required solution 
of a problem is specified along a straight boundary of infinite extent, the super¬ 
position of particular solutions is generally accomplished by integration rather 
than summation. 

As a first illustration, we require the solution of the two-dimensional 
Laplace equation 


= o 

dx 2 dy 2 


( 210 ) 


valid in the half plane y > 0, taking on prescribed values along the * axis for 
all values of jc, 

rf* f 0) =/(*), (211) 

and vanishing at large distances from the origin, 

lim <p(x,y) = 0. (212) 

x* + y‘-+ao 

Physically, we may interpret this problem (for example) as determining the 
steady-state temperature distribution in a thin plane sheet of infinite extent on 
one side of a straight edge, when the temperature is prescribed along that edge. 

Product solutions of (210) which vanish as -> oo are readily obtained in 
the form 

<p v = e~ uv (A cos ux + B sin ux) (u > 0), (213) 
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where w 2 has been written for the arbitrary separation constant and A and B 
are arbitrary. If we think of A and B as functions of u , 

A = A(u), B = B(u), (214) 

we may superimpose solutions of form (213) for all positive values of u by 
integration, and so write 

(p{x,y) = jj° e~ uv [A(u) cos ux + B(u) sin ux~\ du. (215) 

This expression formally satisfies (210) and (212) for arbitrary forms of the 
functions A and B. The remaining condition (211) will then be satisfied if we 
determine A and B such that 

f{x) — I [ A(u ) cos ux + B(u) sin ux~\ du (— go < x < oo). (216) 

But, in accordance with Equations (226) and (227) of Section 5.14, the right- 
hand member of (216) reduces to the Fourier integral representation of f(x) 
if we take 


A{u) 


= - f /(f) cos uf df, B(u) — - f 

77 v — oo 77 J- 

With these results, Equation (215) takes the form 
<f(x,y) — - f e~ uv ( f /(f) cos u£ 

77 JO \LJ-oo 


/(f) sin uf df. 


cos ux 


+ 


or, equivalently, 

i<x,y) = - flf 00 

77 JO \J-c 


[T 


/(f) sin u f df 


sin wxj 


du 


c" u V(l)cosw(|-x) d£ }du. 


(217a,b) 


(218) 

(219) 


We remark that only when the integral |/(x)| dx exists is the Fourier 
integral representation (216) necessarily valid, but it may be valid when this is 
not the case. Further, in certain cases when (216) is not valid, still, if the 
u integration is carried out before the f integration, Equation (219) may 
nevertheless lead to a definite expression for <p, which, however, may not 
satisfy the condition (212). The validity of the formal solution so obtained 
should be checked by direct calculation in such cases. Physical considerations 
will generally indicate whether violation of the condition (212) is permissible 
in these exceptional cases. 

When the order of integration is reversed, the solution (219) takes the form 
<f{x,y) = - f °° ( [“e-^cos u (f - x) duj/(f) df 

7T v — oo 1 Jo / 
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or, after an evaluation of the inner integral, 


<p(x,y) = - 

7r 



ymdS 
y 2 + (f - *) 2 ’ 


( 220 ) 


Itcan be proved that this integral converges and defines a solution of Laplace’s 
equation for y > 0 when f(x ) is bounded and piecewise continuous for all 
real x. 

For example, if we take 


/(*) = 


there follows, from (220), 

<p(x,y) = - J 

7 T Jo 


(x < 0) 

(x > 0), 

y 

/ + (f - xy 


di 


( 221 ) 


or 


7 T \2 V/ 


9j(x,y) = 1 - - , 

7T 


( 222 ) 


where 0 is the polar angle. In this case | \f(x)\ dx does not exist and, further, 

the right-hand members of (217) do not exist. However, (222) is easily shown 
to satisfy (210) and to reduce to (221) when y = 0. Since (212) is violated by 
the prescribed value of (p on the x axis (0 = 0), it is not surprising that it is 
also violated by the solution (222) for all values of 0 except 6 = 7t, Here (222) 
is the only solution of (210) which reduces to (221) on the x axis and remains 
bounded as y —► oo. 

Other one-dimensional problems of similar type are solved in an analogous 
way. As a second example, we consider the problem of one-dimensional heat 
flow in a rod of infinite length with insulated sides (see Section 9.10). We 
assume that an initial distribution of temperature is prescribed along the rod, 


T(x, 0) =/(*), 


(223) 


and that at the instant t — 0 the temperature at the end x = 0 is changed to 
zero and maintained at zero thereafter, 

7X0,0 = 0 (y > 0). (224) 


The temperature at a point x at time t is required. 

Product solutions of the relevant differential equation (147) satisfying (224) 
are of the form 

T p = A e" tt2 * 8( sin ux, 
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where u is arbitrary. Considering A as a function of u , we may superimpose 
such solutions for all positive values of u by writing 

T(x,t) = Jj° A(u) e“ u2 “ 2< sin ux du (x > 0 ). (225) 

The condition (223) then requires that A(u) be determined so that 

T(x, 0 ) = /(x) = Jj° A(u) sin ux du (x > 0 ). (226) 

But, according to Equation (223), Section 5.14, we have the Fourier sine- 
integral representation 

/(*) = - I (( /(f) sin uf df) sin ux du (x > 0 ), 
and hence the right-hand member of (226) reduces to /(x) if we take 

A(u) = ~ f 7(f) Sin Mfdf. (227) 

7T Jo 

Thus the solution (225) becomes 


T(x,0 = - I I e “ 2 “ 2 */(f) sin uf sin mx du. (228) 

IT Jo Jo 

This form can be simplified if we carry out the u integration first. Thus we 
obtain 

T(x,t) — - I /(f) [ f e~ u2 *~ l sin uf sin ux du\ df. (229) 

7T Jo IJo / 

The inner integral is first simplified by writing 

sin wf sin ux — £[cos u(f — x) — cos u(f + x)]. 

Then if use is made of the known result* 


Too /- ___&1 

I e"® 2 * 2 cos hx dx = — e 4rt (a > 0 ), (230) 

Jo 2a 

Equation (229) is reduced to the form 

t fee r 

T(x,f) - — 7 = /(f) U 4a * - * 4a * Jdf, (231) 

2aV7rf Jo 

the validity of which can be established for any bounded and piecewise 
continuous /. 

In particular, if the initial temperature is uniform, 
r(x, 0 ) =/(x) = r 0 , 


* See Equation (99) of Chapter 7. 


(232) 
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Equation (231) is reduced by obvious substitutions to the form 


T(x,t) = 

V 7 T 


A 

'S/tt 


(J: 


du 


x/2aV t 
xl2a.y/1 


f°° e~ u *du ) 

Jx/2 aVt / 


J-x/2<xy/t V TT Jo 


xl2aVt 


e u “ du. 


The so-called error function , defined as 

2 C x 2 

erf (x) — -j=. e u du, 
V7T J 0 


(233) 


is of frequent occurrence in the study of heat flow and in other fields, and is a 
tabulated function. In terms of this function the preceding result takes the 
form 


T(x,t) = T 0 erf 



(234) 


If we integrate both sides of (230) with respect to the parameter b, from 
b = 0 to b — f$, we obtain the relation 




(235) 


which is frequently useful in dealing with problems which involve the error 
function. 


9.15 . Application of the Laplace transform to the telegraph equations for a 
long line. In dealing with the flow of electricity in a long insulated cable, the 
potential e (volts) and the current / (amperes) are found to be related approxi¬ 
mately by the simultaneous equations 


de _ di di _ de 

JTx~ ~ dt' Yx~ Jt' 


(236a, b) 


where x is distance (miles) from one end of the cable, if the effects of leakage 
and resistance are neglected. Here L is inductance per unit length of cable 
(henries/mile), and Cis the capacitance to ground per unit length (farads/mile). 
If i is eliminated between (236a,b), we find that e satisfies the wave equation 

&e_ ir dh 
dx 2 dt 2 ’ 

and a completely analogous equation is satisfied by /. 


( 237 ) 
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Initially, the line is here considered to be dead, 

^, 0 ) = ^_ 0 . (238) 

ot 

Then, beginning at the instant / = 0, a voltage is impressed at the end x = 0, 
and thereafter that end is maintained at a prescribed potential which may vary 
with time, 

e(0 9 t)=f(l) (t> 0). (239) 

If the other end ( x — /) is open , then / = 0 when x = l. With the use of (236a), 
this condition becomes 

= 0 (t > 0), (240a) 

OX 

whereas if the end x = / is grounded , then e — 0 when x = /, 

e(/,0 - 0 (t> 0). (240b) 

We now illustrate the application of the Laplace transform procedure to 
the solution of problems of this type. For any fixed value of x, the voltage 
e(x,t) is a function of time t, and hence we may speak of its transform £(*, 5 ), 
where 

e(x,s) = J" exp (-si) e(x,t) dt == ^{e(x,t)}. (241) 

The variable x is treated as a constant in the integration. We see that the trans¬ 
form of the ;c derivative of e is the * derivative of the transform e, 

_ r- exp ( _ SI) sjfeo dl _ ; ( 242 ) 

l ox f Jo ox ox 

and similarly for higher derivatives. However, as regards time differentiation, 
the results of Chapter 2 can again be applied to give 

= s<?(x,s) - e(x,0), (243a) 

&[^r} = Mx,s) - se(x, 0) - ^2), (243b) 

and so forth (see formulas T3, T4, T5, page 74). In a similar way, all the 
results of Chapter 2 are again applicable here, insofar as time variation is 
concerned. 

If we take the transform of Equation (237) and make use of these facts, 
there follows 

= Lc[sV-(.t,s) - se(x, 0) - 


(244) 
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or, taking into account the initial conditions (238), 


LC s 2 e(x,s) = 0. 
dx 2 

(245) 

It will be convenient to write 


v ~Vlc’ 

(246) 

so that (245) becomes 


d 2 e s 2 . 

—- e = 0. 

dx 2 V 2 

(247) 


We assume that L and C are constant. Since only x differentiation is involved 
in (247), this equation is integrated as though it were an ordinary differential 
equation, holding s constant in the process and hence replacing the arbitrary 
constants of integration by arbitrary functions of s. In this way we obtain the 
result 

e(x,s) = A(s)e ** + B(s)e~ v . (248) 

We consider here only the case where the line is open at the end x = l, so 
that (240a) and (239) are to be satisfied. If we take the transforms of these two 
equations we find that e(x,s ) must then satisfy the end conditions 

e(0,s) «/(*). ^ = 0, (249a,b) 

ox 


where f(s) is the transform of/(/). Thus the functions /l(s) and B(s) of (248) 
are determined by the conditions 

A(s) + B(s) =/(s)) 

_ s( (250a,b) 


—/4(s)e * + B(s)e v = 0 

and hence are of the form 


A(s) = 


M 

1 + e - 2 4 


5(s) = 


1 + e~ 2s z . 


(251a,b) 


In the special limiting case of an infinite line. 


there follows 


/ = 00 , 

A(s) = As), B(s) = 0, 


(252) 
(253a,b) 
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and (248) becomes merely 

-a* 

e(x,s) —f(s)e \ (254) 

Having now determined the transform of the desired solution e(x 9 t ), we next 
make use of formula T9, page 74, to determine e(x,t) in the form 


e(x,t) 



0 


x 

when t > - or x < vt 
v 


x 

when t < - or x > vt. 
v 


(255) 


Thus we see that at a given time t the effect of introducing the voltage at x — 0 
is present only at distances not greater than vt — tjVLC miles from that end. 



That is, a voltage wave is propagated along the line with velocity v = 1 /VLC y 
in a manner specified by Equation (255). For example, if e(0,t) — f(t) varies 
periodically with time as is indicated in Figure 9.8(a), the voltage along the 
line at time t is as indicated in Figure 9.8(b). In general, we may verify that the 
representation of e(x,t) as a function of * at time t is obtained by reflecting 

distance 

the curve for e(0,t ) about the axis t = 0, replacing the time scale by a —-— 

scale, and then translating the reflected curve to the right through t units 
of xjv. 

In the more general case of a finite line, the introduction of (251) into (248) 
gives the result 


e(x,s) = 


/(s) 


l [* 


1 + e 


- 28 - 


8 - , *)-| 
v + e v ]. 


(256) 
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To determine the solution having this transform, we first expand 1 /(l + e~ 2 4) 
in a series of ascending powers of e~ 28 b anc * so obtain 


e(x 9 s) = /(s) [e~ s * + e v<2 * -a!) — e «' 


—{21 + x) — (U-x) 

— e v 


i (41 + 35) * "I 

+ e * +■*•]. (257) 


Again making use of formula T9, page 74, we obtain e(x 9 t) in the form 

f'M ■ 


e(x,t) — 


when t > - 

V 


when t < - 
v 


+ 


+ 


('- 4T+ ?) 

(- 4T -;) 


when t > 2T - 


when t < 27— - 


when t > 2T + - 
v 

when t < 2T + ~ 
v 


when t > 4T- 

v 

when t < 47 — - 


when t > 4T + - 
v 

when t < 4T + - 
v 


+ 


(258) 


where we have written 


T=- =VLC l, (259) 

V 

so that T is the time required for a wave to travel the length of the line. 

Noticing that 0 ^ x/v ^ T, we see that in the first part of the propagation 
(0 ^ t ^ T) only the first brace in (258) may differ from zero, and hence in 
this part of the process the wave described above is traveling toward the end 
x = /, reaching it at the time t = T. Then when T ^ t ^ 2T, only the first two 



sec. 9.16 I Formulation of problems 


469 


braces in (258) are not zero. In this second interval the second brace represents 
a reflected wave returning from the open end of the line without change in 
sign. The actual voltage in this time interval thus consists of the superposition 
of an outward- and an inward-traveling wave. When t = 27, the reflected 
wave reaches the closed end (x — 0 ) and, according to the third brace in (258), 
is again reflected, but this time with reversal of sign. This process is continued 
indefinitely, reflections without sign change occurring at the open end and 
reflections with change of sign occurring at the closed end. The various inward 
and outward waves so generated may combine in various ways, for various 
periodic impressed end voltages, the nature of the superposition depending, 
in particular, upon the relationship between this period and the time interval 7. 

9.16. Formulation of problems. From the preceding examples it is apparent 
that the number and nature of the conditions to be imposed along a physical 
boundary or at a given time depend upon the type of partial differential 
equation which governs the problem. 

Thus, for example, in the case of Laplace’s equation in two dimensions, 
<Pxx + Vw — Oj we have seen that the solution cp is determined everywhere 
inside a region 3# if the boundary values of cp are prescribed along the closed 
boundary C of PJt. The same can be shown to be true also for other elliptic 
equations, that is, for any equation acp xx + bcp xy + ccp yy + • • • = 0 where 
b 2 < 4 ac. However, this statement is not true in general for hyperbolic equa¬ 
tions, where b 2 > 4 ac. For example, we readily verify that the expression 
cp = sin knx sin kny satisfies the equation cp xx — cp yy = 0, as well as the 
requirement that cp vanish along the closed boundary of the rectangle 
[0 ^ x < 1,0 y -£ 1] for any integral value of k. Thus for this equation 
this particular boundary-value problem has infinitely many solutions, whereas 
for Laplace’s equation the only solution is that for which cp — 0 everywhere 
inside the rectangle. 

In the case of the particular initial-value problem for which along the 
entire x axis the function cp and its normal derivative cp y are prescribed, say 

<p(x, 0 ) =/(x), d<r(x = g(x), 
dy 

and a solution valid (say) for all positive values ofy is required, it can be shown 
that for Laplace’s equation (see Problem 46, Chapter 8 ) and other elliptic 
equations, the solution exists only if f(x) and g(x) satisfy very stringent 
restrictions. In particular, it is necessary that all derivatives of /(x) and g(x) 
exist for all real values of x, but even this condition is by no means sufficient to 
guarantee the existence of a solution valid for all positive values of y . On the 
other hand, unless the x axis is a characteristic base curve, this problem 
possesses a proper solution in the case of hyperbolic equations when f(x) and 
g(x) satisfy only very mild conditions. 
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These examples are typical of the general case. Thus it may be expected 
that, in general, elliptic equations are associated with boundary-value problems, 
whereas hyperbolic equations are associated with initial-value problems. Para¬ 
bolic equations, where the coefficient discriminant b 2 — 4 ac vanishes, are inter¬ 
mediate in nature. We next list certain general types of problems which 
commonly arise in connection with such equations, many of which have been 
illustrated in the present chapter. The list is not intended to be exhaustive. 

Typical problems associated with elliptic equations may be illustrated by 
considering Laplace’s equation in the two-dimensional form 


<Pr <Pr _ 0 

dx 2 + dy 2 5 


(260) 


where (for example) T may represent steady-state temperature. Along the 
closed boundary of a region we may prescribe T (the temperature) or the normal 
dT 

derivative — (a quantity proportional to the rate of heat flow through the 

boundary). In the second case the temperature is determined only within an 
arbitrary additive constant. Alternatively, a condition of the more general 

JT 

aT+ b—= c 
on 


may be prescribed along the boundary (as, for example, in the case of heat 
radiation from the boundary according to Newton’s law of cooling). In case 
the region involved is not simply connected, and in certain other cases, it may 
be necessary to add requirements of single-valuedness or periodicity. The 
region in which the solution is to be valid may be the interior or the exterior of 
the closed boundary. However, in case the region extends to infinity, restric¬ 
tions concerning desirable or permissible behavior of the solution at large 
distances from the origin generally must be added. In such cases it is frequently 
convenient to imagine that the conditions “at infinity’’ are prescribed along a 
circle (or an arc of a circle) of infinite radius, forming the outer boundary (or 
the remainder of a boundary which extends to infinity) of the infinite region 
involved (Figure 9.9). 

Typical problems associated with hyperbolic equations may be illustrated 
in the case of the one-dimensional wave equation 


d 2 w _ 1_ d 2 w 

dx 2 ~7 2 ~d?’ 


(261) 


where (for example) w may represent the deflection of a vibrating string 
(x is distance along the string, t time). For a string so long that end conditions 
are irrelevant, the prescribed initial values 


dw(x 9 0) 


= v(x) 


w(*,0) =/(*), 


dt 
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of the function w (deflection) and w t (velocity) at the time t = 0 determine the 
deflection for all values of x at all following times (t > 0). No additional 
limiting conditions can be prescribed as t -► oo. However, for a string of finite 



Figure 9.9 


length L with both ends fixed (at a = 0 and x = L) these conditions are 
prescribed only over the interval 0 < a < L, and the end conditions 

w(0,0 = 0, u(L,/) = 0 

must also be satisfied, for all time such that t > 0. In this case, if we represent x 
and t as rectangular coordinates in an artificial xt plane, we see that the solu¬ 
tion is required in the semi-infinite strip (0 < x < L, 0 < t < oo) (Figure 9.10). 
Along the boundaries a = constant, the function w is prescribed, whereas 

dw 

along the “time boundary” t = 0 the quantities w and — are prescribed [for 

those values of x in the interval (0 < x < L)]. With this interpretation, we 
dw 

may think of — as the “normal derivative” of w along the “time boundary.” 


It can be shown (see Problem 28, Chapter 8 ) that the solution of this 
problem, when 0 < x < L, is the same as that for an infinitely long 
string extending along the entire x axis, for which at the time t = 0 the 
deflection and velocity are prescribed for all values of x as odd periodic 
functions of a, of period 2L, agreeing with f(x) and v(x) in the interval 
0 < x < L. That is, the effect of the added semi-infinite portions of the 
string is then the same as the effect of the physical restraints at the ends. 
Thus, in a sense, this problem can be considered as purely an initial-value 
problem. 

The prescribed value of w along a boundary (end) a* = constant may vary 
with time; also, an end condition of the more general form aw + bw x = c 
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may be substituted, as for example in the case of an elastic end support. In 
many problems in which w is prescribed as varying periodically with time at 
one boundary, a periodic response is eventually propagated throughout the 
region, and certain transient effects introduced at the beginning of the motion 
become negligible at sufficiently later times. In such cases it may be that only 
the limiting periodic response is of interest. Here we may suppose that the 

motion was initiated at / = — oo; then 
only end conditions need be prescribed, 
and if a periodic solution is obtained it 
may be considered in this case as valid 
for all time. (We remark that if the nature 
of the propagation and the character of 
the transient effects are of interest, the 
use of Laplace transforms is particularly 
advantageous. In this connection a com¬ 
parison of Problems 62 and 80 at the 
end of this chapter is suggested.) 

Considerations of this general nature 
(but obviously with entirely different 
physical interpretations) apply equally 
well to the formulation of problems governed by a hyperbolic equation 
analogous to the one-dimensional wave equation but in which the time vari¬ 
able t is replaced by a second space variable y. For example (see Section 6.20), 
in the linearized theory of steady two-dimensional flow of a nonviscous 
compressible fluid, if the flow is nearly a uniform flow in the x direction, the 
deviation in velocity from uniformity is the gradient of a potential (p which 
satisfies the equation 



(M*-l)?f-2s = 0, 

dx 2 dy 2 


(262) 


where M is the ratio of the uniform flow velocity to the velocity of sound in 
the fluid. When this ratio is less than unity, this equation is elliptic and, in fact, 
is reducible to Laplace’s equation by an obvious change in variables. The 
associated problem in this case must then be a boundary-value problem. 
However, when the flow is supersonic (M > 1), the equation is hyperbolic, 
and conditions of entirely different type must be prescribed. (When M « 1, 
the equation is not valid, since then the linearization which leads to this 
equation is not permissible.) Suitable conditions in certain problems of this 
sort may be obtained by replacing the time variable t by y in the discussion of 
the preceding paragraph. In such cases the semi-infinite strip inside which the 
solution is to be obtained may extend to infinity in either the x or the y 
direction. In particular, certain basic problems involve the region consisting 
of the entire half plane y > 0. The nature of prescribed conditions which 
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make a problem determinate is suggested by the consideration that the half 
plane may be taken as the limit of either of the semi-infinite strips indicated 
in Figure 9.11, as the dashed-line boundaries are moved parallel to themselves 
indefinitely far from the origin. 



(a) 


(b) 


Figure 9.11 


In the first limiting case, where the half plane is considered as the limit of a 
strip extending in the y direction, the problem tends toward the usual initial- 
value problem [Figure 9.12(a)] where cp and its normal derivative are both 
prescribed along the entire * axis. Since this problem is completely determined 


0<p x 


<p and ZL 

<>y 

(a) 


I 
£ 


<P 

or 


Ox 




if or 


Oy 


(b) 


Figure 9.12 

by the conditions along the boundary y — 0, it appears that the “end condi¬ 
tions” along the sides x — constant must be omitted in the limit. That is, 
generally there are no additional conditions to be prescribed “at infinity” in 
this limiting case. However, in the second limiting case [Figure 9.12(b)], where 
the region is considered as the limit of a strip extending in the x direction, the 
prescribed conditions along the dashed-line boundaries cannot be completely 
lost in the limit, since the single condition prescribed along the x axis in this 
case is not sufficient to determine a unique solution. Although the end condi¬ 
tion prescribed along the upper boundary y = constant is lost in the limit, as 



474 


Solutions of partial differential equations / chap . 9 


in the preceding case, the same is not true for the initial-value conditions 
prescribed along the boundary x = x 0 as x 0 -* — oo. However, the number of 
conditions prescribable along this line is, in general, reduced from two to one 
in the limit. In such a problem nothing can be prescribed with reference to the 
behavior of the solution as x -> + oo. Obviously, the limiting boundary could 
be taken instead as the line x — x 0 as x Q -> + oo, in which case no conditions 

could be prescribed as x -> — oo. A problem 
t of the type just considered is treated in the 

^ \ following section. 

^ ^ Typical problems associated with par - 

p ^ ^ abolic equations may be illustrated in the 

or ^ ^ or case of the equation 

£ I *■ U-~. (263) 


2 2 wh ch (for example) governs one-dimen- 

— fas ^2/ ( & S/SV/////A — sional heat flow in the x direction. When the 

<p or|^ region is infinite in extent (— oo <x < 

+ oo), a prescribed distribution T(x, 0) at 
Figure 9.13 the time t = 0 determines T everywhere at 

all following times, t > 0. When the region 
is of finite extent (0 < x < L), as for example in the case of a thin rod of length 
L with insulated sides (Figure 9.13), the distribution T(x:,0) may be prescribed 
in this interval when t = 0, and in addition at each end we may prescribe 
either the temperature T or the rate of heat flow through that end ( KT X ); 
or we may prescribe a condition of the more general form aT + bT x — c 
at either end, as, for example, in the case of Newtonian cooling by radi¬ 
ation. As a further alternative, the temperature distribution T(xfi) may 
not be given explicitly but may be determined by specified values of T at the 
boundaries of the region, under the assumption that initially (at thetimer = 0) 
steady-state conditions prevail. In still another type of problem, a periodically 
varying source of heat may be present at one boundary, leading to a tempera¬ 
ture distribution throughout the region which varies periodically with time 
and tends to zero at large distances from the boundary (see Problem 51). 

The problems described in this section are typical of those commonly 
occurring in many diverse fields, where only two independent variables are 
present. We have chosen to identify the dependent variable with, say, tempera¬ 
ture or deflection of a string for the purpose of fixing ideas and making in¬ 


tuitively plausible the suitability of the formulation. The above discussion can 
be extended readily, in most cases, to problems involving a greater number of 
space variables, the region St becoming three-dimensional for Laplace’s 
equation, and the x interval becoming a two- or three-dimensional region in 
space for the wave and heat flow equations and for their analogies. In the 
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latter cases it may happen that an initial condition (at the time t = 0) itself 
consists of satisfying a partial differential equation (independent of time) 
together with associated boundary conditions. 

9.17. Supersonic flow of ideal compressible fluid past an obstacle. As a 
further illustration of physical problems involving hyperbolic differential 
equations, we consider the determination 
of the two-dimensional flow of a non- 
viscous compressible fluid past an obs¬ 
tacle in the form of a small protuberance 
from an otherwise straight wall. The flow 
is prescribed as having a uniform velocity 
V 0 parallel to the wall at large distances 
upstream from the obstacle (Figure 
9.14). 

The flow velocity vector at any point 
can be considered as the sum of the 
uniform velocity vector V Q \ and a small 
deviation u. According to Equations 
(189) and (194) of Section 6.20, for an irrotational flow the deviation u is the 
gradient of a “potential function” y, 

u = V(p, (264) 

where, for supersonic flow, <p satisfies the equation (262), 

(M 2 -= 0 (Af> 1). (265) 

dx 2 dy 2 

Here M, the Mach number of the flow, is the ratio of V 0 to the local velocity of 
sound in the fluid. 

The velocity of flow at any point can thus be expressed in the form 

y = v 0 i + V(p. (266) 

Along the boundary comprising the wall and protuberance, the normal com¬ 
ponent of V must vanish. If we take the equation of this boundary in the form 

F(x,y) = 0, (267) 

the normal vector is proportional to VF, and hence this condition becomes 

m + %') ' ^boundary = ( 268 ) 

By writing (267) now in the explicit form 

y = m 


Vo- 


"7 7 7777777 7* 




0 / ,7777777777" 

0 / x 


Figure 9.14 


(269) 
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and setting F(x,y) = y — H(x), we find that this condition becomes 


or 




dyj boundary 


boundary 

= 0. 


(270) 


dtp . 


The quantity is the x component, u x , of the velocity deviation; and 

dx dw 

hence, in accordance with the linearizing approximations leading to (265), 

is to be neglected with respect to V 0 in (270). Finally, noticing that H(x) is zero 
except along the protuberance, say 


H{x) — 0 unless 0 < x < /, 


(271) 


and assuming that H(x) is small in any case, we may further simplify the 
analysis by satisfying (270) along the projection of the protuberance on the 
x axis. Thus we replace (270) by the linearized boundary condition 


dy 


(272) 


Along any line x = x 0 , asr 0 ->~oo the velocity must tend toward uni¬ 
formity. In particular, the x component of the velocity deviation must tend 
to zero, 

, im Ww) = 0 (273) 

zo-* - oo OX 

Thus, we require the solution of (265) which satisfies (272) and (273) in the 
upper half plane y ^ 0. This problem is seen to be a particular case of that 
indicated in Figure 9.12(b). 

If we write 

a = V Af 2 — 1, (274) 

the general solution of (265) can be written in the form 

<p(x,y) =f(x - ay) + g(x + ay), (275) 

where/and g are arbitrary functions (see Section 8.5). The condition (272) 
then becomes 

—*/'(*) + «?'(*) = V 0 H'(x), 
from which there follows 


/(x)==S(*)-- 0 H(*) + C, 
a 


(276) 



sec . 9.17 I Supersonic flow of ideal compressible fluid 


477 


where C is an arbitrary constant. If we use (276) to eliminate / from (275), 
there follows 

<p(x,y) = g(x + ay) + g(x - ay) - — H(x - ay) + C, (277) 

a 

and also 

S(p [ x,y ^ = + ay) + g'(x - ay) — — H'(* — ay)- (278) 

ax a 

Now let y -> + oo along any “characteristic line” x + ay — c. Along any 
of these lines we have, from (278), 

1^ = g’(c) + g\c - 2ay) - ^ H’(c - 2ay). 
ox a 


But since (see Figure 9.15) any such line intersects the boundary x = x 0 ^ — co 

dw 

as y -> + oo, it follows that — must then tend to zero along each such line 
as y -> +oo, in accordance with (273). Hence we must have, in the limit, 


g ( c ) + g’C - °°) ~ — H'(—oo) = 0, 
a 

or, since H(x) = 0 when x < 0 and hence H'(— oo) = 0, we must have 

g\c) = -g'(-co). (279) 

But since this result must be true for all positive values of c, we then conclude 
that g'(c) must be a fixed constant independent of c and hence also that 
g\c ) = g\— oo). This statement contradicts (279) unless g\c) — 0, so that we 
conclude that the function g is a constant. 

Thus, finally, the deviation potential (277) becomes merely 


<p(x,y) = - — H(x - ay) + A, 
a 


(280) 


where A is an irrelevant constant. The velocity components are then given by 


Vx=V * + d fx =Vo \}~ a H(X ~ aJ,) ] 
7 V = ^= F 0 H'(x-ay) 


( 281 ) 


From these results we conclude that the velocity components are constant 
along any line x — ay = constant. Hence, in particular, the flow is modified 
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Figure 9.15 Figure 9.16 


from uniformity only in the diagonal strip between the two lines x — cay = 0 
and x — ay — l. The streamlines are as indicated in Figure 9.16. 

It is important to notice that any irregularity at a point P of the x axis 
would propagate a corresponding irregularity in the flow along the particular 
“characteristic line” x — ay = c which passes through the point P (cf. 
Section 8.10). 
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2. Verify that the equation 


Vfy 4- b'p = — 

0t“ 


dcp 

Tt 


is transformed into the heat flow equation 


by the substitution 
if b and a are constant. 


o 1 BU 
V 2 U = - — 

a 2 df 


q> - e 6a2 ‘ C/, 


3. If U(x,y,z) satisfies the equation V 2 <? = 0, show also that the function 
(ax + by + cz)U(x,y,z) satisfies the equation VV = 0 for any constant values of 
a , b f and c. 

BU dU dU 

4. If U(x,y,z ) satisfies Laplace’s equation, show that —, —, and — are also 

solutions. 0 * % 02 


5. If V(r,Q,z) satisfies Laplace’s equation (in circular cylindrical coordinates), 

dV dV dV 

show that — and — are also solutions but that — generally is not a solution. 


Section 9.2 


6. Suppose that heat is flowing in a uniform rod of cross section a and perimeter 
p, and that it is assumed that the temperature T does not vary over a cross section, 
and hence is a function only of time t and distance x measured along the rod. 
Assume also that heat escapes from the lateral boundary by radiation, in such a 
way that the rate of heat loss per unit of area is pK(T — r 0 ), where K is the conduc¬ 
tivity of the rod material, T 0 the temperature of the surrounding medium, and n is 
a constant. 

(a) By considering differential thermal equilibrium in an element ( x , x + dx) 
of the rod, show that there must follow 


d 

Bx 



dT 

a dx — tiK(T — T 0 )p dx = spa — dx. 


and hence deduce that T then must satisfy the equation 


9 

T x 



dT p 

-sp— + pK ~(T - T 0 ). 
ot a 


(b) For a rod of circular cross section, of diameter d and of uniform con¬ 
ductivity K, show that T(x,t) must satisfy the equation 

a 2 r l dT 4p 

I** = a 5 It + ~d ~ T ^' 

where a 2 = Kjsp. 

(c) Verify that, if T 0 is assumed to remain constant, the substitution 

T(x,t) = T 0 + U(x,t) 
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leads to the normal heat flow equation 

d 2 U 1 dU 

lj? = ^ "a7' 

7. Suppose that the orthogonal coordinates u l9 « 2 , and « 3 of Section 6.17 are used 
to specify position in a heat flow problem, and that the conductivity K of the medium 
is constant. 

(a) Show that the heat flow equation (13) becomes 

_[/y 3 m /Mi m 8 [ h jhi ar \ Wa dT 

du x \ h x duj + du 2 \ h 2 duj + du z \ h 3 duj a 2 dt ‘ 

(b) If F is the flux vector , representing the rate of heat flow per unit area 
normal to F, and K is the thermal conductivity, show that 

fUi dT Uo dT Uo dTl 

f = - kvt = -flrV + rr + rV' 

[A du l K du 2 " 3 du 3 J 

(c) Show that the streamlines (to which F is tangent) are determined by the 
equations 

h\ du x h\ du 2 h 3 du 3 
BT dT dT * 

du x du 2 d« 3 

(d) In the case when the temperature and flow are independent of u 3t and 
when h Xy h 2 , and h 3 are independent of w 3 , show that the stream function y)(u ly u 2 ), 
determined such that 

d W = hzK BT dtp ^ h 3 h 2 dT 

du x h 2 du 2 * du 2 h x du x * 

where K is the thermal conductivity, has the property that the streamlines in a 
surface u 3 = constant are given by tp = constant. 

(e) Show also that the function y of part (d) has the additional property 
that the total rate of heat flow through a surface based on the arc of any curve in a 
u 3 surface joining points P x and P 2 > and extending through a unit increment of u 3f is 
given by 

|p* F • n h t ds = h 3 F • dr X u 3 = - dy = v(^i) - 

and that, when also h 3 = constant, the function y> also satisfies Laplace’s equation. 

(See also Section 6.19. Notice that sign differences correspond to the fact that 
the velocity potential in fluid flow has been so defined that flow is from lower to 
higher potential, whereas temperature is so defined that heat flows in the direction 
of decreasing temperature.) 

8. Suppose that, in a problem of steady-state heat flow, the temperature T is 
prescribed as zero over a portion of the boundary S of a region St, the normal 
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. . dT. 

derivative — is zero over another part of S , and finally a condition of the form 

— -f pT = 0 is prescribed over the remainder of S, say S', where ^ is a positive 

constant or function of position on S'. 

(a) Show that Equation (16) takes the form 


and deduce that T then must vanish throughout Si. 

(b) Use this result to show that the solution of Laplace's equation V 2 T = 0 is 


dT dT 

uniquely determined in a region Si if either T, —, or — -f /uT (ji > 0) is prescribed 

n n ^ j, 

at each point of the closed boundary , except in the case when — is prescribed over the 


complete boundary {in which case an arbitrary additive constant is present in the 
solution). 


9. Suppose that the heat flow equation 


o 1 

V 2 T - - 

a 2 dt 


is to be satisfied throughout a region St bounded by a closed surface S, for all 
positive values of time t. 

(a) Show that Equation (16) then is replaced by the more general form 

I /!<"** - -si! /J> + I4>- 

dT 

(b) Suppose that either T or — is maintained as zero at all points of S, for 

on 

all time t > 0, and that Tis initially zero throughout^ when t = 0. Show that there 
must follow 



for all t > 0 . Hence deduce that T must vanish throughout SI for all t > 0. 

(c) Use the result of part (b) to show that the solution of the heat flow 
equation is uniquely determined for t > 0 if T is prescribed in Si when t = 0 and 
dT 

either T or — is prescribed on the boundary S for all t > 0. 

dn dT 

10. Generalize the result of Problem 9 to the case when either T, —, or the 

dT ^ 

combination — + /iT (/< > 0) is prescribed at each point of the boundary S for t > 0 
dn 

and T is prescribed throughout St when t — 0. (See also Problem 8 .) 
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Section 9.3 

11. The temperature Tis maintained at 0° along three edges of a square plate 
of length 100 cm, and the fourth edge is maintained at 100° until steady-state 
conditions prevail. (Small areas near two corners must be considered as excluded.) 

(a) Find an expression for the temperature T at any point (x,y) in the plate, 
using the notation of Section 9.3. 

(b) Calculate the approximate value of the temperature at the center of the 

plate. 

12. Suppose that the plate of Section 9.3 is of infinite extent in the y direction, 
on one side of the boundary y = 0, so that it occupies the semi-infinite strip 
0 ^ x ^ L, 0 *£ y < oo. 

(a) If the temperature is to vanish on the lateral boundaries x = 0 and 
x = L, is to*tend to zero as y -*• oo, and is to reduce to f(x) along the edge = 0, 
obtain the temperature distribution in the form 


Z , _ rirrx 
c n e nnV/ sin — , 

n = 1 



mrx 

sin -j- dx. 


(b) Obtain the same result formally from Equations (34) and (35), by first 
replacing y by H — y and then considering the limit as H -> oo. 


13. Let Problem 12 be modified in such a way that the rate of heat flow , per 
unit distance, into the plate through points of the boundary y = 0 is prescribed as 
g(x\ where ^(jc) may be measured in calories per second per centimeter length 
along the boundary y =• 0. 

(a) Show that the condition along the line y = 0 then is of the form 


-Kh 


3T(xfi) 

dy 


= g(x). 


where h is the thickness of the plate. 

(b) Obtain the solution in the form 


<X) t+ t 

2 ._ Hi tX 2 YX'ttX 

Cn e — sin — . c n = —J g{x) sin — dx. 

n — 1 

14. Suppose that ^(jc) is prescribed in the form 

(0 < * < x 0 - €) 

(x 0 - e < x < x 0 + e) 

(* 0 + e < x < L). 

(a) Show that the coefficients in Problem 13(b) are then given by 
2 L , me . mx 0 

Cn “ »VASt Sm T Sm ~ • 
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(b) By considering the limit of c n as e -► 0, so that the function g(x) tends to 
the unit singularity function S(x — x 0 ), obtain the temperature distribution due to 
a permanent unit heat source ; supplying one calorie of heat per second at the boun¬ 
dary point x = x 0 , in the form 


2 'sp 1 nnXn mx , r 

T{x,y) = —r / ~ sin —-- sin —— e ~ n7Ty!L . 

7T Ixfl fcW n L L 

n = 1 


[Notice that this result also can be obtained directly from the result of Problem 13, 
by making use of the fact that 

J* d(x - x 0 ) rp(x) dx - (pix 0 ) (a < x 0 < b). 

for any continuous function <p.] 

(c) If the solution of part (b) is denoted by V(x,y;x 0 ), show that the solution 
of Problem 13 for any prescribed^*) can be written in the form 

T(x,y) = f* V(x,y;x Q )g(x 0 ) dx ti . 

Interpret this relation. 

15. (a) If/(jc) is identified with — * 0 ) in Problem 12, show that the solution 
of that problem becomes 

_ oo 

2 mrx 0 mx 

T(x,y) — ^ 2^ sm s * n ~ e~ niTy,L - 

n -1 


(b) If this solution is denoted by U(x,y;x 0 ), show that the solution of 
Problem 12 for any prescribed f(x) can be written in the form 

T(x,y) =1^ U(x,y,x 0 )f(x 0 ) dx 0 . 

(c) Verify that, with the notations of Problems 14(c) and 15(b), there 

follows 


U(x,y \x 0 ) - -Kh 


W{x,yix 0 ) 

dy 


and hence that U(x,y;x 0 ) is the distribution due to a permanent heat doublet of 
strength Kh located at x — * 0 , the doublet being formed by the confluence of a 
heat source at (jc 0 ,0) and a heat sink at (* 0 ,e), each of strength AZr/e, as e -► 0. 


16. If Problem 12 is modified in such a way that the lateral edges (x = 0 and 

ar ar 

x = L) of the strip are insulated (so that — -= -f— vanishes along those lines), 

on ox 

obtain the temperature distribution in the strip in the form 


where 


mx 

T’ 


T(x,y) = c 0 -f- ^ c n e nrty,L cos ‘ 

ri = i 

1 r L 2 C L mx 

c 0 *= - I f(x) dx , c„ = - fix) cos — dx in = 1,2,.. .). 


c. 
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17. By imposing the condition V 2 <p = 0 on an expression of the form 

<p = A 0 4 - 4 - A^y 4 * A 3 x 2 4 - A 4 xy 4 - A$f 4 - A 3 x* 4 - • * *, 

deduce that polynomial solutions of Laplace's equation are specializations of the 
expression 

<p = a 0 4 - a x x 4 - a^y 4 - a 3 xy 4 - a 4 (x 2 - y 2 ) 4 - a 5 (x 3 - 3xy 2 ) 4 - a 3 {f - 3 x 2 y) 4 - * * * . 
(See also Problem 22 of Chapter 8.) 

18. Find the solution T(x t y) of Laplace’s equation in the semi-infinite strip 
0£x£L,0£y< oo, which does not grow exponentially with y, and is such that 

T(0 9 y) = a, + fry, T(L,y) = a 2 4- fy, T(x, 0) = f(x). 

[Suggestion : Write T = /?(x,y) 4- w(x:,y), where p(x,y) is a polynomial solution of 
Laplace’s equation, satisfying the conditions prescribed along x = 0 and x = L, 
and obtained from the result of Problem 17 in the form 

p — a x 4- (a 2 — 04 ) - 4- Piy 4- (^ 2 ~ A) > 

and where the correction w(*,y) accordingly also satisfies Laplace’s equation, but 
is subject to homogeneous conditions w(0,y) = 0, u(L,y) = 0 along * = 0 and x = L, 
together with the initial condition u(x, 0) = fix) — ol x — (a 2 — ocjXjc/L).] 


Section 9.4 

19. Along the inner boundary of a circular annulus of radii 10 cm and 20 cm 
the temperature is maintained as 7X10,0) = 15 cos 0, and along the outer boundary 
the distribution 7X20,0) = 30 sin 0 is maintained. Find an expression for the 
steady-state temperature at an arbitrary point (r,0) in the annulus. 


20. Along the circumference of the unit circle r = 1 a solution of Laplace’s 
equation is required to take on the value unity when 0 < 6 < n and the value zero 
when tt < 6 < 2 rr. 

(a) Determine an expression for T valid when r < 1 . 

(b) Determine a corresponding expression valid when r > 1. 

21. (a) Determine the steady-state temperature at points of the sector 0 ^ 0 ^ a, 
0 ^ r ^ a, of a circular plate if the temperature is maintained at zero along the 
straight edges and at a prescribed distribution T(afl) = fid) when 0 < 0 < a, 
along the curved edge. 

(b) In the special case when /(0) = T 0 = constant, shpw that the tempera¬ 
ture at interior points is given by 



22. (a) Show that the solution of Problem 21(b) tends to the form 
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as the opening angle a of the sector tends to 2 tt, so that the sector fans out into the 
interior of the complete circle with a cut along the radius which coincides with the 
positive x axis. 

(b) Noticing that 0 -* 0 as the cut is approached from above, whereas 
0 2 tt as the cut is approached from below, show that the interior temperature 
distribution of part (a) is continuous across the cut. 

(c) Show that the derivative of the temperature in the positive y direction 

tends to / «. _ 1/2 



(0 < r < a) 


as the cut is approached from above, whereas it tends to the negative of that quantity 


er 

as the cut is approached from below. (Since — y is proportional to the rate of heat 


flow in the positive y direction, this means merely that heat must be continually 
drawn off from the plate at all points of the cut in order that the desired temperature 
distribution may be maintained.) 


23. The function tp(r,Q) is required subject to the conditions that <p satisfy 
Laplace’s equation inside the circle r — a and at all finite points outside that circle, 

d<p 

that q> be continuous across the circle r = a, that — decrease abruptly by a pre- 

^ r dtp 

scribed function F(Q) as r increases through a, and that — approach zero as r-* 00 . 
(a) Show that tp may be assumed in the form 


9<r,0) = A 0 4- 


n cos nS 4- B n sin nQ) (0 r a) 

00 

Clog - 4- V I- I ( A n cos nQ 4- B n sin nd) (a g r < 00 ). 

r n-i ' 


(b) Show that the additive constant A 0 is arbitrary, and that the remaining 
coefficients are given by 

a C 2n a C 2n 

C = ~J o F(6)dd i A n = — J o F(0) cos nQ dO, 

B n == f F(Q) sin nQ dQ , (u = 1,2,...). 

2m Jo 

24. Suppose that the outer boundary r = r 2 of an annular plate is insulated, and 
that the temperature is prescribed as /(0) along the inner boundary r = r v 
(a) Show that the expression (48) must be specialized to the form 


T = a 0 4- 
when rjgr g r a . 


Z fr " 

n-l 


+ r| n r _n )(a B cos nd + c„ sin tiff) 
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(b) By writing A n = r*a n and C n = r£c w , and introducing the abbreviation 
fi = r 2 lr lt obtain the desired temperature distribution in the annulus in the form 


where 

Aq 


T = A 0 + ^ (fj" + (“)” ( A n C0S n6 + C » Si 


sin nd) y 


= i- f 2 / 

2- Jo 1 


m de, a„ = 


f>> 


cos nO dO 


«Kl + P n ) 


; C n = 


rin 

J 0 / (e)si 


sin «0 dd 


tt({ + p 2n ) 


Section 9.5 


25. By making use of the relation 


obtain the result 



d<p 

1 — A cos (p 


2n 

V\ - A 2 


(Ml < i). 


i r 8 ' 

2 " Jo - 


2ar cos (6 — <p) + r 


d<f = 1 (|r|<«). 


and thus verify directly the validity of the Poisson integral formula (64) in the case 
when T(afi) = T 0 = constant. (Notice that the integrand is periodic in <p.) 

26. Use the Poisson integral formula (64) to show that, when 0 ^ r g a, 


Tirfi) <; 


_1_ f 2 *_ 

2 tt J 0 a 2 - 


2 ar cos (0 — y) + r 2 


tn^)] max ^«[W)] n 


and hence, by considering also the corresponding inequality for ~r(r, 0 ), deduce that 
ifT satisfies Laplace's equation inside a circle , then T cannot take on its maximum or 
minimum value inside the boundary unless it is constant throughout the circle. (The 
same result can be established for an arbitrary finite region.) 


Section 9.6 

27. (a) The temperature T on the surface of a sphere of radius a is maintained 
as T = T 0 (l — cos <p\ where 9 ? is the cone angle. Find the steady-state temperature 
at an arbitrary point inside the sphere. 

(b) If, instead, the temperature is maintained at a constant value T 0 over 
the upper hemisphere (0 ^ <p ’< tt/2) and at zero over the remainder of the surface, 
determine the first three terms in the series solution of Section 9.6. 

28. If the temperature of a spherical surface r = a is maintained at T(a,<p) = /(<??), 
where q> is the cone angle, and if the temperature tends to zero as r -* 00 , show that 
the temperature distribution outside the sphere is given by 

T(r,<p) =2 c " (p) p »( cos f), 
where c n is defined by Equation (82). 
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29. If a spherical surface r = a is maintained at constant temperature r 0 , show 
that the temperature at all internal points is also To, whereas the temperature at 
points outside the sphere is given by T 0 a/r ( r ;> a). 

30. Suppose that the steady-state temperature T in a solid right circular cylinder 
possesses axial symmetry, and hence is of the form T = T(r,z), where r is distance 
from the z axis. 

(a) Show that T then must satisfy the equation 

Id/ dT\ d 2 T 
~r Tr) + 1? 1=0 


inside the cylinder and that, if a product solution is assumed in the form T(r,z) = 
R{r)Z{z), then R and Z must satisfy equations of the form 


d 2 R dR 

r -T5 + IT + 


d*Z 


- aZ = 0, 


where a is an arbitrary constant. 

(b) If only solutions which remain finite along the z axis are admissible, 
show that the choice a = k 2 , where k is real and positive, leads to exponential or 
hyperbolic functions of z and to the function J 0 (kr), whereas the choice a = —k 2 
leads to circular functions of z and to the function I 0 (kr). Finally, show that the 
choice a = 0 leads to R = c x and Z — d x z + d v 

31. (a) Suppose that a solid right circular cylinder of radius a is of infinite 
extent on one side of the plane face z = 0, and that the temperature is maintained 
at zero along the lateral boundary, whereas the temperature distribution over the 
face z = 0 is prescribed as T(rfi) = /(r). Show that the steady-state temperature at 
interior points is given by 

00 

T(r,z) = ^ A n e~ k n z J a (k n r ), 

n = 1 


where k n is the wth positive root of the equation J 0 (ka) ^ 0, and where 

^ = ^jk^[ rf{r)UKr)dr - 

(b) If the temperature over the face z = 0 is maintained at a constant value 
T 0 , show that the resultant interior distribution is given by 


r(r,z) = 


a " k n J x {k n a)' 

n — 1 


32. Suppose that the faces z = 0 and z = L of a solid right circular cylinder are 
maintained at temperature zero, and that the temperature distribution along the 
lateral boundary r = a is dependent only on z, and is prescribed in the form 
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T(a,z) = f(z). Obtain the resultant steady-state temperature distribution inside the 
cylinder in the form 


T(r,z) = ^ A n 
n = 1 



where 


A 


n 



Section 9.7 


33. Suppose that a column with rectangular cross section can be considered to 
be of infinite height on one side of its base 0 ^ x ^ L lf 0 ^ y ^ L 2 in the plane 
z — 0. If the lateral boundaries are maintained at zero temperature and the tempera¬ 
ture distribution over the base is prescribed as T(x,yfi) = f{x,y), obtain the internal 
temperature distribution in the form 


T(x,y,z) = J 2 C 


_ . rmx . firry 

> e mn z sin —-— sin ——, 
Li L 2 


where k mn and c mn are defined by Equations (100) and (106). 

34. If the column considered in Problem 33 is of circular cross section, of radius 
a, and if the temperature over the base is prescribed as T(r,0, 0) = F(r,0), show that 
the internal temperature distribution is given by 

00 00 00 

T(r,6,z) =^a 0n e~ k <*>* J Q (k 0n r) + ^ ^e~ k ^ j m (k mn r)(a mn cosmB+b mn smm$) 

n = l m = l n = l 


where k mn is the «th positive root of the equation J m (ka) = 0, and where a mn and 
b mn are to be determined in such a way that 


oo oo 

2 a on ^o(*on r) + 2 cos mO + b mn sin m6) J m (k mn r) = F(r,8) 

»=!*- nt = 1 -* 


when 0 < r < a and 0 < 0 < In. 


35. By multiplying the equal members of the last equation of Problem 34 by 
Jv(k VQ r) sin pd r dr d$ 9 

where p and q are any positive integers, and integrating the result over the base of the 
column, deduce formally that 

t ra 2 f 2 " r« 

bp Q -y Jj>(k vq r) F(rfi) sin pdrdr dO. 

(The remaining coefficients can be determined in a similar way.) 
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Section 9.8 


36. Let a right circular cylinder of radius a be placed in an initially uniform flow 
of an ideal incompressible fluid, in such a way that the axis of the cylinder coincides 
with the z axis and the flow tends to a uniform flow with velocity V 0 in the x direc¬ 
tion at large distances from the cylinder. Assume that the cylinder can be considered 
to be of infinite length. 

(a) If polar coordinates are used in the xy plane of flow, show that the 
velocity vector V is related to the velocity potential q>(r y 0) by the equation 


v = u 

and that y must satisfy the equation 


dr 


l a / dq>\ i afy 
7 Jr \Tr) + 7* ae* = 0 


and the boundary conditions 

Wafi) 

dr 


d(p(oo,d) 

dr 


V 0 cos 0, 


d(p 

in addition to the requirement that V r : — be a single-valued function of 0. 

(b) By imposing these restrictions on an expression of form (45), obtain the 
velocity potential in the form 


<p(r,0) - c 0 + kd + 



cos 0, 


where c 0 and k are arbitrary constants, and show that the velocity vector then is 
given by 


v = cos0 “r - sine u 0 +*u e . 


(c) Verify that V r vanishes when r — a and that V tends to V 0 i as r oo, 
regardless of the value of the constant k. 

37. (a) Show that the stream function y(rfi) corresponding to the flow obtained 
in Problem 36(b) can be expressed in the form 

V>(r,0) = d 0 - k log r 4- V 0 (r - ~^sin 0, 

where cJ 0 is an arbitrary constant, and hence that the streamlines are defined by the 
equation 

*v(l - ^y 2 ) - \ l0 § + f) = constant, 

in rectangular coordinates. 

(b) Show that the flow is symmetrical about the x axis when k = 0 and 
sketch typical streamlines in this case. 
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(c) Show that the added velocity potential kO (which is not single-valued) 
corresponds to a circulation of the fluid about the cylinder, in which the velocity V c 
is circumferential, with magnitude k\r at distance r from the center of the cylinder 

section, and that the circulation <j>^ V c • dx is given by 2nk , around any circle 
r = constant. 

(Notice that the flow is not determined unless the amount of circulation is 
prescribed, in addition to the values of V r at r = a and of V as r -► oo. Notice also 
that the flow is indeed vortex-free, since the point r — 0 about which the fluid tends 
to rotate is not a point in the fluid itself.) 

38. The “stagnation points” of a flow are the points at which the flow velocity 
is zero. 

(a) Show that when no circulation is present the stagnation points in the 
flow of Problem 36 are the points (a,0) and (a,n) at the intersections of the x axis 
and the boundary of the cylinder section. 

(b) With the abbreviation a = k/(2V 0 a), show that when circulation is 
present the stagnation points are ( a , sin -1 a) and (a, tt — sin -1 a) when |a| < 1. 
Show also that when |a| ^ 1 there is only one stagnation point in the flow, and that 
that point is at a distance a (|a| + Va 2 - 1) from the center of the cylinder section, 
on the positive or negative y axis, according to whether a is positive or negative. 

Section 9.9 

39. By multiplying both sides of Equation (141a) by 

J v j cos pO ■ r dr dd 

and integrating over the area of the membrane, obtain the results 

«*. = JT J/™ (^r) /lM) cos m0rdr J0 * °>- 

and 

9) rdrdO (m = 0). 

(The coefficients b mn , where m 1> 1, are determined in a similar way.) 

40. For a freely vibrating square membrane of length L, supported along the 
boundary x = 0, x = L, y — 0, y = L, obtain a permissible expression for the 
deflection w(x,y,t) by methods analogous to those of Section 9.9, in the form 

mirx my 

sm ~l ~ sin TT (amncosMmnt + bmnsin 

w = l n = 1 

<° mn = irVffl! + n 2 




where 
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41. (a) Suppose that the square membrane of Problem 40 is initially deflected in 
the form 

w(x,yfi) -f{x,y) 


and is released from rest. Obtain an expression for the ensuing deflection in the 
form 


where 


w = 2^ 2^ a W n sin — 

m = l n — 1 

L C L mnx . my 

_ ein __ / 


flmn 


4 r L c L 

Ti\ / ( *0'> si 

^ JO Jo 


ir in tiny 

sin —- sin — dx dy. 


(b) Obtain an expression for w in Problem 40 if initially the membrane is 
undeflected but if the membrane is in motion such that 


dw(x f yfi) 

dt 


- v(x,y). 


42. (a) From the results of Problems 40 and 41, show that free vibrations of a 
square membrane are compounded of “natural modes” of the form 


m ttx my 

w mn (x,y,t) = A mn sin — sin — cos (c o mn t + u. mn ). 


with circular frequencies 




where a - W(2T)I( P L 2 ) is the fundamental circular frequency, and with corre¬ 
sponding amplitudes 


<Pmn(x,y) 


- 


rrmx 


, sin - 


■ sin 


my 


where m and n are positive integers. 

(b) Deduce that in the fundamental natural mode («j = a> u = D) the 
amplitude 

ttx ny 
(p — a sin — sin — 


is zero only along the boundary, so that there are no interior nodal lines. 

(c) Show that the second natural circular frequency corresponds to two 
modes, in which either m — 1 and n = 2 or m = 2 and n = 1, and is given by 
a) = a) 12 = co 21 = V 10 D/2, and that the most general motion with this circular 
frequency possesses an amplitude of the form 

2nx ny TTX 2ny 

<p = a sin — sin — + b sin — sin — 


nX ny I nX 7rv\ 

= 2 sin j sin ~ I a cos — 4- b cos — 1, 
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where a and b are constants. Deduce that there is one interior nodal line, along the 
curve a cos irxjL + b cos ny/L = 0, that this curve always passes through the center 
of the square, and that in the cases b = ±a the line is a diagonal of the square. 


Section 9.10 


43. The temperatures at the ends x = 0 and x = 100 of a rod 100 cm in length, 
with insulated sides, are held at 0° and 100°, respectively, until steady-state con¬ 
ditions prevail. Then, at the instant / = 0, the temperatures of the two ends are 
interchanged. Find the resultant temperature distribution as a function of x and /. 


44. (a) Obtain permissible product solutions of the heat flow equation (147) 


which satisfy the conditions 


mo ,/) 

dx 


= 0, 


dT(L,t) 

dx 


0, corresponding to the require¬ 


ment that there be no heat flow through the boundaries (ends) x = 0 and x = L. 

(b) Use these results to solve the modification of Problem 43 in which at the 
time / = 0 the two ends of the rod are suddenly insulated. 


45. Suppose that the rod considered in Section 9.10 is such that heat escapes 
from the lateral boundary according to Newton’s law of cooling, so that T(x,t) 
satisfies the equation 


d 2 T dT 


= +(KT- T 0 ), 


dx 2 dt 


where p is a constant and T 0 is the temperature of the surrounding medium. (See 
Problem 6.) The initial temperature distribution is T( jc,0) = f(x) and the ends 
x = 0 and x = L are maintained at 7\ and 7 2 , respectively, when t > 0. 

(a) Show that the substitution 

T{x,t) =r 0 + £/(*,/)«-* 


reduces the problem to the following one: 


3 2 t/ 1 3U 

ax 5 = 7 i lt’ 


U(xfi) =/(*) - r 0 , 1/(0,0 = (7\ - T 0 ) e* 9 U(L,t) - (T 2 - T 0 ) e* 1 . 

(b) In the important special case when 7^ = r 2 = T 0 , obtain the solution 
of the original problem in the form 


where 


T(x,l) = T 0 + 2 a n sin™ 

n = l 



1 — cos m 
m 


2 r 0 . 


46. A rod of length L, with insulated lateral boundaries, has the end x = 0 
maintained at T == T x when t > 0, whereas heat escapes through the end x — L 
according to Newton’s law of cooling in the form 


r dT 

»L- + V- 



x-L 


0 . 
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where T 0 is the temperature of the surrounding medium and h is a constant. The 
initial temperature distribution along the rod is prescribed as T(x f 0) = f(x). 

(a) Obtain the steady-state distribution in the form 


t s = 


^1 ~ T 0 x 
1+A L' 


(b) Show that the transient distribution can be assumed in the form 


T T (x,t)=^a nS in k -fe-W», 


where k n is the nth positive root of the equation tan k + hk = 0. 

(c) Obtain the required temperature distribution in the form T = T$ 4- 
T Ti where a n is determined by the relation 

a„ sin 8 Y-dx = [f(x) - r s (*)] sin dx. 

47. (a) Show that the assumption of a solution of the one-dimensional heat 
flow equation as a linear function of /, in the form T = //(*) 4- g(x), leads to the 
requirements f" = 0 and o?g" = /. Hence obtain the particular solution 

T v (x,t) = c^x 3 + 6(x. 2 tx) + c 2 (x 2 + 2a 2 /) -f c 3 x 4- c 4 , 


where the c’s are arbitrary constants. 

(b) Use this result to obtain a particular solution for which 

0T(L,O . f o 

—-- == C in the form 

dx 


mo,t) 

dx 


T „= — (x* + 2oc 2 t). 


Oand 


(c) In a similar way, obtain a particular solution for which T(0,t) = 0 and 
T(L y t) = T 0 t in the form 


T p 





48. A rod with insulated sides has its end x == 0 insulated, whereas heat is 

dT(L,t) 

introduced into the end x = L at a constant rate, so that —-— = C, where C is 

dx 


a constant. The initial temperature distribution is prescribed as r(*,0) = f(x). 

(a) Show that no steady state can exist in which T is independent of time, 
but that [see Problem 47(b)] the temperature distribution T p = C(x 2 4* 2a 2 /)/2L 
satisfies the end conditions (and also happens to specify a state in which the rate of 
heat flow at any point does not vary with time). 

(b) Obtain the desired distribution in the form 
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where 

when /i = 1 , 2 ,.... 


“•■if 


tlirX 

cos - 7 - ax. 


49. Use the result of Problem 47(c) to obtain the solution of the one-dimensional 
heat flow equation for which 7(0,0 = 0 and T(L,t) = T 0 t when t > 0 and 7(*,0) = 
/(jc), in the form 

T{x,t) = T o\lt-Aj *(L 2 ~ * 2 )1 + 2 sin ~T e~ nW ‘ IL \ 

L a J n=1 ^ 

where 

2 C L r T 0 o 1 tlirX 

*"=zJo [ /(x) + 6^Z* (i “* } J sin X 

50. The boundary of a circular plate of radius a is maintained at a temperature 
which varies periodically with time, according to the law T(a,t) = T 0 cos cut, where 
T 0 and cu are constants. Determine the steady periodic temperature variation at 
interior points as follows: 

(a) Let T(r,t) be the real part of a complex function U — F(r) e ioit , and 
show that F(r) then must satisfy the equation 

d 2 F 1 dF ioj 

X 2 ^— ~j - iF = 0 

dr 1 r dr a.* 


and the condition F(a) = To, together with the requirement that F(r) be finite at 
r = 0 . 

(b) By using the results of Section 4.11, deduce that 


U(r,t) = T 0 


J 0 (i 3,2 kr) 


r iuit 


where k — Vto/a. 

(c) Deduce that 

. _ _ (her (kr) + i bei (kr) . . 

™ - 71 Rc StwTTbScw <“*" +1 "> 


- T, Re [rr!r\ <*»«»»•<] 

\M 0 (ka) j 

MJkr) 

= T 0 cos [6o{kr) _ 8 0 (ka) + cot], 

where 

. bei (kr*) 

M 0 (kr) = Vber 2 (kr) + bei 2 (kr), O 0 (kr) = tan -1 -—— . 

ber (kr) 


(d) Show that the temperature at the center r = 0 is given by 
^U-J—coslcot-e^ka)]. 
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51. Assume that a portion of the earth’s surface may be considered as plane and 
that effects of the periodic heating due to the sun are transmitted only in the 
x direction, perpendicular to the surface. If the resultant temperature on the 
surface of the earth is taken in the form T(0,t) = T 0 cos tot , show that the tempera¬ 
ture at depth jc is given by 

T(x,t) - T 0 e~J ' 1 5 cos {oh - J~ 

with the notation of Section 9.2. [Consider the boundary value T 0 cos tot as the real 
part of T 0 e ia)t and determine the real part of an expression T(x,t) — X(x) e iwi 
which satisfies the one-dimensional heat flow equation, reduces to T 0 e ia)i when 
x — 0, and vanishes when x —► oo.] 


Section 9.11 


52. The temperature at the end jc 0 of a rod of length L is held at 0° while the 
temperature at the other end is varied periodically according to the law 

T{L,t) — T 0 sin cot 


when t > 0. Suppose that when t =-• 0 the temperature is zero at all points in the 
rod. 

(a) Find the temperature distribution in the rod. [Use Equation (169).] 

(b) Show also that for prescribed oscillation so slow that (Aa>) 2 <^ 1, and 
for times such that t > A, the approximation 


T fix T, 


r* 

°[z si 


sin tot -1- 


2A(o 


/ V ( - 0 W 


'n - l 



is valid. [By integrating the Fourier sine expansion of x twice, and determining the 
constants of integration, it can be shown that the series in parentheses represents 
the function tt 3 jc(jc 2 - L 2 )/12L 3 .] 


53. Show that Equation (169) can be written in the form 

jc 2^(--l) n r tf 2 C l 2/ , w . "I mrx 

T(x,l ) = - F(t) + - 2^ —| F(t) - j J F(t) e JtJ sin —. 

54. (a) If F(t) is the unit singularity function <5(r), show that the temperature 
distribution given by Equation (168) takes the form 


T( xj) 


iy 

rr\Z* 

n-1 


( l ) 1 


in + 1 


n e 


-n 2 tl A 


mx 


sin - 


(/ > 0 ). 


dA(x,t) 

(b) If this expression is denoted by CJ(x,t ), verify that U(x,t) = —, 

where A is defined by (160), and that the temperature distribution (168) corre¬ 
sponding to a general function F(t) can be written in the form 

T(XJ) = f' U(X, t - t) F(t) dr. 
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55. If a rod with insulated sides initially is at a temperature distribution T(x,0) — 
f(x), and if the conditions T(0,t) = 0 and T(L,t) = F(t) are imposed when t > 0, 
show that the resultant temperature distribution can be expressed as the sum of the 
right-hand member of (168) or (169) and the right-hand member of (154) with 
T x = T 2 = 0. 


56. (a) Modify the formal argument of Section 9.11 to show that the tempera- 

dT(L,t) 

ture distribution for which r(*,0) = 0 and for which T(0,t) = 0 and ——— = F(t) 

when / > 0 is again given by Equation (165) or (167) if A(x,t) is the distribution 
corresponding to F(t) = 1. 

(b) Show that here 


Z 8 L mr mx 2 2 itl4 r2 
^ sin — sin — e~ n " « l ' iL . 


Section 9.12 


57. (a) Show that if U — F e ia)t is a solution of the wave equation (5) in three 
dimensions, where F is independent of the time /, then F satisfies the Helmholtz 
equation 

co 2 

V 2 F H—r F = 0, 
c l 

where V 2 is the three-dimensional Laplace operator. 

(b) By seeking separable solutions of the preceding equation, show that the 
real and imaginary parts of the functions 

u = e i(u>lc)(lx+my+nz+ct) (/2 _j_ m 2 + n 2 — 

V = r-»/ 2 J ±( „ +i) ^/>“(cos9>) 

\y — e i[n0+(rnlc)(lz +C<)] //O or 2) ^ m j (/ 2 + m 2 = 1) 


are solutions of the wave equation in rectangular, spherical, and circular cylindrical 
coordinates, respectively. [Here PJJ 1 is an associated Legendre function (see Section 
4.12). The solutions given in Section 9.12 are special cases.] 

M ^ .. WX (OX . . cox 

58. Prove that the standing waves cos — cos cot , cos — sin cot , sin — cos cot , 

c c c 

cox 

and sin — sin cot each can be expressed as the superposition of two waves traveling 
with velocity c in opposite directions. 


59. The equation governing the lateral displacement w(x,t) in small free vibra¬ 
tions of a tightly stretched string of uniform linear density /?, under constant tension 
T, is of the form 

d 2 w 1 d 2 w 
1? = a* IF 

where a 2 = Tip. (See Problem 7 of Chapter 5.) 
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(a) If the string is fixed at the ends x = 0 and x = L, and if the string is 
initially deflected in the form w(jc, 0 ) = fix) and released from rest, so that also 
dw{xfi) 

= 0 , obtain the ensuing deflection in the form 


dt 


where 


00 

. x mx moLt 

w(x,t) = 2 _ a » Sln cos 

n =-1 

2 C L mx 

a n = ^ J Q /(■*) sm ~ dx - 


(b) Show that the solution of part (a) can be written in the form 
w(x,t) = l [F(x - at) + F(x + or)], 

where 

Ft \ S' ■ mx 
F(x) = 2_ a « Sln 

« = 1 

and hence where F(x) is an odd periodic function of x y of period 2L, which coincides 
with/(*) when 0 < x < L and is defined for all values of x. (Compare Problem 28 
of Chapter 8 .) 


60. When resistive forces proportional to the velocity are taken into account, 
the differential equation of Problem 59 is replaced by the equation 


d 2 w d 2 w 


dw 


" 9x 2 dt i+2y St’ 

where y is a constant. 

(a) Show that this equation admits solutions of the form 


— e~ yt e ik ^ x ± a 


where k is an arbitrary nonzero constant, and that, if y 2 < k 2 a 2 , these solutions 
represent plane waves which are damped in time, and which move along the x axis 
with velocity c = a Vl - (y 2 /£ 2 a 2 ). 

(b) Show that the solution of Problem 59(a) here takes the form 


where 


00 

w(x,t) = Qn ( cos 

n = 1 


co n t + 


y . . . nrrX 

— sm co n t) sin —r~, 
a> n L 


“» = J 


/lV a 2 


-V 2 


and where 



(Notice that the presence of resistive forces not only causes time damping, but also 
decreases the frequency of each component oscillation, and that the higher 
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frequencies are no longer integral multiples of the fundamental frequency. When 
y > itol/L, one or more of the co’s is pure imaginary, and the corresponding time 
functions then become real exponential functions.) 


Section 9.13 


61. (a) Verify the identity 


r 2 dr\ dr] r 


a 2 
r aT 2 


(r<pl 


(b) Hence show that if <p depends only upon distance r from the origin (in 
spherical coordinates) and upon time /, then the wave equation (5) can be written 
in the form 


a 2 


l a 2 


dr iW 


(c) From this result obtain the general solution 


r<p — f(r — ct) + g(r + ct). 


62. The boundary of a sphere of radius a , surrounded by an ideal compressible 
fluid, is caused to pulsate radially with circular frequency co, so that the radial 
velocity of the boundary is given by V = V 0 cos cot. By methods analogous to those 
of Section 9.13, determine the steady-state periodically varying velocity of surround¬ 
ing points in the form 

V “ e» K +^ [ (c * + ^ cosw (~^ ~ ') + Cm(r ~ a) Sin ~ ')]’ 

where c is the velocity of sound in the fluid. [Use spherical coordinates with the 
velocity potential dependent only on r and f, and notice that a suitable assumption 
for the (complex) potential consists of the second term of Equation (187), with c 2 a 
complex constant to be determined.] 

63. Let <p(xf) satisfy the one-dimensional wave equation a 2 ^ = q> tt when 
0 < jc < a, subject to the end conditions g?(0,0 = cos cot and <p(a,t) = 0. Determine 
a particular solution <p which varies periodically with time in the alternative forms 


<P = 


sin - (a — x) 
a 


coa 
sin — 


a 


cos cot 


1 r. i *-x\ t 

- sin co 1 1 -l-- sin co 1 1 

coal \ a / \ 


2 sin — 
a 



under the assumption that sin (coa/ a) ^ 0, by each of the following procedures: 

(a) Assume cp =/(*) cos cot + g(x) sin cot and determine f and g. 

(b) Assume <p as a linear combination of those terms in Equations (180) and 

(181) which reduce to cos on when x = 0. 
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[Notice that <p could represent a permissible lateral displacement of a string 
with one end fixed and the other oscillating, or it could represent either velocity 
potential or velocity of an ideal compressible fluid in a tube, closed at x = a, and 
with an oscillatory valve at x = 0. Notice also that a steady oscillatory response of 
the type assumed cannot exist if co is such that sin (w«/a) = 0, that is, if co = mra/a 
where n is integral, and that other responses satisfying the prescribed end conditions 
may exist. (See Problem 64.)] 

d<p(xfi) 

64. Let the initial conditions <y(*,0) — 0 and —-— = 0 be added to the end 
conditions of Problem 63. 

(a) By using the result of Problem 63, show that the complete solution can 
be assumed in the form 


CO 

sin - (a — x) « 

a v mx nn0Lf 

<p - - cos 0)t — / A n sin — cos- (/ > 0) 

coa a a 

sin — 71=1 

a 


if co ^ knoLla, where the A's are to be determined in such a way that <p(x,0) = 0. 
(b) Deduce that then 

2 nrr 


n /iV - (aW/ a 2 ) 

and hence obtain the solution in the form 



co 

sin — (a - x) 
a 

(f = - cos cot 

MCI 

sin — 
a 


UJ 

-’I 


?l=l 


mr . rnrx mroit 

2 2 7 2 2 / 2 \ ®tn cos 

n L tt £ — (a £ M*lcL £ ) a a 


when t > 0, if co # ktra/a (k = 1,2,...). 

(If co -> kir^la, the £th term of the sum can be extracted and combined 
with the particular solution, and the combination can be shown to tend to a 
function of x and t which involves t as a multiplicative factor, the remaining terms 
of the sum remaining finite in the limit. This is a case of resonance. If small resistive 
forces were present in the nonresonant case, the portion of the solution represented 
by the series would be damped out with increasing time. Since such forces always 
exist in practice, the particular solution can be considered as a ^/ay/’-steady-state 
solution, regardless of the initial conditions, in the sense that it is the limit, as 
resistive forces tend to zero, of the true steady-state solution of the problem in which 
resistance is present.) 

Section 9.14 

65. If <p(x,y) satisfies Laplace’s equation in the infinite strip 0 < y < b, and if 
9>(x,0 ) = /( x) and cp(x,b) = 0, obtain cp in the form 

1 f°°r f 00 sinh u(b — y) "] 

^=;J 0 [J_ K /(f)008 ^~ *\ du - 
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66 . By making use of the formula 


sinh px w tt q 

' / ■■■■■■ cos rxdx = - --- 

sinh qx 2q pn m 

cos ~ +cosh — 

<1 <1 


(/>* <q t ). 


and interchanging the order of integration in the result of Problem 65, express the 
solution of that problem in the form 


*(**)-i “nf J_ o 


cosh T (f — x) — cos ■— 
b b 


67. (a) If <p(x,y) satisfies Laplace's equation in the quadrant x > 0, y > 0, and 
if <p vanishes along the positive y axis and reduces to f(x) along the positive x axis, 
obtain <p in the form 

2 r oo /*oo 

vix 9 y) — - I I e~ uv f(£) sin ux sin uS d£ du. 
n Jo Jo 


(b) By formally integrating first with respect to transform this expression 
to the form 

-1 f - 7TWT*?] «■ 


(c) Deduce the result of part (b) from Equation (220) by replacing/(x) in 
( 220 ) by an odd function f 0 (x) such that f 0 (x) = f(x) when x > 0 and f 0 (x) = 
-f(-x) when x < 0 . 

d<p 

68. (a) If Problem 67 is modified in such a way that — rather than q> vanishes 

along the positive y axis, show that x 

<p(x 9 y) = - I I e~ uv f(£) cos ux cos i/f d£ du 
n Jo Jo 

= /(f) [/ + (f - *)* + / + (f + *)*] dS ‘ 

(b) Deduce the result of part (a) from Equation (220) by replacing/(x) in 
( 220 ) by an even function f e (x) such that f e (x) = f(x) when x > 0 and ffx) = /( —x) 
when x < 0 . 

69. A rod with insulated sides extends from x = — oo to x = + oo. If the initial 
temperature distribution is given by T(x,0) = /(*), where - oo < x < oo, show that 

T(x,t) = i J /(f) £ J e-***'* cos w(f - x) dwj d( 
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70. A rod of infinite length, with insulated sides, has its end x = 0 insulated. If 
the initial temperature distribution is given by r(*, 0 ) =/(*), where 0 < x < oo, 
show that 

T(x,t) = ^ ^ J /(f)|V ( *”* )2 / 4 « 2 * + ^ 

71. (a) If /(*) is the unit singularity function d(x) (so that a heat source of 

intensity ps is present at x = 0 at the instant / = 0 ), show that the solution of 
Problem 69 is of the form % 

T(x,t) = —--= e"* 2 / 4 * 2 * - S(*,0. 

loLvrrt 

(b) Deduce that the temperature in a rod extending over ( — oo, oo), due to 
a unit heat source at x = x 0 at the instant t = r 0 , is given by 

1 

T(xj) =-S(x- * 0 , t - / 0 ). 

PS m 

(c) Show that Equation (231) takes the form 

T(x,t) = J“ [S(X - e, t) - S{x + f, /)] /(f) 
the solution of Problem 70 takes the form 

Tix,t) - J” [S(jc - f, /) + S(x + f, 0] /(f) dS, 
and the solution of Problem 69 becomes 

T(x,t) = |" x Six - f, /)/(f) rff. 

[In rwo dimensions, the corresponding source function is 

= 4a?nt e ~ (xi+Vi>lirt ‘ 


(see Problem 75), whereas the function 


S(x,y,z f t) 


_ e-(* 2 +V 2 +* 2 )/4a*t 

(4a 2 7 rtf' 2 


is the //iree-dimensional generalization.] 


72. The end x = 0 of a rod with insulated sides is maintained at the temperature 
7X0,0 = F(t) for all t > 0. Initially, all points of the rod are at zero temperature, 
T(jc,0) = 0, where 0 < x < oo. 

(a) Show that the formal argument of Section 9.11 leads to the solution 


T(x,t) 


r 

Jo 


F(t) 


dA(x, t - r) 
Bt 


dr. 


where A(x 9 t) is the solution of the problem when F(t) = 1. 
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(b) Use the result of Equation (234) to deduce that 

/ x \ 2 (V2a\/r 2 

A(x,t) = 1 - erf I- - )=1 --= e~ u du. 

\2a VtJ v it Jo 

(c) From the results of parts (a) and (b), obtain the solution of the stated 
problem in the form 

x ft dT 

J( x = - f( T \ e -X 2 l^(t-r) - 

H,) 2aV;Jo n> 

73. (a) If F(t) = <5(/) in Problem 72, show that 


T(x,t ) = 


2 a t V ret 


— a 2 /4a 2 ^ 


and that, if this function is denoted by D(xj)y then the solution of Problem 72 takes 
the form 


(b) Verify that 


T(x,t) = J' D{X, t - t) F(t) dr. 


D{x,t) - -2a 2 


dx 


where 5 (jc, 0 is defined in Problem 71 and is the solution of Problem 69 which 
corresponds to the initial function d(x). [Hence D/ 2 a 2 is the solution of Problem 69 
corresponding to the initial unit doublet function —d'(x) at x = 0 at the instant 
t = 0 .] 

74. At the time t = 0, the temperature in unbounded space is dependent only 
upon radial distance r from the z axis, and is prescribed as T(rfi) = f(r). The 
ensuing temperature distribution T(r,/) is required, under the assumption that /(r) 
behaves satisfactorily for large values of r. 

(a) Show that T must satisfy the equation 

1 d ( dT \ _ 1 dT 
r Tr \ r Trj = 7 2 li 

when / > 0, and obtain a product solution which remains finite at r = 0 and as 
r -> oo in the form 

A e -« a « 8 < J 0 ( U r). 


(b) Deduce that the required distribution is given formally by the expression 
T(r,t) =/"/!(«) e-" 2 ** 1 J 0 (ur) u du, 

where the factor u is inserted for convenience in the following step, and where 
A(u) is to be determined such that 

fir) =J o A(u) J 0 (ur) udu (0 < r < oo), 
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and hence, by referring to Equations (240a,b) of Section 5.14, obtain the desired 
solution formally as 

T(r,t) = j\e~ « 2 * 2 ‘ J 0 ( U r) [ J" f /(f) / 0 («f) dtj du. 

(c) By assuming the validity of interchange of order of integration, and 
making use of the relation 

« e~ aV J„(bu) J n (cu) du = e -(* 2 +<- 2 )/-la 2 l n j, 

express the formal solution of part (c) in the form 

e -r 2 / 4 a 2 ( poo / Sr \ 

™ - M- 1 V (f) '•(») d! « ' °»- 

75. (a) Suppose that the initial temperature in unbounded space is zero except 
throughout an infinitely extended right circular cylinder of radius e, with its axis 
coinciding with the z axis, and has the constant value T 0 inside that cylinder. Show 
that the excess heat required per unit length of cylinder is given by 


2v psT 0 r dr — TrpsT Q e 2 , 


where ps is the heat capacity per unit volume. Hence deduce that, if unit excess heat 
is to be present per unit length, there must follow T 0 = l/(7rp5e 2 ), and use Problem74 
to show that the corresponding resultant temperature distribution in space at all 
following times is given by 


T(r % t) = 


e -r*l*ai*t 
2 a 2 t 





(/ > 0 ). 


(b) By applying L’Hospital’s rule (or otherwise) and recalling that 7 0 (0) — 1, 
show that the quantity in brackets tends to unity as e —► 0, and deduce that the 
temperature distribution due to an instantaneous line source along the infinite line 
r = 0, emitting one calorie of heat per unit length at the instant t — 0, is given by 


T(r y t) - 


e -r»/ 4 aA 

Anpszfit 


(t> 0 ) 


in unbounded space. 

(c) Deduce that if the line source is instead perpendicular to the xy plane at 
the point (jc 0 ,j 0 ), and if the impulse takes place at the time / 0 , then the temperature 
at any point in unbounded space at any following time is given by 


T = 


1 (g-a-o) a +(y-y 0 )* 

----r e 4 

47rp5a 2 (r - t 0 ) 


(i t > t 0 ). 


(See also Problem 71 for the analogs in one and three dimensions.) 
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Section 9.15 


76. (a) When/(/) = 1, show that the voltage variation given by Equation (258), 
for any fixed value of x, is given by 


e(x,t) = 


0 , 

1 , 

2 , 

1 , 

0 , 


0 < t < x/v, 

x/v < t < (21 - x )/t>, 

(21 - x)/v < t < (21 + Jt)M 
(21 + x)jv < t < (4/ — x)/v , 
(4/ - x)/v < t < 4l/v, 


when 0 < t < 4//y, and is repeated periodically, with period 4 l/v = 4r, thereafter. 

(b) At the midpoint, jc = //2, show that e = 0 for T/2 seconds, then e = 1 
for r seconds, then e = 2 for T seconds, then e = 0 for the remaining 77 2 seconds of 
the period 4r. 

(c) At the end x = /, show that e = 0 for T seconds, then e = 2 for 2 T 
seconds, then e = 0 for the remaining T seconds of the period 4 T. 

77. (a) If the end of the line considered in Section 9.15 is grounded , so that 
e(l,t) = 0 , show that 

f (s') 

e(x cl = -—-- \ e sxlv _ e -8(2l-z)/v 1 

e ' X ’ 5 ' i _ e -28(1/v) ie e J 

= f(s)[e~ 8X/v — e ~ 8 W~ x)lv + e -*W+x)!v _ e -8(ii-x)/v 


(Notice that reflected waves are reversed at each end of the line.) 

(b) When f(t) = 1, show that, for any fixed value of x, this expression takes 
a form similar to that given in Problem 76(a), with the successive values 0, 1, 0, 1, 0 
replacing the values 0 , 1 , 2 , 1 , 0 given in that expression, and that, in fact, the 
voltage here is of period 2 T. 

78. Let T(x,t) satisfy the heat flow equation a 2 T XX - T t = 0 for t > 0 and for 
0 < x < oo, subject to the initial condition T(jc, 0 ) = 1 and to the end conditions 
T(0 y t ) = 0 and T(oo,/) finite when t > 0. 

(a) Show that the Laplace transform T(x,s) then must satisfy the equation 
a 2 T XX - sT = - 1 , and the end conditions f( 0 ,s) = 0 , T(co 9 s)finite , and deduce that 

T(x>s) = -(1 — e~ v *xl*). 
s 

(b) By noticing that the solution of the problem is in fact given by 
T(x,t ) = erf [x/(2aV /)], according to Equation (234), deduce that 

- (1 - «-•*) = j£?(erf -^-z) 
s \ 2 a Vt) 

=<e[\ - erf —— 7 =), 

J l 2aV/J 


and 
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with the abbreviation 



(A direct derivation of these results is given in Problem 92 of Chapter 10.) 

79. Let T(x,t ) satisfy the heat flow equation — T t = 0 for / > 0 and 
0 < x < L, subject to the initial condition r(*,0) = T 0 and to the end conditions 
r(0,/) = 0 and T(L,t) = T 0 when t > 0. 

(a) Show that Equations (154) and (156) of Section 9.10 give the solution in 
the form 

T(x,t) = T o\l + ^ ^ sin T c (f > 0). 

L n = i niT 

(b) Show that the Laplace transform T(x,s) must satisfy the equation 

a 2 ^ - sT = -T 0 

and the end conditions T(0,s) = 0, T(L,s ) = T 0 /j, and deduce that 




_ e -2 q(L-x) 
1 _ e -2qL 


])• 


whereof = ^ si a. 

(c) By expanding 1/(1 — e~ 2qL ) in a series of ascending powers of e~ 2qL 
(when q > 0 ), express this transform in the form 


T(x,s) 


p 1 

_s s 


g—Qx _j_ _ g— q(2L—x) — _ g—q(2L^~x) _j_ 
S S S 


]• 


(d) By evaluating inverse transforms term by term (as can be justified here), 
and using the results of Problem 78, deduce that 


T(xj) 




- erf 


2 L - x 
2aV‘, 



— erf 


2 L + s 
2a V't 



[Notice that the series form given in part (a) converges rapidly when olV t\L 
is large. Since erf u approaches unity very rapidly as u —► +oo, the terms in 
parentheses in the form of part (d) are very small when a Vt/L is small. Hence the 
latter form is particularly convenient when the former is not.] 

80. In Problem 62 suppose that until the instant t = 0 the sphere and surround¬ 
ing medium are at rest in complete equilibrium, and that at that instant the pulsation 
begins and continues indefinitely. Determine the velocity of surrounding points by 
using Laplace transforms as indicated below. 



506 


Solutions of partial differential equations / chap, 9 


(a) Make use of the result of Problem 61 [see also Equations (197M200), 
Section 6.20] to obtain the relevant relations involving the velocity potential q> and 
radial velocity V in the form 

d 2 (r<p) 1 d\ry) 


dr 2 


c 2 a / 2 ’ 


dq> 


r = a: V = — = V Q cos cot; 

dr 


oo: 


d<p 

Hr 


finite; 


d<p 


,= 0 : <P = Tt =0. 

(b) By calculating the Laplace transforms of these relations, obtain the 
equations 

d\np) s 2 


K = — • 
dr ’ 


r = a: 


V = 


V n s 


r-> oo : V finite. 


5 2 + o> 2 ’ 

(c) Show that ry> must be of the form A e~ sr ! c and hence also 




-sr/c 


(d) Determine A, as a function of s , so that the condition at r = a is satisfied. 
Thus obtain the result 


where 


y = f (s)e -i(r-a)lc]s 



(e) Expand f(s) in partial fractions and use pairs T9, 12, 15, and 16 of 
Table 1, Chapter 2 , to determine the inverse transform of V. The solution is of the 
form 

V = 0 when r — a > ct, 


Vo a 2 lr* 

C* + Cpco 2 


(c 2 + arco 2 ) cos oo 



— cco(r — a) sin oo 


(- 



c 2 



when r — a < ct. 
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(Notice that the disturbance travels radially outward with the speed c and at time t 
is present only at distances less than ct from the sphere surface. As / -► oo all the 
surrounding fluid becomes disturbed, the exponential term tends to zero, and the 
solution approaches that of Problem 62.) 


Section 9.17 


81. In a one-dimensional irrotational flow of an ideal compressible fluid in the 
positive x direction, in which the velocity V x depends upon position x and time t 
but differs by only a small amount from a constant U , the velocity V x can be 
expressed (approximately) in the form 


V x = 


u + 


Mx,t) 

dx 


where 9 ? satisfies 




d 2 w d 2 w . d 2 w 

f u ‘-n> 1 ^+2u^ 7t + 1? .o. 


Here V s is an effective mean value of the sonic velocity in the fluid. The density p is 
then expressible (approximately) in the form 


P = P 0 



U 


d<p d(p\ 
dx^ dt) _ ’ 


where p 0 is the constant value associated with a uniform flow. (See Section 6.20). 

(a) Obtain the general solution for y(x,t) in the form 


<f(x,t) -fix- (V s + U)t] + g[x + (V s - U)tJ 9 

where/and^ are arbitrary twice-differentiable functions. 

(b) Show that V x and p then are defined by the equations 


Vx = U + Fix - (Vg + U)t 1 + G[x + (Vg - U)tl 


p - po[i + jrJ F[x ~^s + m - g[x +(v s - 

where F =/' and G = g'. 

82. (a) Show that the functions V x and p in Problem 81 are determined at the 
point P with coordinate x = x x at any time t = t x by initial values of V x and p 
(at the time t = 0) at the two points Q x and Q 2 with coordinates 

x = x x - (F s + U)t x and x = x x + ( V s - U)t v 

(b) Show that Q x and Q 2 are both upstream from P when the flow is super¬ 
sonic (U > V s ), whereas they are on opposite sides of P when the flow is subsonic . 

(c) Sketch typical “characteristic lines” x ~ (V s + U)t = constant and 
x — ( F s — U)t = constant in the upper half (t > 0 ) of a fictitious xt plane (com¬ 
pare with Figure 9.15) in both the supersonic and subsonic cases, and show that the 
values of V x and p at any point P{x ly t^) of this fictitious plane are determined by 
values of V x and p at the points where the two characteristic lines passing through 
P intersect the jc axis. 
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83. (a) If the density is prescribed asp = [!-+- r)(x)]p 0 when* = 0 in Problem 81, 
where p 0 is a constant and where \v(x)\ < 1 , and where rj(x) -► 0 as x — oo, 
show that there must follow 

V x - + G[x - + £/)/] + C7[* + (V s - 17)/] + F s >?[* - + £/)/], 

- = 1 + 4- {G[* - (K s + £/)/] - + (V s - U)t]} + vlx - (y s + U)t], 

Po v s 

where G is an arbitrary function. 

(b) In addition, let it be prescribed that the velocity must tend to the uniform 
velocity U at an infinite distance upstream (as jc -► - oo) for all positive values 
of t. Show that, at any positive time t, the velocity at any point for which 
x 4 - (V 8 — U)t = c, where c is a positive constant, is given by 

V x = U + G(c - 2 V s t) + G(c) + V s rj(c - 2V s t). 

Noticing that x—> — oo as t —► -f oo, when c is held fixed, if the flow is subsonic 
(U < Vg), show that there then must follow G(c) = — G(— oo) for all positive 
values of c, and deduce that the function G must be zero. Hence show that, when the 
flow is subsonic, the prescribed conditions uniquely determine V x and p in the forms 

V x = U + V s t)[x — (V s + U)t], p = p 0 {l + vlx - (V s + U)t]} 

when t > 0. [Notice that here we have made / -> + oo along a characteristic line 
x + (V s — U)t = cin the*/ plane, and that this line intersects the line on which 
x = jc 0 -► — oo in the upper half-plane / > 0 if and only if U < F^.] 

(c) Show that the same result would follow in the supersonic case if it were 
prescribed that V x -> U as x -* - oo for all negative values of /, or that V x —+U 
as x —* -1- oo for all positive time, if rj(x) —► 0 as x —> 4- oo. 

84. Determine V x and p in Problem 81, subject to the conditions that p = p 0 
and V x = [1 + e(x)]U when t = 0, where p 0 is a constant and where |c(jc)| < 1. 



CHAPTER 10 


Functions of a Complex Variable 


10.1. Introduction. The complex variable. A complex number a is an 
expression of the form a = a + ib 9 where a and b are real numbers and i is 
the imaginary unit, satisfying the equation 

**=-!• 0 ) 

We speak of a as the real part of a and of b as the imaginary part of a, and 
write 

a = a + ib : a = Re (a), b — Im (a). (2) 

A complex number a + ib is said to be real when b = 0 and to be imaginary 
when b ^ 0. In particular, when b ^ 0 and a = 0 the number is said to be 
pure imaginary. In the same way we may define a complex variable z = x + iy, 
where x and y are real variables. 

Geometrically, it is convenient to represent a complex quantity x + iy by 
the point ( x,y ) in a rectangular coordinate system known as the complex plane 
(Figure 10.1). Thus the points representing real numbers are all located on 
the x axis in this plane, whereas those representing the pure imaginary numbers 
are located on the y axis. For some purposes it is convenient to think of the 
complex number z as being represented by a vector in the complex plane from 
the origin (x = y = 0) to the point ( x,y). We speak of the length of this vector 
as the absolute value of z, or as the modulus of z, and denote this number by |z|, 

\z\ = I* + iy\ = Vx 2 + y 2 . (3) 

The number x — iy is called the conjugate of the number z = x + iy and is 
denoted by the symbol 2, 

z = x — iy. 

509 


( 4 ) 
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We notice that \z\ = \z\ and, further, that 

z2 = (x + iy)[x — iy) = x 2 — i 2 y 2 = * 2 + y 2 = |z | 2 = |z| 2 . (5) 

That is, //ze product of a complex number and its conjugate is a nonnegative real 
number equal to the square of the absolute value of the complex number. 

We say that two complex numbers are equal 
if and only if their real and imaginary parts are 
respectively equal; that is, 

+ iyi = * 2 + *>2 implies 

*i = * 2 > yi=y a- ( 6 ) 

In particular, a complex number is zero if and 
only if its real and imaginary parts are both 
zero. 

Addition, subtraction, multiplication, and 
division of complex numbers are defined as 
being accomplished according to the rules 
governing real numbers when one writes /* = — 1 , in accordance with Equa¬ 
tion (1). (See also Problem 1.) Thus, if 

*i = *i + tyi, z 2 = *2 + '> 2 - 

there follows 

z i + z 2 = (*i + *2) + Kyi + J2) 

z x - z 2 = (*! - x 2 ) + i(y x - y 2 ) 

z i z 2 = (*i + '>1X^2 + ^ = (*1*2 - T1T2) + /(.V1T2 + * 2 ji), 

and also, using (5), 

z 2 _ x a + iy 2 _ (Xj ± iy 2 )(xi ~ i>i) 



(7) 

( 8 a,b) 

( 8 c) 


z i *i + 


A + A 

f *l*2 + Mg 

1 *? + y? 


<“> 


If we introduce polar coordinates (r,0), such that 

x = r cos 0 , 7 = r sin 0 (r> 0 ), 

the complex number z can be written in the polar form 
z = x + iy = r (cos 0 + i sin 0 ), 


(9) 


where r is the modulus of z. It should be noticed that for a given complex 
number the angle 0 can be taken in infinitely many ways. With the convention 
that the modulus r be nonnegative, the various possible values of 0 differ by 
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integral multiples of 2tt. Any one of these angles is known as an argument or 
amplitude of z. 

If we notice that addition or subtraction of complex numbers follows the 
parallelogram law of vector combination, the truth of the useful inequalities 

l Z ll “' l Z 2l ^ I Z 1 + Z 2l = l z ll + l z 2l (10) 

follows directly from elementary geometrical considerations (Figure 10.2). 


10.2 . Elementary functions of a complex 
variable. We now proceed to define functions 
such as e z , sin z, log z, and so on, taking care 
that these definitions reduce to the conventional 
ones when z becomes the real variable x. 

The simplest such function is the integral 
power function 

f{z) = z M , *(11) 

where n is a positive integer or zero. This function 
is clearly defined by repeated multiplication 
according to the law 

z w = (x + iy) n = r n ( cos 0 + z sin 0) n 



(n = 0 , 1 , 2 ,...). (12) 


A polynomial is then defined as a linear combination of a finite number of 
such functions, where the constants of combination may be imaginary, 

A 

m = 2 A « z ”- ( 13 > 

n -0 


A rational function of z is defined as the ratio of two polynomials. 

By considering the limit of expressions of form (13) as N 00 or, more 
generally, limits of the form 

A^ 00^ 

/(z) = lim y A n (z - d) n = y - a) n , (14) 


where a may be real or imaginary, we are led to definitions of functions of a 
complex variable in terms of power series. The convergence of such series may 
be investigated by the ratio test (see Section 4.1), just as in the case of series of 
real terms. Thus, if we write 


L— lim 

n~* ao 


■^n + l 

An 


(15) 


when that limit exists, the series converges when 

L 


( 16 ) 
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Geometrically, this restriction is seen to require that z lie inside a circle of 
radius 1/L with center at the point z — a in the complex plane. 

Inside this circle of convergence the series can be integrated or differentiated 
term by term, and the resultant series will represent the integral or derivative, 
respectively, of the represented function. This fact will be of considerable 
importance in much of what follows. 

The exponential function e z is defined by the power series 


A -2 -3 

= l-, = l + z + h + h + --- 

^n! 2! 3! 


(17) 


71=0 


This definition is acceptable, since the series converges and hence defines a 
differentiable function of z for all real or imaginary values of z, and since this 
series reduces to the usual definition when z is real. If we multiply the series 
defining e* 1 and e z * together term by term (as is permissible for convergent 
power series), the resultant series is found to be that defining e Zl+Zi ; that is, 
the relation 

e *i . e z • = e Zl + z * (18) 


is true for complex values of z 1 and z 2 . Consequently, if n is a positive integer, 
we have also the relation 


(«*)" = *"* (n = 1,2,3,...) (19) 


for all complex values of z. 

The circular functions may be defined, in terms of the already-defined 
exponential functions, by the relations 


sin z 


21 - 


cos z = 



(20a,b) 


together with the relations tan z = sin z/cos z, and so on. Consequently, we 
have, from Equations (20) and (17), the corresponding series definitions 


and 


z 3 z 5 

sin z = z-+ - + 

3! 5! 


i z . 2 . 

cos z — l-- \- 

2! 4! 


2n + l 


- 2 <-»" 

71 = 0 

00 

= y (-if 

£ ( 2 ")-' 


(2b + 1)! 

_2n 


(21a) 

(21b) 


which reduce to the proper forms when z is real. From these series, or from 
the definitions (20a,b), it can be shown that the circular functions satisfy the 
same identities for imaginary values of z as for real values. 
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Equations (20a,b) imply the important relation 

e iz = cos z + i sin z, (22) 

which is known as Euler's formula. 

With this relation Equation (9) takes the form 

z = x + iy = r (cos 0 + i sin 0) = re id , (23) 

In consequence of (23) and (19) we then have 

z w = r w (cos 0 + i sin 0) w = r n e in0 (n = 1, 2, 3,... )• (24) 

But since Equation (22) also implies the relation 
e tn0 = cos n6 + i sin n0, 
we deduce DeMoivre's theorem , 

(cos 0 + i sin 0) n = cos nO + i sin nO , (25) 

and hence may rewrite (24) in the form 

z n = r"(cos n6 + i sin nO) (n = 1, 2, 3,.. .). (26) 

Geometrically, Equation (26) shows that if z has the absolute value r and the 
angle 6 , then z n has the absolute value r n and the angle nO , if n is a positive integer, 

' Tn a similar way we find that if z x = r^ 6 ^ and z 2 = r 2 e { \ then 

2 iZ 2 = r 1 r 2 e f( *‘ +9 « > (27a) 


and 12 = (27b) 

Z 1 r i 

That is, if z x and z 2 have absolute values r x and r 2 and angles 0 X and 0 2 , 
respectively, then z x z 2 has the absolute value r x r 2 and the angle 0 X + 0 2 , and 
z 2 \z x has the absolute value r 2 lr x and the angle 0 2 — 0 V 
In particular, we notice that since 


|^| = 1 (a real), 


(28) 


the multiplication of any complex number z by a number of the form e tct 9 where 
a is real , is equivalent to rotating the vector representing the number z through an 
angle a in the complex plane. 

The hyperbolic functions are defined, as for functions of a real variable, by 
the equations 


sinh z = 



cosh z = 


e z + e~ z 


(29a,b) 


2 
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and by the equations tanh z = sinh z \cosh z, and so on. Consequently, we 
have also 


z 3 z 5 

sinh z = z H-1-h 

3! 5! 


00 

-Z 


-,271 + 1 


«-o <2» + 


(30a) 


2 4 oo 2 n 

and cosh z = l+ — + — +-- = V ——. (30b) 

2! 4! ~(2»i)! 

From these definitions it can be shown that hyperbolic functions of a complex 
variable satisfy the same identities as the corresponding functions of a real 
variable. By comparing Equations (20) and (29), we obtain in particular the 
relations 

sinh iz = i sin z, cosh iz = cos z 

sin iz — i sinh z, cos iz — cosh z 



relating the circular and hyperbolic functions. 

The results so far obtained permit us to express the functions considered in 
terms of their real and imaginary parts as follows: 


e z _ e x+i V = e x e i V _ ^ e x cos ^) f( e x sin y), 
sin z = sin (x + iy) = sin x cos iy + cos x sin iy 

= (sin * cosh y) + /(cos x sinhy), 
cos z = cos (x + iy) — cos x cos iy — sin x sin iy 

= (cos jc cosh y) ~ /(sin x sinh y), 
sinh z = sinh (x + iy) — sinh x cosh iy + cosh x sinh iy 
— (sinh x cos y) + /(cosh x sin y), 
cosh z = cosh ( x + iy) = cosh x cosh iy + sinh x sinh iy 

= (cosh x cos y) + /(sinh x sin y), (32) 


10,3, Other elementary functions. We next define the complex logarithmic 
function as the inverse of the exponential function. Denoting this function 
temporarily by Log z, we see that the equation 

w = Log z (33) 

must then be equivalent to 

z = e”. (34) 


To express Log z in terms of its real and imaginary parts, we write 

w = u + iv, (35) 

after which Equation (34) gives 

z = x + iy = e u+iv = e u e iv = e u cos v + ie u sin v. 
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Hence, equating real and imaginary parts, we obtain 


e u cos v = x, 
Solving for u and v , there follows 


e u sin v = y. 


e 2u = x 2 + y 2 = \z\ 2 = r 2 , tan v = - = tan 0, 


and hence, if r ^ 0, 


u = logr = log |z|, v = 6, 


(36) 


(37) 


where r represents, as usual, the absolute value of z and log r is the ordinary 
real logarithm, whereas 0 is a particular choice of the infinitely many angles 
(differing by integral multiples of 2 ?t) which may be associated with z. Thus 
we have obtained the result 


Log z = log |z| + iO, (38) 

for any z ^ 0. To emphasize the fact that 0 is determinate only within an 
integral multiple of 27 t, we may here denote that particular value of 0 which 
lies in the range 0 ^ 0 < 2rr by 0 P , and may speak of this value as the principal 
value of 0 for the logarithm, 

0 £ 0 P < 2t r. (39) 

Then any other permissible value of 0 is of the form 0 — 0 P + liar, when k is 
integral, and Equation (38) becomes 

Log z = log |z| + i(Q P + 2krr) (k = 0, ±1, ±2,.. . ). (40) 

Thus it follows that the function Log z, defined as the inverse of e z , is an 
infinitely many-valued function. For example, if z = /, there follows |z| == 1 
and Op = 7 t / 2 , and hence 

Log i = log 1 + i + 2krrJ = 4k f -- rri (fc = 0, ±1, ±2,. . . ). (41) 

The value corresponding to k = 0 is frequently called the principal value of 
the logarithm . 

If, in a particular discussion, z is restricted to real positive values, say 
z = x, there follows |z| = x and 0 P = 0, and hence, from (40), 

Log x — log x -f- Ikiri (* real and positive). (42) 

Thus the complex logarithm of a positive real number may differ from the 
usual real logarithm by an arbitrary integral multiple of Ini. In order to 
conform with conventional usage, henceforth we will identify the complex 
logarithm Log z with the real logarithm log z when, throughout a given dis¬ 
cussion , z is real and positive , by taking k — 0 in (42) in such a case. In the 
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more general case it is also conventional to write log z in place of Log z, with 
the understanding that unless z is to take on only real positive values, log z is 
to be considered as multiply valued. Thus we will write 

log z = log |z| + i(0p + Ikir) {k = 0, ± 1, ±2,... ), (43) 

in place of (40), and avoid resultant contradiction in the case of (42) by taking 
k = 0 when z is a positive real variable. 

Suppose now that for a given point Zi on the positive real axis we choose a 
particular value of k in (43), say k = 0, and hence determine a particular value 
of log z v If a point z moves continuously along a path originating at z v the 
value of log z then varies continuously from the initial value log z v In particu¬ 
lar, if z traverses a closed path surrounding the origin in the positive (counter¬ 
clockwise) direction and returns toward the initial point, it may be seen that 
the angle 0 increases by an amount approaching 2n; and hence as the circuit 
is completed the logarithm is increased by 27r/, the real part of the logarithm 
returning to its original value. This statement is true, however, only for a path 
enclosing the origin z = 0. If now the point z continues to retrace its first path, 
the logarithm is now given by a different ( one-valued)function or by a different 
“ branch ” of the same (multiple-valued) function. That is, if we write 

(log z) k = log |z| + i[d P + 2kn) (0 ^ 0 P < 2tt), 

and if on the first circuit log z is determined (with k = 0) by the branch (log z) 0 , 
then, if log z is to vary continuously , on the second circuit log z must be deter¬ 
mined by the branch (log z) l9 corresponding to k = 1. The point z = 0, which 
must be enclosed by the circuit if transition from one branch to another occurs, 
is known as a branch point. We may say that the function log z has infinitely 
many branches with a single finite branch point at z = 0. 

The generalized power function /(z) = z°, where a may be real or imaginary, 
is now defined in terms of the logarithm by the equation 

z a = e aloez . (44) 

When z is a positive real variable and a is real, this definition is clearly in 
accord with the usual definition if the logarithm of a positive real number is 
taken to be real. If a is a positive integer, this definition must be consistent 
with (24). To see that this is so, we write a = n, where n is an integer, and 
obtain from (44) 

Z n = *■+«•*+ **»>] _ e n logr e in0 p ^knvi ^ = Q, -£1, ±2, ). 

But since k and n are integers, we have 


e 2 knvt _ CQS 2knrr + i sin 2kmr = 1, 
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and hence there follows, in this case, 

z n = r n e in9p ( n an integer). (45) 

This result is in accordance with (24), since e in0 = e* w < 0 p+ 2 **> = when n 
is an integer. 

More generally, if a is a real rational number , we can write 



where m and n are integers having no 9 ommon factor. Then Equation (44) 
takes the form 


m m 

z” = e n 


, m m 

•°g ' in Or 2 k n’ 


(* = 0,±1.±2. ...) 


or 


m 

_n 


r r t M i 2fc *r jri 

[r e " ] e ” 


(k = 0,±l, ±2,...). 


If we remember that m and n are given integers, whereas & is an arbitrary 
integer, we can easily see that as k takes on any n successive integral values, 

m 

say (k = 0, 1 , 2, ..., n — 1), the factor e lk “ will take on « corresponding 
different values, but that if further values of k are taken, the n values so ob¬ 
tained are merely repeated periodically. Hence it follows that for any nonzero 
value of z the function z m,n has exactly n different values given by 


m m 




( 0 P + 2kir) 


(fc = 0,1,2,. 


n-1). 


(46) 


It may be seen also that the function z m/n can be considered as having 
exactly n branches , such that if we restrict 0 P between 0 and 2i r, and if a point 
traverses a closed contour including the origin (so that 0 changes by 27 t), then a 
continuous variation of z m/n is obtained only through transition from one 
branch to another. We may verify further that if such a closed contour is 
traversed exactly n times, starting initially with a certain branch, the transition 
from the /7th branch is back to the initial branch. The point z = 0 is again a 
branch point . 


As an example, suppose that m/n = |, and that a point z traverses the 
unit circle in the positive (counterclockwise) direction, starting at the 
point z = 1. If we arbitrarily start out on the branch k = 0 and note 
that for z = 1 there follows r = 1, 0 P = 0, the initial value of z 2/3 at 
z = 1 is given by 1. As the end of a circuit is approached, the angle 
Bp approaches 2 tt , and as z -+1 the power z 2/3 approaches the value 
gi(2/3)(2ir-f0) = e (4/3)7ri j n orc i er that z 2 / 3 vary continuously as the point 
z = 1 is passed, and hence B P drops abruptly to zero and then again 
increases, we must now determine z 2/3 from the second branch, for which 
k = 1, since this branch assumes at Bp = 0 the value approached by the 
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first branch when Op -* 2n. As the end of the second circuit is approached 
and again z -* 1, the power z 2/3 approaches the value e«2/3)(2ir+2ir) = 
^(8/3)wi. an( j as this point is passed, the transition to the third branch (fc = 2) 
must occur. Finally, as the end of the third circuit is approached and 
once more z -* 1, the power z 2/3 approaches the value e«2/3)(2ir+4ir) = 
e ini = 1, and hence (for continuity) a transition back to the first branch 
(k = 0) must take place. The three values taken on by z 2/3 at z = 1 are 
1, (-1 - Z\/3)/2, and (-1 + iV3)/2. 

In the general case when a is complex , of the form 

a = a x + ia 2 , 

where a x and a 2 are real, Equation (44) becomes 

Z a = ^(fl|+ia 2 )noKr+<(0p+2*ir)J 

_ ^[a 1 logr-a 8 (0 /> +2A;fr)] ^t[a 2 logr-fa^O^-f 2*w)] 

— r «i e -a a (0p + 2fc^) | co$ j*^ j Q g r _j_ a ^Q p _|_ 2/c7t)] 

+ / sin [a 2 log r + a^Op + 2/ctt)]} (k = 0, ±1, ±2,. . . ). (47) 

It is apparent that, in general, the function z“ is infinitely many-valued, with 
z — 0 as a branch point. If a 2 = 0 and is rational, then only a finite number 
of branches exist; in particular, if a 2 = 0 and a x is integral the function is 
single-valued and z = 0 is not a branch point. 

In place of choosing as the principal value of 0 that value which is in the 
interval (0,27 t), as was done here in the case of the logarithmic function, one 
may, for example, equally well adopt the convention — n < 0 P ^ n. Then 
transition from branch to branch will take place along the negative real axis. 
The choice to be preferred will depend upon the particular application involved. 

The generalized exponential function f(z) = a z , where a may be real or 
imaginary, is defined similarly by the equation 

a z^ e z log a ( 48 ) 

If we denote by <x P the principal value of the angle corresponding to a , such 
that 0 ^ a p < 2 tt , there follows 

Q z __ g(£+t’v)[log |a| +i(ap+2&w)] _ log |a|-i/(ap-l 2*7 t)] e i[y\og\a\+x(» p +2kir)] 

= \a\ x e - v( *' +2kir) {cos [y log \a\ + x{* P + 2k7r)] 

+ i sin [y log |a| + x(a P + 2kn)]} (k = 0, ±1, ±2, .. .). (49) 

Although this function is again apparently infinitely many-valued, it is seen 
that here the ambiguity arises only in the choice of the angle to be associated 
with the constant a, and not upon the specification of the angular position of 
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the point z in the plane. That is, here there is no possibility of a continuous 
transition from an expression corresponding to a given value of k to one 
corresponding to a second value, as the result of motion of a point z around a 
curve in the complex plane. Thus, in this sense, each choice of k can be 
considered as determining a separate function , rather than a particular branch 
of a single multivalued function. In any given problem, only one such definition 
is needed. It is usually convenient to take k = 0, and hence write 

a 2 = \a\* e~ mp [cos ( y log \a\ xot r ) \- i sin ( y log \a\ + xoc,,)]. (50) 

We notice in particular that if a = e (and hence a P = 0), the definition (50) 
reduces to that given in (32). This is the reason for choosing the particular 
value k = 0. 

Finally, to conclude the list of elementary functions , we consider the inverse 
circular and hyperbolic functions. In the case of the inverse sine function, the 
equation 

iv = sin -1 Z’ (51) 

implies the equation 

z — sin w. (52) 

If we make use of the definition (20a), this equation takes the form 

e iw _ e ~ iw 


or, equivalently, 

e 2iw - 2iz e iw -1=0. (53) 

Equation (53) is quadratic in e iw , with the solution 

e iw = iz -|- (1 - z 2 ) 1/2 . 

Solving this result for w — sin -1 z, there follows finally 

sin -1 z = — log [iz + (1 — z 2 ) 1/2 ]. (54) 

i 

It is important to notice that when z^± 1 the quantity (1 — z 2 ) 1/2 has two 
possible values. Then corresponding to each such value the logarithm has 
infinitely many values. Hence, for any given value of z^ ±1 the function 
sin -1 z has two infinite sets of values; for z = ± 1, the two sets coincide. This 
is, of course, already known to be the case when z is real and numerically less 
than unity so that sin -1 z is real. For example, we have the values sin -1 £ = 
7 t /6 + 2kv or 5 tt /6 + 2 &tt, where in either case k may take on arbitrary 
integral values. In a later section it will be shown that sin -1 z has branch 
points at z = ± 1. 
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We may verify that Equation (54) gives the known values for sin -1 \ by 
making the calculations 



_'7 h 1+ '(?+“’)] 

i [k> g 1 + i(5: + 2t»)] 

= - + 2 /ct 7 or — + 2kv (fc = 0, ±1,±2, ...)■ 

6 6 

In an entirely analogous way, expressions may be obtained for the other 
inverse functions. The results may be written in the form 

sin " 1 z 

cos" 1 z 

tan " 1 z 

sinh " 1 z 

cosh " 1 z 

tanh " 1 z 

The functions so far considered in this chapter are the basic elementary 
functions. Any linear combination of such functions or any composite function 
defined in terms of a finite number of such functions is also known as an 
elementary function. 

The derivative of a function of a complex variable is defined, as in the real 
case, by the equation 

= /'(z) = lim /( z + Az )-/( z ) ( 57 ) 

dz Ai-*o Az 

when the indicated limit exists. It is readily verified that the derivative formulas 
established for elementary functions of a real variable are also valid for the 
corresponding functions of a complex variable, as defined in this section. 


= 7 log [iz + (1 — z 2 ) 1 ' 2 ] 


= - log [z + (z 2 — 1) 1/2 ] 

I 

= - log --— 

= log [z + (1 + 2 2 )V 2 ] 
= log [z + (z 2 — 1) 1/2 ] 

I I 1 -f- z 

_ 2 -,og — 


(55a,b,c) 


(56a, b,c) 
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10.4. Analytic functions of a complex variable. A function f (z) is said to 
be analytic in a region £% of the complex plane if/(z) has a finite derivative at 
each point of & and if/(z) is single-valued in St. It is said to be analytic at a 
point z if z is an interior point of some region where f( z) is analytic. It can be 
shown that if a function f( z) is analytic at a point z, then the derivative 
/'(z) is continuous at z. This fact is assumed here. It then follows (Section 
10.7) that, in fact, f(z) has continuous derivatives of all orders at z. 

To require that a function w = /(z) have a finite derivative at a point z is 
equivalent to requiring that the limit 


— = iim /<; . +Az)-/(z) = |im 
dz Az-*0 A Z Az-»0 Az 


(58) 


exist uniquely as Az -> 0 from any direction in the complex plane. That is, the 

Aw 

value approached by the ratio — must exist for any direction of approach 

and must not depend upon the direction. » 

As an example of a simple function which is not analytic anywhere , we 
consider the relation 


w = x — iy = z. 


(59) 


Here w can be considered as a function of z = x + /y, since if z is given the 
real and imaginary parts (x and y) of z are determined and hence w is deter¬ 
mined. However, if we examine the ratio 


Aw 

Az 


Ax — i A y 


(60) 


Ax + i A y 

we see that if Az approaches zero along a line parallel to the real (x) axis, so 
that Ay = 0 throughout the limiting process, the limit of (60) is +1, whereas 
if Az approaches zero along a line parallel to the imaginary (y) axis, so that 
Ax = 0 throughout the process, the limit is — 1. More generally, if Az 

dy 

approaches zero along a curve with slope = m at the point considered in 
the complex plane, there follows x 


lim — — lim 
Az->0 Az Ax-*0 
Av-+0 


1 - i 


Ay 

Ax _ 1 


mi 


i + if* 

Ax 


1 + mi 


(1 - m 2 ) - 2 mi 

1 + m 2 


and hence a different limit is approached for each value of m. 

Suppose now that the limit (58) does exist uniquely, independently of the 
manner in which Az 0. We indicate the real and imaginary parts of w = /(z) 
by u and v, respectively, where u and v are certain functions of x and y, and so 
write 


w = u(x,y) + iv(x,y). 


( 61 ) 
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Then there follows 

dw .. Aw + i Av 

— = lim - ! -. 

dz Ax—o Ax + i Ay 
Ay-0 


(62) 


For an approach parallel to the real axis we set Aj> = 0 first and so obtain 


dw Aw + i At? /Aw , . AiA 3w . . dv 

— = lim -= lim I-1- i — I = — + i — , 

dz Ax-o Ax Ax-o \Ax Ax' ox dx 


(63a) 


where the partial derivatives are formed with held constant. For an approach 
parallel to the imaginary axis, we obtain similarly 


dw .. Au + iAv .. lAv . Aw\ dv .du 

— = lim - — lim I- i — 1=- i — 

dz Ay-o i Ay Ay-o \Ay Ay! dy dy 


(63b) 


But if/(z) is analytic at the point considered, the two values (63a) and (63b) 
must be equal, 


dw _ d(u + iv) __ _ du . dv _ dv .du 

dz dz dx dx dy dy 


(64) 


Hence the real and imaginary parts of the last two expressions must be respec¬ 
tively equal, so that u and v must satisfy the equations 


du _ dv du _ dv 
dx dy ’ dy dx 


(65a,b) 


These equations are known as the Cauchy-Riemann equations . In order 
that w = w(x,j) + iv(x,y) be analytic in a region of the complex plane, it is 
thus necessary that these equations be satisfied for values of x and y corre¬ 
sponding to points in that region. It can be shown that if these equations are 
satisfied and if the four partial derivatives involved are continuous in then 
the derivative exists uniquely for any method of approach to the limit. 

Thus, a single-valued complex function w =/(z) = w + iv, for which the 
first partial derivatives of u and v are continuous in a region is analytic in 
if and only //the Cauchy-Riemann equations (65a,b) are satisfied. It is clear 
that the function w = x — iy does not satisfy this condition. 

From Equations (65a,b) there follows also 
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But if all these partial derivatives are continuous, the order of differentiation 
is immaterial and it then follows that u and v satisfy the equations 


y«-*“ + *!! = o 

dx 2 a y 2 

V 2 p = -^ + —=o 

ax 2 d y 2 


(66a,b) 


The previously mentioned fact that an analytic function has derivatives of all 
orders (Section 10.7) implies, in particular, that the partial derivatives involved 
are indeed continuous. Hence it follows that the real and imaginary parts of an 
analytic function are solutions of Laplace's equation . 

The Cauchy-Riemann equations (65a,b) permit the determination of either 
u or v if the other is known, since, by making use of these equations, we may 
write 


, du . . du , dv . dv . 

du — — dx |- dy = — dx - dy 

dx dy dy ' dx 

, dv , , dv , du , du , 

dv = — dx + — dy = dx + — dy 
ox dy dy dx 


(67a,b) 


Thus, for example, if we have 


then (67a) gives 
and hence 


v = xy, 

du — x dx — y dy , 
w = K* 2 - /) + C, 


where C is an arbitrary real constant. It follows that xy is the imaginary part 
of the function 

K* 2 - / + 2 ixy) + C - iz 2 + C. 

We notice that if one part of an analytic function is prescribed, the other part, 
and hence the function itself, is determinate within an arbitrary additive 
constant. 

Two functions u(x,y) and v(x,y), which are respectively the real and 
imaginary parts of an analytic function, are known as conjugate functions . 


10.5. Line integrals of complex functions. If C is a curve in the complex 
plane joining the points z 0 and z v the line integral of a function/(z) = u + iv 
along C is defined by the equation 

| c /(z) dz = j c (u + iv)(dx + i dy) 

= J c [(“ dx - v dy) + i(v dx + u dy )] 

J c /(z) dz = j c (u dx — v dy) + i j Q (vdx + u dy). 


or 


( 68 ) 
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It is supposed here, and in the remainder of the chapter, that any curve C, 
along which such an integration is to be effected, is at least piecewise smooth 
(see Section 6.10). 

The real and imaginary parts of (68) are thus ordinary real line integrals in 
the plane, of the type considered in Section 6.10. We see that the conditions 
that the two integrands be exact differentials are precisely the requirement 
that the Cauchy-Riemann equations (66a,b) be satisfied. The results of Sec¬ 
tions 6.10 (or 6.17) and 10.4 then show that the line integral j c f( z ) dz is 

independent of the path C joining the end points z Q and z x if C can be enclosed in 
a simply connected region 31 inside which f(z) is analytic .* 

In such a case the curve need not be prescribed and we may indicate the 

integral by the notation \f(z) dz . It follows also that here f(z) dz is the exact 

differential of a function F(z), 

f(z) dz — dF(z), (69) 

and that the integral can then be evaluated in the usual way, according to 
the formula 

J>*> dz = F(zj) - F(z 0 ), (70) 

where F(z) is a function whose derivative is /(z). 

By considering the case where the end points z 0 and z x coincide, we conclude 
that if C is any closed curve lying in a simply connected region 31 where /(z) 
is analytic, then the line integral of /(z) around C will vanish. If we recall 
further that when /(z) is analytic at all points on a closed curve C it is also 
analytic in some neighborhood (on both sides) of the curve, we deduce finally 
that if f(z) is analytic inside and on a closed curve C, then 

f C /(Z) dz = 0. (71) 

This result is known as Cauchys integral theorem. 

In other cases the line integral of a function/(z) around a closed contour 
may or may not vanish. The positive direction around a closed contour is 
defined, as before, as the direction along which an observer would proceed in 
keeping the enclosed area to his left . 

We notice that if u and v are expressed in polar coordinates, Equation (68) 
is replaced by the equation 

j c /(z) dz = | c (« + iv)(e* 9 dr + ire* 9 dd) 

-/„[( u cos 6 — v sin 0) dr — (u cos 0 + u sin 6) r dd~\ 

+ i f„ [(t> cos 6 + u sin 6) dr + (u cos 6 — v sin 6) r d&]. (72) 

J 

* In order to apply the results of Section 6.10 (or 6.17), we must also exploit the 
continuity of/'(r), and hence of u x , u Vi v mt and v y in 01. 
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The requirement that the quantities in brackets be exact differentials can be 
reduced to the conditions 


du 

Jr 

1 du 
r 86 


1 dv 

rJe 

_ dv 
dr , 


(73) 


These equations are equivalent to the forms assumed by the Cauchy-Riemann 
equations (65) in polar coordinates. 

To illustrate these results, we notice that for the single-valued function 


/(*)' 


the derivative f'{z) = — 1/z 2 exists at all points except z = 0. Hence /(z) is 
analytic in any region 01 not including the origin in the complex plane. Any 
closed curve C not surrounding the origin satisfies the conditions of Cauchy’s 
theorem, and hence for any such curve there follows 


<f - 

Jc z 


^ = o. 


However, if C encloses the origin, the line integral need not vanish. If C is 
taken as the unit circle \z\ — 1, with center at the origin, then on C we may 
write 

z = e t0 , dz — ie te dd, 
and hence for this closed curve we obtain 




i dO = 2rri , 


(74) 



circle. In this case we may notice that —- is the exact differential of the multi- 

valued function log z. The value given by (74) is merely the increase experienced 
by the imaginary part id of log z as z describes a positive closed circuit about 
the origin. Now consider any other closed curve C which surrounds the origin. 
If we make a “crosscut” from C t to C, and so determine the simply connected 
region 01 shown in Figure 10.3, we see that since/(z) = 1/z is analytic in 9t> 
the integral around the complete boundary of 0t must vanish, by Cauchy’s 
theorem. As the width of the cut is decreased toward zero the integrals along 
the edges of the cut are taken in opposite directions and hence cancel. Since 
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the part of the complete integration which is carried out along C x is taken in 
the negative direction, there follows in the limit 


tii- 

IRL 

I N 

II 

O 

o 

*-» 

<f- = 

4 

Jc z 

JCi z 

Jc z 

Jc 


and hence, for any closed curve C enclosing the origin once in the positive 
direction, we have 

<j> — = 2m. (75) 

Jc z 


More generally, if/(z) = z w , where n is an integer, there follows 

j z" dz = j 2 * e ni \ie ie dd) = i J* e <n+iue dO 

— i |' Q 2r [cos (n + 1)0 + i sin (n + 1)0] dO 

= 0 (n#-1), (76) 

where C x again represents the unit circle \z\ = 1. If n is a positive integer or 
zero , this result is in accordance with Cauchy’s theorem, since then /(z) = z n 

is analytic for all finite values of z. How¬ 
ever, if n is a negative integer, z n is not 
analytic at z = 0. Still, Equation (76) states 

that if n ^ — 1, the integral <J> z n dz 

j c x 

vanishes even in this case. The preceding 
argument shows that this condition is true 
also for any closed curve C surrounding the 
origin, and hence, since z w is analytic except 
at the origin, we conclude that, when n is 
an integer, 

j c z”dz = 0 (n^-1) (77) 

for any closed curve not passing through the 
origin. If n — —1, the integral is zero unless C includes the origin, in which 
case the value is 2m. 

If we replace z by z — a, where a is any complex number, we deduce from 
these results the additional results 



Figure 10.3 


fc ( 2 - a ^ n dz = 0 ^ -1 ) 

l J*—2m 

Jc z — a 


(78a,b) 


where C is a closed curve enclosing the point z — a in the positive direction 
and n is an integer. These results will be of use in Section 10.12. 
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Fundamentally, the mathematical definition of the complex line integral 
J c f( z ) dz along a curve C between the points a and b in the complex plane 
consists of the limit of the sum 


2/(**)( Az)*, 

fc = 0 


(Az) t = z k+1 -z k 


as the number n + 2 of the division points z 0 a, z l9 ..., z n+1 = 6, along C 
increases and the chord lengths |(Az) fc | all tend to zero. This definition can be 
shown to lead to the evaluation (68), in terms of two real line integrals, when¬ 
ever /(z) is continuous on C and C is piecewise smooth. Repeated use of the 
inequality (10) leads to the inequality 


n 

2 /(**)( Az >* 


s 2 i/(*»)i 

k = 0 


and hence, proceeding to the limit as n oo, there follows 

I So f {z) dz I = Sc l/(z)l ldzl = Jc + '■ ^1 = Sc 1/^)1 

where is arc length along C. If now \ f(z)\ is bounded on C, say 

\f(z)\ < M on C, 

the last member of this expression is numerically not greater than 

j c Mds= M j c ds = ML, 

where L is the length of the curve C between the specified end points. 

Hence we obtain the very useful inequality 

| j c f(z) dz | < ML, (80) 

where M is an upper bound for |/(z)| on C, and L is the length of C. 

We remark that if C 1 and C 2 are two nonintersecting closed curves, one 
enclosing the other, and if/(z) is analytic on C x and C 2 and in the region 
between C x and C 2 , then by introducing a crosscut as in Figure 10.3 and 
proceeding as in the development leading to (75), we can show that 

$ Ci f(z)dz = j c J(z)dz. 

It follows that in dealing with an integral of the form <j>^ /(z) dz , we may 
deform C x in a continuous way to any other closed contour C 2 , enclosing or 
enclosed by C v without changing the value of the integral , so long as f(z) is 
analytic on C x and C 2 and in the region between C x and C 2 . We say that C x 
and C 2 are equivalent contours for/(z). 


ds 9 

(79) 
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10.6 . Cauchy's integral formula. Let C be a closed contour inside which 
and along which/(z) is analytic, and let a be a point inside C. Finally, let C € 
be a small circle of radius <r, with center at the point a, inside C (Figure 10.4). 
Then, clearly, the function 

M 

z — a 


is analytic between C and C € , and so there follows 



<£ dz = <f> ^- dz (81) 

Jc z — a Jc € z — a 

for all positive values of c. In particular, 
Equation (81) must remain true in the limit 
as e -* 0. But for points on C € we have 

z = a + ce 1 ®, dz = fee*® dd 

(Os: 0< 2t r), (82) 
and hence there follows 

<£ dz = pV(a + « i9 ) i dO. 

Jc € z — a Jo 

(83) 


In the limit, as c -► 0, we then obtain from (81) and (83) the result 


- dz = lim \ + ee ie ) i dO = 27ri/(a), 

z — a e-o Jo 


(84) 


since /(z) is continuous at z = a. Equation (84) expresses the value of/(z) 
at z = a in terms of the values of f(z) along an enclosing curve C. This result 
can be written in more convenient form if we interchange z and a in (84), 


/O) 


»_L(f m 

27ri Jc a — z 


da, 


(85) 


where Cis now a closed contour enclosing the point z. This is Cauchys integral 
formula for a function/(z) analytic inside and along a closed curve C. 

If we recall that the real and imaginary parts of /(z) are solutions of 
Laplace’s equation inside C, and hence (see Section 9.2) are determined at 
points inside C by their values on C, we see that (85) affords exactly this 
determination, if both parts are given on C. 


10.7. Taylor series. We next use this result to show that if /(z) is analytic 
at a point z = a, then /(z) can be expanded in a Taylor series of powers of 
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z — a. For this purpose we first notice that the function l/(a — z) can be 
expanded in the geometric series 

1 1 1 1 
a — z (a — a) — (z — a) a — a ^ _ z — a 

a — a 

= — 2 l 1 — 2 )" (l z — a| < |oc — a|). (86) 

a — a " \a — a/ 

n = 0 

We now take for C any circle, with center at z = a, inside which and on which 
/(z) is analytic (Figure 10.5). Then for points inside C we have 

|z — a\ < |a — a\ — R, 


where R is the radius of the circle, and hence for such points the power series 
(86) converges and also can be multiplied by /(a) and integrated around the 
curve C term by term. Thus (86) can be introduced into (85) to give the result 


/(*) = 



/(a) da ~j 
(a - a) n+1 r 


z — a) 


n 


(|z - a| < R), 


or, equivalently, 


where 


f(z) = J A n (z - a) n (|z -a\< R ), 

n = 0 


>4. 


liri Jc (a — fl) n+1 


(87a) 

(87b) 


Thus, if f(z) is analytic throughout the circle \z — a\ < R, it can be 
expanded in a Taylor series (87a) converging in this circle , with coefficients 
given by (87b). By differentiating (87a) k times, setting z = a in the result, and 
using (87b), we obtain the additional formula 


/<*>(«) = k\A k = ^-l 

2m Jc 

or, with a change in notation, 


/(«) da. 


(a - a)* +1 

fM( z ) = «I <( M* *- 
3 1 } 2m Jc (« - z) n+1 ’ 


( 88 ) 


where C is now the circle with radius R about z, or any equivalent contour 
(Figure 10.6). We notice that (88) is obtained formally by differentiating (85) 
n times under the integral sign. 
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From thesfe results we conclude that iff(z) is analytic at a point z ^ a (and 
hence in some circle around this point), derivatives of f(z) of all orders exist 
at that point , and f(z) can be expanded in the Taylor series 

yr' f in) (a) 

/( z ) = Z—r-(*-*) n ’ < 89 > 

n! 

the circle of convergence coinciding with (or including) the largest circle with 
center at z = a throughout which f(z) is analytic . 




Figure 10.6 


Conversely, we see also that if f(z) can be represented by a Taylor series in 
some circle about z = a, then f(z) must be analytic at z — a, since then deriva¬ 
tives of all orders exist at and near z — a. 

Generally the radius of convergence R c of the Taylor series (87) will equal 
the distance R from z = a to the nearest point where/(z) ceases to be analytic. 
However, there exist somewhat unusual situations in which R c > R. For 
example, suppose that /(z) has the definition 

m J l in!ideC “ m 

{ 0 outside C 0 , 

where C« is a closed curve enclosing the point z — a. Then R is the distance 

from z = a to the nearest point on C 0 . But, since f(a ) = 1 and f {,,) (a) = 0 

for n ^ 1, the series (87) becomes tbe one-term series f(z) — l(|z — a\< R). 
Clearly, the series itself converges for all values of z, so that Here 
R c = oo. In fact, the series defines a function /*(z) = 1 for all z, which is 
analytic everywhere and which is identical with /(z) inside C 0 . Whereas the 
definition (90) may seem to be somewhat artificial, it may be noted that the 
more compact definition 

m = 0 — <f — 

2m Jco a — z 

is completely equivalent to it when C 0 is respectable. 


( 90 ') 
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More generally, the only situations in which R c > R are those in which 
f(z) is so defined that the neighborhood & of z = a inside which /(z) is 
analytic is limited, but in which it is possible to redefine /(z) outside that 
region in such a way that f(z) is analytic in an extended region which 
includes 0t. Such a process of extending the region of definition of an analytic 
function is called analytic continuation. 

10.8. Laurent series. A generalization of the Taylor series expansion of /(z), 
which may involve both positive and negative integral powers of z — a 9 exists 



whenever there is a circular ring or annulus 01, for which R x < |z — a\ < R 29 
such that /(z) is analytic (and single-valued) in & and on its inner and outer 
circular boundaries C x and C 2 (Figure 10.7). 

As a first step toward its derivation, we introduce a crosscut between C x 
and C 2 and apply Cauchy’s integral formula to the resultant simply connected 
region 01' bounded by the curve C' (Figure 10.8). By considering the limit as 
the width of the cut tends to zero, we thus deduce that, for any point z in the 
annulus 81, there follows 

/(z) = — <f da - — <j> da., (91) 

2m Jet a — z 2m Jc x a — z 

where both C x and C 2 are to be traversed in the positive (counterclockwise) 
direction. 

The first integral in (91) now is dealt with exactly as in Section 10.7, by 
expanding l/(a — z) in powers of (z — a )/(a — a) and integrating term by 
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term, to yield the relation 

J_<f M- d* = f AJtz-ar Qz-a\<R z ), 

2m Jc, a — z ~ 

where again 


A n -± i 

2ni Jc 2 (a — 


/(«) da. 


a) B 


(« = 0 , 1 , 2 ,... ). 


(92) 

(93) 


The important point here is that the equal members of (92) now generally do 
not also equal/(z), nor does n\A„ generally equal f {n) (a), since now/(z) is not 
necessarily analytic everywhere inside C 2 . 

In the second integral of Equation (91), we instead expand l/(a — z) in 
powers of (a — a)/(z — a). 


1 


1 


1 


1 


a — z (z — a) — (a — a) z — a ^ _ a ~ a 

z — a 

(|z - a\ > *,), 


s 


(« — «)' 


,n-l 


7t=*i 

so that, after multiplying this convergent power series by /(a)/(27r/) and 
integrating term by term around C v there follows 


where 


_jl<( m . 

2ni Jci a —- z 


00 

da = 2 B -n ( 2 ~ a)~ n 

n = 1 
-1 

= 2 B »( z - fl ) n 
n= 


(|z - a| > «x), 




J_ X /(«) d« 

2 •ni Jci (a — a) n+1 


(n = -1,-2,...). 


(94) 

(95) 


Now, since Equation (92) is true for z inside C 2 and (94) is true for z 
outside C l9 both are true for z in the ring St, and hence then can be introduced 
into (91). Further, since /(a)/(a — a) n+1 is an analytic function of a when a 
is in 0l y when n is zero or any positive or negative integer, it follows that, in 
(93) and (95), C x and C 2 can be deformed into any closed curve C which 
surrounds z = a and lies in St* 

Hence, finally, if we write 




±1 /(«) da 

2m Jc (a — a) n+1 


(n = 0, ±1, ±2,...), 


(96) 


* It should be noted that this statement generally does not apply to the integrals in 
Equation (91), since/(a)/(a — z) generally is not an analytic function of a when a = z. 
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there follows A„ = a„ when n ^ 0 and B n = a n when n g — 1, and the 
result of introducing (92) and (95) into (91) thus becomes 

00 

/( z ) = 2 a ^ z ~ a )" (Ki < \z ~ a\ < R 2 ). (97) 


This expansion is known as the Laurent series expansion of /(z), in the 
specified annulus and is seen to involve both positive and negative powers 
of z — a, in the general case. 

When /(z) also is analytic inside and on Q, (96) shows that a n = 0 when 
n < 0, and (97) then reduces to the Taylor series (87), valid everywhere inside 
C 2 . On the other hand, when/(z) also is analytic outside and on C 2 , the series 
involves only a constant term and negative powers of z — a and can, in fact, 
be considered as an ordinary power series in (z — a) -1 , valid everywhere 
outside C v 

Just as in the case of ordinary power series, it can be proved that, within 
its annular region of convergence, a Laurent series can be integrated (or 
differentiated) term by term, and the result will converge to the integral (or 
derivative) of the function represented by the original series. 

Further, it is known that the expansion (97) is unique , in the sense that if an 
expansion of the form 

/oo = 2 a "( z ~ a ) n 

can be obtained in any way, and is valid in the specific annulus 

R x < |z — a\ < R 2 , 


then necessarily a n = a n . This fact frequently permits one to obtain a desired 
Laurent series by elementary methods, without attempting to evaluate the 
coefficients by using (96). 


ou 

In illustration, from the familiar expansion e l = ^t n lnl, which is 


valid for all f, we may deduce other relations, such as 


e z 1 z z 2 

— = - + 1 + TT + T", + 

z z 2! 3! 


+ 


in + 1)! 


+ 


and 


e iiz = 1+ -L + -L + 


H-j —n "*■ 

n! z” 


(z # 0) 

(z ^ 0). 


Both these series are Laurent expansions with a = 0, R x = 0, and R 2 — <x>. 
Also we have, for example, the geometric series expansions 

-i- = l +Z + Z* + ---+Z n + --- (|z| < 1) 

1 - z 
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and 


1 


1 — z 


-a/*) 

1 - (l/z) 
i _ j_ 
z z 2 


1 

z 


1 + - + 
z 



(M > 1). 


The first of these expansions is the Taylor series valid inside the circle 
|z| = 1, the second the Laurent series valid outside that circle. 


More generally, if a Laurent expansion of /(z) is required in powers of 
z — a, in the annulus R x < \z — a\ < R 2 , we may attempt to express/(z) as 
the sum (or product) of two functions/i(z) and/ 2 (z), such that/i(z) is analytic 
everywhere outside the inner circle |z — a\ = R 1 and / 2 (z) is analytic every¬ 
where inside the outer circle |z — a\ — R 2 . The desired representation then can 
be obtained by expanding / 2 (z) in an ordinary power series inz — a, expanding 
f x (z) in an ordinary power series in (z — a)~\ and adding (or multiplying) 
together the results. 


Thus, for example, the function 
/«-■ 


z(z - l)(z - 2) 

clearly is analytic except when z = 0, 1, and 2. To expand /(z) in a 
Laurent series of powers of z in the annulus \ 1 < |z| <2, we may first 
write 

1 2 1 

Since the first two terms are analytic when |z| >1, whereas the third term 
is analytic when |z| < 2, we may expand the first two terms in powers of 
l/z and the third in powers of z, to obtain 

„ , 1 2 lx 1/2 

/O) 


z 1 - (l/z) 1 - (z/2) 


-!-J( 

z z\ 


1 1 

1 +- +-S + 
z z z 


1 

+ z- + 


Thus there follows 


-i( 


r2 


Z Z* 

1 + 2 + 4 + 




ou 

/(z) = 2 a « z ” < l z l < 2) 


where a n = —1/2 W+1 when n ^ 0, = - 1 , and a n = —2 when 

« ^ —2. The same function also possesses two other Laurent series in 
powers of z, valid when 0 < |z| < 1 and when 2 < |z| < oo, as well as 
either three or four Laurent (or Taylor) series in powers of z - o, for any 
other value of a. 



sec. 10.9 I Singularities of analytic functions 


535 


10.9. Singularities of analytic functions. If any region exists such that 
/(z) or a branch of/(z) is analytic in then we speak of/(z) as “an analytic 
function.” Points at which / (z) is not analytic are called singular points or 
singularities of the function. Also, a point at which a branch of & multivalued 
function/(z) is not analytic is called a singular point of/(z). From the defini- 

rlf 

tion, we see that any point at which -j- does not exist is a singular point. Also, 

when /(z) is multivalued, any point which cannot be an interior point of the 
region of definition of a single-valued branch of f(z) is a singular point. 

Points of the latter type are known as branch points . At such points the 
first derivative may or may not exist, but it can be shown that a derivative of 
some order will fail to exist. The characteristic feature of a branch point 
consists of the fact that if a point describes a small closed circuit (enclosing no 
other singular points) about such a point, the value assumed by the function 
after the circuit differs from the initial value. In Section 10.3 we have seen that 
the function log z and functions of the form z k , where k is not an integer , both 

have a branch point at z = 0. Since — log z — - is analytic elsewhere, this 


is the only singularity of log z in the finite part of the plane. Similarly, since 

— z k — kz k ~ x , we see that also z k has no other finite singularity. Unless the 
dz 

real part of k is smaller than unity, reference to Equation (47) shows that the 
first derivative of z k is finite at z = 0. However, it is clear that if successive 
derivatives are calculated, eventually a power of z with a negative real part 
will be obtained (when k is not a positive integer or zero), and hence the corre¬ 
sponding derivative will not exist at the branch point. It is seen that the 
functions log (z — a) and (z — a) k both have a branch point at z = a, with 
the above restriction on k. 

Reference to Sections 10.2 and 10.3 then shows that the elementary functions 
can have branch points only for those values of z for which a quantity raised to a 
nonintegral power vanishes , or for which a quantity whose logarithm is taken 
vanishes or becomes infinite . It is assumed, for this purpose, that inverse 
trigonometric and hyperbolic functions are expressed in terms of the logarithm, 
as in Equations (55) and (56). 

Thus, for example, it is to be expected that the function 


/(z) - (1 - z 2 ) 1/2 - (1 + z) 1 ' 2 (1 - z) 1 ' 2 

has branch points at z = 1 and at z = —1. This is readily seen if we notice, 
for example, that near z = 1 the function/(z) behaves like (1 + 1) 1/2 (1 — z) 1/2 
= V2 (1 — z) 1/2 . Similarly, the function/(z) = log (z — z 2 ) can be written in 
the form 


/(z) = log [z(l - z)] = log z + log (1 - z). 
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Thus we conclude that this function has branch points at z = 0 and at z = 1. 
In the cases of the inverse circular and hyperbolic functions, reference to 
Equations (55) and (56) shows that the functions sin -1 z, cos -1 z, cosh -1 z, and 
tanh -1 z have branch points at z = ± 1, whereas the functions tan -1 z 
and sinh -1 z have branch points at z = db /. The expressions for the first 
derivatives of these functions show that there are no other finite singular 
points. 

In working with multivalued functions (possessing one or more branch 
points) it is usually desirable to specify one particular branch of the functions 
and artificially prevent the possibility of transition from that branch to another 


y 

log z 

**777777777777? 


Figure 10.9 
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x 


Figure 10.10 


branch. Clearly, this result may be accomplished by forbidding curves from 
surrounding the branch points. 

In the case of the function w = log z, it is conventional to imagine the 
complex plane to be “cut” along the entire positive real axis, so that transition 
across this part of the axis is impossible (Figure 10.9). In the resultant “ cut 
plane ” any convenient branch of log z, say the branch for k = 0, 


log z = log r + iO P (0 ^ 0 P < 2i r), 


is a single-valued function of z, which is analytic everywhere except on the cut. 
It is seen that the cut or “barrier” could equally well be made along any other 
ray or curve extending from the branch point z = 0 to infinity. 

For the function w = z fc , where k is nonintegral, the principal value of 0 is 
frequently defined by — n < 0 P ^ 7r, so that the cut is taken along the negative 
real axis (Figure 10.10). 


For such a function as w = tan -1 z 


1 


iz 


2 l08 l +iz 


, with branch points at 


z — ±i, two cuts may be made along the imaginary axis, from the two branch 
points outward to infinity, thus avoiding contours which surround either of 
the branch points [Figure 10.11(a)]. In this case it is readily verified that a 
circuit which encloses both branch points does not introduce a transition from 
branch to branch. Thus, in place of cutting the plane as described, we could 
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merely introduce a finite cut joining the two branch points , and hence avoiding 
contours which include only one of the branch points [Figure 10.11(b)]. The 
method of cutting to be preferred depends upon the particular problem con¬ 
sidered. Further facts bearing on the nature of the cuts are brought out in 
Section 10.10. 

Thus, in place of dealing with multivalued functions, we may always 
introduce a suitably cut plane such that only one particular branch of the 
function need be considered. Any such branch is then single-valued in the cut 
plane. 

If it is necessary to retain the possibility of transition from branch to 
branch, we may think of constructing a series of superimposed planes cut and 



(a) (b) 

Figure 10.11 


joined along the cuts in such a way that if a point starts on a given plane, 
moves around a branch point, and approaches its original position after such 
a circuit, it moves across a cut from the initial plane onto another super¬ 
imposed plane corresponding to a second branch of the function. For the 
function w = log z an infinite number of such planes would be required, and 
the resultant configuration would resemble an endless helicoidal surface. For 
the function w = z 1/2 only two such planes would be needed, the junctions 
being so arranged that as a point describes a continuous contour surrounding 
the origin it moves from the first “sheet” to the second after the first circuit, 
and returns from the second sheet to the first after a second circuit. Such 
arrangements are known as Riemann surfaces. 

In the remainder of this work, however, we will think of the plane as cut in 
such cases, sd that all branch points are removed and the functions considered 


can be taken to be single-valued. The remaining singular points of a function 

df 

f(z) are then points at which the derivative does not exist. 


In particular, if f(z) is analytic everywhere throughout some neighborhood 
of a point z = a, say inside the circle C: \z — a\ = R y except at the point 
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z = a itself, then z — a is called an isolated singular point of/(z). The results 
of Section 10.8 show that a Laurent expansion of the form 

QO 

/(*)= 2 a n( z ~ a ) n (0 < |z — a| < R) (98) 

71 = - 00 

then is valid. 

Now if/(z) were to remain finite as z-+a, it would necessarily follow that 
all a’s with negative subscripts in (98) would be zero. Thus, everywhere inside 
the circle C except at z = a,/(z) would be expressible in the form 

f(z) = a 0 + a^z - a) + a 2 (z - af H-. 

If it were also true that f(a) = a Q , then /(z) would be analytic everywhere 
inside C. That is, /(z) would become analytic at z = a if it were suitably 
defined (or redefined) there. Such a point is often called a “removable singular 
point.” For example, the functions ffz) = z/z and / 2 (z) = (sin z)/z are un¬ 
defined at z = 0, but both functions approach 1 as z —> 0. If we define/ x (0) = 1 
and/ 2 (0) = 1, then fi and/ 2 are analytic at z == 0 (and elsewhere). If we were 
to artificially define/ x (0) or/ 2 (0) to be 0, say, or to refuse to define ffO) or/ 2 (0) 
at all, then/^z) or/ 2 (z) would have a “removable singularity” at z = 0. 

Henceforth, we will assume that all such “removable singularities” have 
indeed been removed by suitable definition. 

Apart from such artificialities, it thus follows that /(z) cannot remain finite 
at an isolated singular point . To illustrate such points, we may notice that the 
function w = 1/z has a singular point at z = 0, the function w = l/(z 2 + 1) 
has singular points at z = ±i, and the function w = cot z has singular points 
where z = kn (k — 0, ± 1, ±2,...). These singularities are examples of points 
known as poles. Specifically, we say that iff[z) is not finite at z = a but iffor 
some integer m the product 

(z - a) m f(z) 

is analytic at z — a, then f{z) has a pole at z — a.* If mis the smallest integer 
for which this is so, the pole is said to be of order m. 

It follows that any rational function of the form 

W = 4> + ^ 1 Z + • • • + A M* M = N(z) 

Bo + B x z + • • • + B n z n D(z)’ 1 ^ 

where the numerator and denominator are polynomials of degree M and N , 
respectively, without common factors, can have only poles, such poles occur¬ 
ring at points where the denominator D(z) vanishes. Thus if z — a x is a simple 

♦In accordance with the previously introduced convention, it is meant here that 
(z — a) m f(z) becomes analytic at z = a when it is defined to take on its limiting value at 
that point. 
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factor of the denominator, the product (z — ajw is analytic at z = a x and the 
point z = a x is a pole of order one, or a so-called simple pole. If z — a 1 is an 
m- fold zero of the denominator, so that (z — a^ m is a factor of D(z), then 
z = a x is a pole of order m. 

Thus the function 

_ z3 Z lz + 1 - z 3 2z + 1 

^ Z z s + 2 z 3 + z z(z + /) 2 (z - 0 2 

has a simple pole at z = 0 and double poles at z — ±/ because z/(z) is 
clearly analytic at z = 0, whereas (z - /) 2 /(z) is analytic at z = / and 
(z + /) 2 /(z) is analytic at z — —i. That is, each product listed possesses a 
derivative at and near the point noted. 


Functions other than rational functions may also have poles. Thus the 
function/(z) = esc z is not finite at the points z = 0, ±7r, ±2?r,_Con¬ 

sidering first the point z = 0, we see that 


*/(*) = — - (—)"* 
sin z \ z / 


is finite at z = 0, since 


z - ^ - 
.. sinz .. Z 3! 5! 
lim- = lim- 

z-*0 Z z~* 0 Z 


= lim [l 4- 
«-*o L 3! 


= 1. 


Also, z/(z) has a finite derivative at z = 0, since 


J-[*/(*)] 

dz 


sin z — z cos z 
sin 2 z 




z 2 + • * * 



and hence [z/(z)] = 0 when z = 0. Thus /(z) has a simple pole at z = 0. 

dz 

Similarly, at a singular point z = kn we may make the substitution 


There then follows 


t = z — kir. 


(z _ /C7T)/(Z) - 


t 

sin (f + kn) 


(-i 

sin f 
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Thus, since / 0 as z -* for, we see that, except for sign, (z — for)/(z) behaves 

near z = for just as z/(z) behaves near z = 0, and hence/(z) has simple poles 
at all the points z = kir (k an integer). From the expression for f'(z), 


m = 


cos z 


we see that f\z) exists at all other points, and hence these points are the only 
singular points of the function in the finite part of the plane. 

From Equation (98) we may deduce that/(z) has a pole of order matz — a 
if and only if f(z) has a Laurent expansion (98) in the neighborhood of z = a, 
with a n = 0 when n < —m and with a_ m ^ 0. 

All isolated singular points which are not poles (and are not removable) 
are called essential singular points . Thus, when/(z) has an isolated singularity 

df 

at a point z == a, that singularity is essential if the derivative ~ does not exist 
at z = a and if there is no integer m for which 

J z [(z - a) m f(zj\ 


exists at z = a. It should be noted that a branch point is not an isolated 
singularity, since any circle with center at that point must also contain points 
on some branch cut passing through that point, if the branch considered is to 
be single-valued. 

As an example of an essential singular point, we notice that for the function 
/(z) = e 1,z the derivative 

/'oo = -V /z 

z l 


exists everywhere except at the origin. Thus the origin is an isolated singular 
point. For real values of z, the function f{x) — e l/x is seen to approach zero 
as x -► 0 from negative values, and to become infinite as x -> 0 from positive 
values. Thus we see that e llz approaches zero if z -> 0 along the negative real 
axis and that the absolute value of e llz increases without limit as z -► 0 along 
the positive real axis. Since the same is true for z m e 1,z , for any value of m, we 
see that z m /(z) is not analytic at z = 0 for any value of m, and hence the 
function has an essential singularity at z = 0. 

To investigate in more detail the behavior of/(z) near the origin, we write 
z = r e ie and so express /(z) in the form 


2-e“ ie i (cosO-i sin 0) 

/(z) = e r = er 

[ /sin 0\ . . /sin 0\~1 

= er r s \—)- lsm (— JJ- 


1 cos 0 
|/(z)| = M = e r . 


In particular, we have 
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It follows that if z —► 0 along any curve for which cos 0 > 0 as r —► 0, the 
absolute value of /(z) increases without limit, whereas if z->0 along any 
curve for which cos 6 < 0 as r -> 0, then f(z) 0. Now suppose that z -> 0 
along a curve r = c~ x cos 0, that is, along a circle of diameter \jc tangent to 
the imaginary axis. For such an approach we have always |/(z)| = e c 9 and 
hence |/(z)| can be made to take on any positive value as z -► 0 along a properly 
chosen circle of this kind. On such a circle we have also 

/(z) = e c [cos (c tan 0) — i sin ( c tan 0)]. 

Now as z -* 0 along this circle the angle 0 tends toward 7t/2, and hence the 
argument of the circular functions increases without limit. Consequently, it is 
seen that /(z) takes on all complex values with absolute value e c infinitely 
many times. Thus it follows that in any neighborhood of z = 0 the function 
e 1,z takes on all values except zero an infinite number of times! Further, the 
exceptional zero value is approached as z -*■ 0 along the negative real axis, or 
along any curve which passes through the origin along a tangent in the second 
or third quadrant. 

Picard has shown that any analytic function having an isolated essential 
singularity behaves in this remarkable way near the singularity, all real and 
imaginary values being approached and all values except one being actually 
taken on infinitely often in any arbitrarily small region including the singularity. 

From Equation (98) we may deduce that /(z) has an isolated essential 
singular point at z = a if and only if f(z) has a Laurent expansion in the 
neighborhood of z — a with infinitely many negative powers of z — a. 

In addition to the isolated singularities and branch points, still other types 
of singular points may exist. For example, in the case of the function 

1 insideC » (100) 

0 outside C 0 , 

mentioned in Section 10.8, all points on the closed curve C 0 are singular points. 
One might speak of such points as “artificial boundary points” since they 
comprise a curve across which a transition occurs from one domain, inside 
which a first analytic function ffz) is defined, to another domain in which a 
second analytic function/ 2 (z) is defined. In this example there is no difficulty 
in extending the domain of definition of either ffz) or / 2 (z) across C 0 , so that 
points on C 0 are not singularities for either of the two analytic functions f x 
and / 2 . 

However, there exist functions, defined on one side of a curve C, such that 
their definitions cannot be extended analytically across C. Such a curve is 
called a natural boundary for the associated function, and points on such a 
curve are usually referred to as (nonisolated) essential singularities. 


/(z) = — <f 

2vi Jc 0 a — z 
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When branches of a multivalued function are defined, the points on branch 
cuts are also singular points, but are rather artificially so since (except for the 
branch points themselves) they would no longer be exceptional if the branches 
of the parent function were redefined. 

In addition, it may happen that isolated singular points cluster about a 
point z — a, in such a way that there are such points in every circle with center 
at z — a, no matter how small the radius. Then z = a also is a singular point 
and is usually included in the category of nonisolated “essential’* singularities. 

10.10. Singularities at infinity. To study the behavior of a function 
/(z) for large values of |z|, we may make the substitution 

z = —. (101) 

t 

The function /(z) is then transformed to a new function g(t), 

g(0=/(i)- (102) 

Now as a point z moves indefinitely far from the origin in any direction, so that 
|z| -> oo, the corresponding point t approaches t = 0. It is convenient to say 
that the point / = 0 corresponds to a “point at infinity” in the complex plane 
which may be denoted by z = z^, such that this point is approached by any 
point z receding from the origin indefinitely far in any direction. Thus we 
“extend” or “close” the complex plane by adding the point z^ “at infinity.” 
It is then natural to say that/(z) is analytic at z^ if g(t) = /(I/O is analytic 
at t = 0, and similarly that if g(t) has a particular type of singularity at t = 0, 
then /(z) has the same type of singularity at z^. 

If g(0 = /G/0 is analytic at t = 0, then it can be expanded in a series 

/(-) = A 0 + A it + A 2 t 2 + ‘ • * — A n t n 

in some circle about t = 0, and conversely. Hence, replacing t by 1 /z, it 
follows that /(z) is analytic at z x if and only if it can be represented by a series 
of the form 

/(z) = A 0 + ^ + 4* + • • • = 
z z l 

for values of z outside a sufficiently large circle with center at z = 0. In particu¬ 
lar,/^ must approach a limit /(oo) as z -* z m9 that is, as |z| -> oo in any way, 
and Equation (103) shows that 


oo 

2 ^ 


(103) 


A =/(«). 


( 104 ) 
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We notice also that if /(I/O is analytic at t = 0, then 





must exist at t = 0, and hence z 2 % must exist at z„. 

dz 

If/(I/O has a pole of order m at t = 0, then r*/(I/O can be expanded in a 
power series in / converging near t = 0, and conversely, and hence near t = 0 
we may write 

/(I)-^+^iS'*.' -- ** 

Thus we conclude that/(z) /ios a pole of order m at z x if and only if we can write 


/(z) = A 0 z m + Z^z™" 1 + • • • + A m + 4=±! + • • • 

. z 

00 

= ^A n z m - n (105) 

n = 0 

for values of z outside a sufficiently large circle with center at z = 0. In 
particular, /(z)/z m must approach a limit as z -> z x , and this limit is identi¬ 
fied with the coefficient A 0 in (105), 

A 0 = lim fj(z). (106) 

z~*oo Z 

Also, since ~ must exist when f = 0, it follows that the expression 


,2 d f/(z) 1 = m 1 df(z) 

* dz Lz w J z m " iyW z™’ 2 c/z 


must exist as z -> z x . 

From (105) we conclude that any polynomial of degree m has a pole of order 
mat z^. If we consider the general rational function 


f(z) = 

with a N b M 0, we obtain 


a o “t~ a i z 


+ 




+ b 


M- 




(107) 


1 + " ' •{• ci\ t M-x 

\t/ b 0 t** + bit'** 1 + • * * + bjj 


Thus it follows that /(I/O is analytic at t — 0 if M > A and that /(I/O has a 
pole of order N — M at t = 0 if N > M. The same is thus true for/(z) at z x . 

Since /(z) clearly is analytic at all finite points except at zeros of the 
denominator, where poles exist, it follows that any rational function possesses 
no singularities other than poles. If we count a pole of order k as equivalent to k 
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simple poles, we see that since the denominator has M linear factors, the 
multiplicity of finite poles is M. Similarly, the multiplicity of finite zeros is N. 
If M > N, the function/(1/f) has a zero of order M — Nat t = 0, and hence 
/(z) has a zero of order M — N at z^. In this case there are exactly M poles 
and M zeros (counting multiple poles and zeros separately). Similarly, if 
M < N, there are N poles and N zeros. In any case, for a rationalfunction the 
total multiplicity of poles is equal to the total multiplicity of zeros , when the 
point z^ is taken into account. 

Since the expansions of e z , sin z, cos z, sinh z, and cosh z involve all positive 
powers of z, and converge for all finite values of z, reference to the criterion 
(105) shows that although these functions have no finite singularities, they each 
have an essential singularity at z x . In the case of the exponential function this 
situation may also be seen by noticing that e z behaves for large \z\ as e 1,z 
behaves for small |z|. 

For the function /(z) = logz there follows /(I/O = log (1/0 = —log t. 
Hence it follows that/(z) = log z has a branch point at z x as well as at z = 0. 
A similar statement applies to /(z) = z k , where k is nonintegral. The “cuts” 
introduced in Section 10.9 for these functions can be considered as joining the 
two branch points. 

We notice that a small circle surrounding the point t = 0 corresponds to a 
large circle with center at z = 0 in the complex plane. Thus, just as we may 
consider a “circle of zero radius” as enclosing only the origin, we may in a 
similar sense consider the exterior of a circle C “of infinite radius” as consist¬ 
ing only of the point z Q0 . Consequently, the exterior of a closed contour C may 
be considered as composed of the region between C and the infinite circle C*, 
together with an added exterior point Z* at infinity. 

Also, a positive circuit around the finite area enclosed by any closed contour 
C can be considered also as a negative circuit around the infinite area outside 
C, including the point z*. 

If/(z) is analytic on C and at all finite points outside C, it follows that C 
and Coo are equivalent contours, and hence 

fp/(z) dz = <|> c /(z) dz. (108) 

The right-hand integral may now be considered as taken along a negative 
contour enclosing the exterior of C^, that is, enclosing only the immediate 
neighborhood of the point z*. However, even though f(z) be analytic at z^, 
this integral may not vanish . It can be shown to vanish if z 2 /(z)is analytic at z x 
(see Problem 59). This fact leads to the result 

$ c /00 dz = 0 (109) 

in the case when z 2 f(z) is analytic on and outside C and at z x , as well as in the 
case when f[z) is analytic on and inside C. 
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If outside a closed contour C no points, including the point z^, are branch 
points , and if we think of a closed circuit around C as surrounding the exterior 
of C, we may expect that a function /(z) will return to its initial value after 
such a closed circuit, whether or not there are finite branch points inside C. 
Thus, for the function 

/(z) = tan -1 Z = l - log 

2 1 + iz 

we obtain 



Hence, since t = 0 is not a branch point for /(I/O, it follows that z^ is not a 
branch point for/(z). In the first method of cutting the plane for this function 
(Section 10.9), the cut can be thought of as joining the two branch points 
z = ±i along an infinite segment passing through z^. However, since z^ is not 
a branch point, closed circuits surrounding z*, need not be prohibited, and the 
finite cut joining the branch points in the second figure is equally satisfactory. 
That is, we need only prohibit closed circuits which enclose only one of the 
branch points. It must follow that a closed circuit surrounding both branch 
points will return tan - * 1 z to its initial value. As was stated earlier, this state¬ 
ment can be directly verified (see Problem 39). 

It may happen that z^ is a branch point on certain branches of a multi¬ 
valued function but not on other branches, as for the function sin -1 z + i log z 
(see Problem 51). 

10.11. Significance of singularities. An important theorem, due to 
Liouville , states that a function which is analytic at all finite points and at z^ 
must be constant. To establish this theorem, we consider any two points z x and 
z 2 in the complex plane and apply Cauchy’s theorem (Section 10.6) to express 
/(z x ) and /(z 2 ) in the form 

/(2l) = 7^ ( f /(Z2) = ^.<f f -^h, (110) 

2m Jc a — z 1 2m J c a — z 2 

where C is a circle of radius R, with center at the origin, including the points z x 
and z 2 . By subtraction we obtain also 


m-fi* i) = 


- Z 1 1 /(«) dx 

2m Jc (a — z x )(a — z 2 ) 


For points on C we have 


(111) 


a = R e‘ e , |a| = R. 


(112) 
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Since f(z) is assumed to be analytic everywhere (including z K ), it must be 
bounded everywhere. Denoting this bound by M and making use of the in¬ 
equality (10) we obtain, for points on C, 


/(a) 


(* - z x )(a - z,j) 


M 


M 


(|a| - |zJX|«| - \z 2 \) (R - N)(R - |z,|) 
Hence, making use of (80), we obtain from (111) 

\Zj - gil_ M 


!/(*.) -/(z x )| 


< 


< 


2 tt (K - IzJX* - |z 2 |) 
|Z 2 - Zil_ M _ 


2ttR 




(113) 


Since /(z) is analytic everywhere, we are permitted to let the radius R of C 
increase without limit. But since the right member then tends to zero, it 
follows that the left-hand member must be zero for any two points z 2 and z 2 . 
Hence /(z) is constant, as was to be shown. 

This theorem has many important consequences. In illustration, we have 
seen that any polynomial of degree m has no singularities except a pole of 
order m at z m . We can now show that, conversely, a function having no singu¬ 
larities other than a pole of order m at z^ is necessarily a polynomial of degree 
m. For if f(z) has a pole of order m at z ffl , then for large |z| it must be repre¬ 
sentable by a series of form (105). Hence /(z) must be expressible as the sum 
PJz) + g(z) of a polynomial 

P m (z) = A 0 z m + + --‘+A m (114) 

and a function whose expression, for large |z|, is of the form 

g(z) = 4s±l + da±1 + •. •. (115) 

z z 2 

But since the function g(z) must then be analytic everywhere, and since it 
vanishes as |z| —► oo, it follows from the preceding theorem that g(z) must be 
zero and hence/(z) must be a polynomial, as stated. 

Further, we can show that if a function is analytic except for a finite number 
ofpoles it must be a rational function ; that is, it must be the ratio of two poly¬ 
nomials. For suppose that/(z) has poles of order k n at the N finite points 
z = z n (n = 1, 2,..., N ). Then, from the definition of a pole, it follows that 
the function 


F(z) = (z - Zj)*! (z - Zj)** • • • (z - z N Y»f(z) 


( 116 ) 
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is analytic at all finite points. The coefficient of/(z) in (116) is a polynomial 
of degree K, where 

K = k x + k 2 + • • • + k Ni 

and hence it has a pole of order K at z*. But since we have supposed that/(z) 
is either analytic at z m or, at worst, has a pole at z*,, it follows that F(z) has, at 
worst, a pole at z^. Now since F(z) is analytic at all finite points, the preceding 
theorem shows that it must be a polynomial. Thus/(z) must be the ratio of 
this polynomial to the polynomial which multiplies it in (116), as was to be 
shown. 

These examples illustrate the fact that analytic functions are, to a certain 
extent, essentially characterized by their singularities . Those functions which 
are single-valued , and analytic at allfinite points , are known as integralfunctions 
or as entire functions. Such a function is either analytic also at z*, in which 
case it must be a constant ; or it may have a pole at z w , in which case it must be a 
polynomial ; or, otherwise, it must have an essential singularity at z^, in which 
case it is known as an integral transcendental function. The functions e z , sin z, 
and sinh z are examples of such functions. We have seen that if an analytic 
function is expanded in powers of z ~ a, the circle of convergence extends at 
least to the nearest singularity. It follows that the Taylor series representation 
of any integral function converges for all finite values of z. Conversely, if a 
power series converges for all finite values of z, it represents an integral function. 


10.12. Residues. Suppose that the analytic function /(z) has a pole of 
order m at the point z = a. Then (z — a) m f(z ) is analytic and hence can be 
expanded in the Taylor series 


where 


k k! 


d*_ 

ldz k 


+ A m -i(* ~ a) m ~ 1 

+ A m (z — a) m + • • •, 

017) 

- a) m f(z)} 

» 

(118) 


in accordance with the results of Section 10.7. This series will converge within 
any circle about z — a which does not include another singularity. If z ^ a. 
Equation (117) can be rewritten in the form 


m = 


+ ■ 


Ai 


(z - a) m (z - a) 


m~l 


+ * * * + 


A-m-1 


+ A m + A m+1 (z -«) + •••. (119) 

Now let C a be any closed contour surrounding z — a which lies inside the 
circle of convergence of (117) and which is such that f(z ) is analytic inside 
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and on C a , except at z — a. If we integrate (119) around this contour and 
review Eqtiations (78a,b), we obtain merely 

f c /0) dz = 2wi A m - lt 

the only term contributing to the integration being A m _ x \(z — a). The same 
relation then continues to hold when C a is deformed into any equivalent 
contour, which need not lie inside the circle of convergence of (117). 

We call the coefficient A m _ 1 the residue of f(z) at z = a and denote its 
value by Res ( a ), the function f(z ) being understood. If a more explicit notation 
is desirable, we will denote the residue of/(z) at z = a by Res {/(z); a }. Thus, 
if f(z) has a pole of order m at z = a, then 



<j> /(z) dz — 2iri Res ( a ) 

(120) 

with 


(121) 


where C a is a closed contour enclosing z = abut excluding all other singularities 
off(z). 

We notice that Res (a) is the coefficient of l/(z — a) in the Laurent 
expansion of /(z), in powers of z — a, which is valid near z = a. The value 
of the residue can be determined from this fact or can be determined directly 
from (121). 

In the case of a simple pole (m = 1), Equation (121) gives 


m = 1: Res (a) = [(z - a)/(z)]* =a = lim (z - a)/(z). (122) 

z-*a 


In this case, if f(z) is expressed as the ratio 

N(z) 


/(z) = 


D(z) 


(123) 


where N(a) is finite and nonzero, then it follows that D(z) must vanish at 
z = a in such a way that D(z)/(z — a) approaches a finite limit as z -* a. 
By using L’Hospital’s rule, we may then evaluate the limit indicated in 
(122) in the form x 

Res (a) = —i-2-. 

D\a) 


m = 1 : 


(124) 


When D(z) is a polynomial, z — a must be a factor, and hence (122) is readily 
evaluated by merely deleting the factor z — a in the denominator and setting 
z = a in the remaining ratio. 

This procedure is applicable, however, only in the case when z — a is a 
simple pole. Otherwise, use should be made of Equation (121) unless the series 
(119) is easily obtained, in which case the residue is read directly from the 
series. 
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To illustrate the calculation of residues, we consider first the function 


/(z) = 


z 2 + 1 (z + i)(z — i)' 


There are simple poles at z = ±i with residues 

Res (i) = lim (z - i)/(z) = (——) = - 

\z + if z =i 2i 

and 

Res (-/)=(—— ) 

\z — ih=-i 2i 

from (122). If we use (124), we have, with N = 1 and D = z 2 + 1, 

Res( °-feL4' 


as before. 

For the function 


/(z) = 


.3 _ ,2 —2. 


z 2 (z - 1 ) ’ 


there is a double pole at z = 0 and a simple pole at z = 1. At z = 1 we obtain, 
from (122), 


Res (1) 


GL-■ 


At z = 0 we use (121) with a — 0, m — 2, and find 


Res (0) = — (—^—) 1 = -1. 

Uz\z-1/J 2 =0 


For the function 


sin z — z 


a singularity in the finite part of the plane can occur only at z = 0. By expand¬ 
ing the numerator in powers of z, there follows 


/(z) = 


z 5 z 7 \ 

— + — H -I - 

5! 7! / 


or /(z) = - — + -— H-. 

JK ’ 6z 3 120z 5040 

Thus /(z) has a pole of order at z = 0. The residue is merely the co¬ 
efficient of 1/z in (128), 

Res (0) = T 2 o» 



550 


Functions of a complex variable / chap. 10 


It is easily shown that if f(z) has a pole of order m at z = a, the value of 
the right-hand member of (121) is unchanged if m is replaced by any integer M 
such that M ^ m. That is, if the order of the pole is overestimated when (121) 
is used, the correct value of the residue will still result. This may be verified in 
the case just considered by using (121) to calculate Res (0) with m = 6, in 

place of the correct value m = 3 which is 
not readily determined by inspection, and 
which would lead to a more involved 
calculation. 

If f(z) has an isolated essential singu¬ 
larity at z = a, but is single-valued in the 
neighborhood of that point, then reference 
to (97) shows that (120) again applies, with 

Res (a) — a_ l9 (129) 

where a_ x is the coefficient of (z — a)~ x in 
Figure 10.12 the Laurent expansion of f{z) which is valid 

in the immediate neighborhood of z = a. It 
has been seen that this statement is true also when z = a is a pole , so that, in 
fact, it applies when z — a is any isolated singularity of a single-valued 
function. However, the alternative formula (121) applies only when z = a is 
a pole . 

In illustration, we note that the function 

f(z) = ze l/z (130) 

has an isolated essential singularity at z = 0, but has no other singularity at a 
finite point. From the expansion 

/(z)=z(l +-+ 2 I 72 + -") =*+ 1 +2 ~ z + '" 



there follows 


Res (0) = 4. 


Suppose now that C is the boundary of a finite region inside which f{z) 
is single-valued and has only isolated singularities, at a finite number of points 
z = a v a 2 ,..., a n . We enclose these points by small nonintersecting closed 
curves Q, C 2 ,..., C n9 each of which lies inside C and encloses only one 
singularity. Then, by introducing a crosscut from each curve C k to C, a simply 
connected region is obtained inside which f(z) is analytic (Figure 10.12). 
Thus the line integral of f(z) around the complete boundary of this region 
vanishes. Noticing that the integrals along the crosscuts cancel, and that the 
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integrations taken around the small contours are in the negative sense, there 
follows 


j c f( z ) dz - f Cl /( z ) dz + j c /( z ) dz+---+ j> Cn f(z) dz 


= 0. 
(131) 


But since the integral taken in the positive sense around C k is 2m times the 
residue of f(z) at z = a k , Equation (131) leads to the result 


<j> f(z) dz = 2m ^ Res (a k ). (132) 

JC fc = 1 

Thus, if f(z ) is analytic inside and on a closed curve C, except at a finite 
number of interior isolated singularities , then § c f (z) dz is given by 2m times 
the sum of the residues of f{z) at those points. This result is known as Cauchy's 
residue theorem. 


10.13. Evaluation of real definite integrals. The residue theorem is useful 
in evaluating certain types of real definite integrals. In this section a few 
examples are presented. 


Example 1. Any real integral of the form 

I — jj R (sin 0, cos 0) dO, (133) 

where R is a rational function of sin 0 and cos 0 which is finite for all (real) values of 
0, can be evaluated by residue theory as follows. If we make the substitution 

z e i0 , dz — ie i0 dO (134) 

there follows also 

dz z 2 - 1 z 2 + 1 

dQ - —, sin0=~ — : —, cos 0 =—-—. (135) 

iz 2/z 2z 


Thus, R {sin 0, cos 0) dO takes the form F(z) dz , where F(z) is a rational function of z. 
Since z describes a positive circuit around the unit circle Q in the complex plane as 
0 varies from 0 to 2tt, the integral (133) takes the form 


I = j>^ F(z) dz — 2ni ^ R es ( a k)> 


where the points a k are the poles of F(z) inside the unit circle. 
For example, with (134) and (135) the integral 


takes the form 


f 2 ”_ d0_ 

^ Jo A + & c 


cos 0 


(A 2 > B 2 , A > 0) 


2 H 


7l ~ Jo, F(Z) dZ ' F(Z) Bz * + 2Az + B 


(136) 


(137) 
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The poles of F(z) occur when 


= ~B + 


A VA 2 - S 2 


A VA 2 - B 2 

Z=a * = “*--- 

We see that, since a x a 2 — 1, one pole (that at a lt since A is assumed to be positive) 
is inside the unit circle C x , whereas the second pole is outside C 1 (Figure 10.13). 
Using (124), we obtain 

, 2 // 1 

Res (tfi) = —-— = —===== 

1 2+ 2 A jVA 2 - B 2 

and hence there follows 

2 7T 

L = 2tt/ Res (a ± ) = 7 == . (138) 

VA 2 - 

The restriction is necessary in order that the integral (137) exist. 



Figure 10.13 Figure 10.14 

Example 2. We next indicate how contour integration may be used to evaluate 
an integral of the form 

j*J(.x)dx, (139) 

where fix) is a rational function , whose denominator is of degree at least two 
greater than the numerator, and which is finite for all (real) values of x. To illustrate 
the procedure, we consider the integral 

f 00 x 2 

'-L — (140) 

We first write 

/(2)= TT? (141) 

and consider the result of integrating/(z) around the indicated contour (Figure 
10.14), consisting of the segment of the real axis extending from -R to R and the 
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semicircle C R in the upper half-plane. For any value of R there follows 

J_« rr? dx + £ f(z) dz = 2w, 2 Res (akX (142) 

where the points a k are the poles of/(z) inside the contour. As Rincreases without 
limit the first integral on the left approaches the required integral. Also, eventually 
all finite poles of f(z) in the upper half-plane are absorbed into the contour and hence 
contribute residues to the right-hand member. 

We show next that the integral taken along Cit tends to zero as R -* oo. On C R 
we have \z\ = R and hence also, using (10), 


l/wi = 


R 2 

/? 4 - 1 


C R > 1). 


The length of C R is L = vR, and hence by Equation (80) there follows 


/(z) dz 


R 1 - l 


(R > 1). 


Hence the integral along Cr tends to zero as the radius R increases indefinitely. 
Thus, proceeding to the limit as R -► oo, Equation (142) gives 


r* x 2 

I - ——I dx = 2t ri > Res (a k ), 

J oo 1 ' x 


where the points a k are the finite poles of f(z) in the upper half-plane. The poles 
of f(z) in the upper half-plane are the two values of ( —1) 1/4 which have positive 
imaginary parts. 


Also, making use of (124), we obtain 
Res (i a k ) = 

Thus (144) is evaluated in the form 


r°° jc 2 

J-00 1 + X* 


dx = 2t ri 


(£L-i 

+ -72- 


It should be noticed that the crucial step in this procedure consists of showing 
that the integral along C R tends to zero as R -> go. Considering the more general 
case described in connection with (139), we see that if the denominator of f{x) is of 
degree at least two greater than the numerator, then along C R the maximum value 

M of |/(z)| is it worst of the order of pp -= Since the length of C R is L = t tR, 

it follows that ML is at worst of the order of 1 /R and hence, as in the example, the 
integral tends to zero as R -* oo. Thus in such cases we have 


f(x) dx = 2t rri ^ ReS ( a k), 
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where the points a k are the poles of f{z) in the upper half-plane. It is easily seen that 
if f(x) is a rational function, the conditions specified are necessary in order that 

I 00 /(jc) dx exist. Thus (147) is true if fix) is a rational function and if the integral 
exists. 

We note that if f(x) is an even function , there follows 


r ° 0 i r°° 

I fix) dx = - J fix) dx. 


Thus, for example, Equation (146) also gives 

p— 

Jo 1 + X 4 2^2 


(148) 


Example 3. If we attempt to apply the method of the preceding example to the 
evaluation of an integral of the form 

r<» r oo 

I ^fM cos mx dx or I _ oo /W sin mx dx , (149) 

where fix) is a rational function of the type described, we encounter difficulty when 
we attempt to show that the integral of /(z) cos mz or f(z) sin mz along C R tends 
to zero as R -> oo. Thus, if we notice first that on C R we have z — Re i0 and hence 

|^m 2 | _ _ Jg?m/i(ros 0 -ft.sin 0)| _ g-mR sin 0 \ 

(150a,b) 

J^—iw» 2 | _ 0 4 i sin 0)| _ sin OJ 

it follows that on Cr the functions 

pimz g—imz gimz _ g—imz 

cos mz = ---, sin mz =-—- (151) 

increase exponentially in magnitude as R -+ co because of the presence of the 
term e~ imz when m > 0 and because of the term e imz when m < 0. Hence, the 
maximum value of the integrand is unbounded as R -> oo, and the integral along 
C* cannot be shown to tend to zero. 

However, if we notice from (150a) that, when m > 0, \e imz \ decreases exponen¬ 
tially on C R as R -* oo in the upper half-plane (sin 0 > 0), we may avoid the 
difficulty noted by considering the integrals (149) as the real and imaginary parts 
of the integral 

« ima 7 (*) dx ( m ^ °)- (152) 

Then, if the maximum value of |/(z)| on C R is, at worst, AT//? 2 , we have, for points 
on C B , 

\e im *f{z)\ = e -mKsin6 |/(z)| g |/(z)| g J 0). 
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Thus the integrand is bounded by M = K/R 2 and we have 



so that the integral along C R again tends to zero as R -* oo. 

Hence we conclude that if f(x) is a rational function whose denominator is of 
degree at least two greater than the numerator , and which is finite for all (real) values 
of x 9 then 

e imx f(x) dx = 2ni Res {e im * f(z ); a k } (m > 0), (153) 

where the points a k are the poles of f(z) in the upper half-plane . The integrals (149) 
are obtained as the real and imaginary parts of this result. 

The theory to be developed in the following section shows that if m > 0, the 
degree of the denominator need he only one greater than that of the numerator. 

In illustration, to evaluate the integral 

eimX rfl~ x 2 -* 0, a > 0) ’ 
where a and m are real, we notice that /(*) -- ^ is a rational function of the 

required type. The only pole of f(z) — j in the upper half-plane is at z = ia. 
Since the residue of e imz f(z) at z — ia is given by 



Res 

we obtain the result 



1 

lia 


e~ ma . 


i: 


dx 


: _ Q—mtl 

a 


a* 4* x‘ 

By taking real and imaginary parts, we obtain 

dx 


/: 

i: 


cos mx 


a 2 4- * 2 
dx 


7r 

: - e~ ma 

a 


sin mx -=- 5 

, a 2 4- x 2 


0 


(m ^ 0, a > 0). 


(154) 


(m ^ 0, a > 0). 


(155a,b) 


It is seen from the form of the result that the restriction m ^ 0 can be removed in 
this case if we replace e~ ma by e~ ,m,a . 


10.14. Theorems on limiting contours. In many applications of contour 
integration it is necessary to evaluate the limit of the result of integrating a 
function of a complex variable along an arc of a circle as the radius of that 
circle either increases without limit or tends to zero. In this section we collect 
and establish certain general results of frequent application. First, however, it 
is convenient to introduce a useful definition. 
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If, along a circular arc C r of radius r, we have \f(z)\ ^ M r , where M r is a 
bound depending only on r and hence independent of angular position on C r , 
and if M r 0 as r -> oo (or r -► 0), then we will say that /(z) tends to zero 
* uniformly on C r as r -* oo (or r -► 0). Thus, for example, if C r is a circular arc 
with center at the origin and f(z) — z/(z 2 + 1), we have 


\m\ = 


z 1 2 3 4 +l| 


(r>l) 


on C r , if use is made of the basic inequality (10). Hence, if we then take 
M r = r/(r 2 — 1), we conclude that here f(z) tends to zero uniformly on C r as 
r -* oo. Also, we may take M r — r 1(1 — r 2 ) when r < 1 to show that the same 
is true when r -* 0. 

It is not difficult to show, in particular, that any rationalfunction (ratio of 
polynomials) whose denominator is of higher degree than the numerator tends 
uniformly to zero on any C r as r -► oo. 

With this definition, the following theorems may be stated: 


Theorem I. If, on a circular arc Cr with radius R and center at the origin, 
z/(z) 0 uniformly as R -*■ oo, then 

lim L dz = °- 

U-> oo JCr 

Theorem II. Suppose that, on a circular arc C R with radius R and center 
at the origin, f(z) -> 0 uniformly as R oo. Then: 

1. lim f e imz f(z) dz — 0 (m > 0) 

R-* oo JC * 

if C R is in the first and/or second quadrants.* 

2. lim f e~ imz f(z) dz = 0 (m > 0) 

R-+ oo 

if C B is in the third and/or fourth quadrants. 

3. lim f e mz f(z) dz = 0 (m > 0) 

J2-oo Jc * 

if C R is in the second and/or third quadrants. 

4. lim f e~ m9 f(z) dz = 0 (m > 0) 

12 -oo JC * 

if C R is in the first and/or fourth quadrants. 

* This result is known as Jordan's lemma. 
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Theorem III. If, on a circular arc C p with radius p and center at z = a, 
(z 1 — a) f(z)-+ 0 uniformly as p -* 0, then 

lim fc /(=) dz = °- 

P-+0 L p 

Theorem IV. Suppose that f(z ) has a simple pole at z = a, with residue 
Res (a). Then, if C p is a circular arc with radius p and center at z — a, inter¬ 
cepting an angle a at z = a, there follows 

lim I /(z) dz = a i Res ( a ), 

p-*o jc p 

where a is positive if the integration is carried out in the counterclockwise 
direction, and negative otherwise. 

The proof of Theorem I follows from the fact that if |z/(z)| ^ M R , then 
\m\ < M R jR. Since the length of C R is cuR, where a is the subtended angle, 
Equation (80) gives 



The proof of Theorem II is somewhat more complicated. To prove part 1, 
we use the relation 

j c / mz m dz | £ l^-l |/(z)| \dz\. 

But on C R we have \dz\ = RdO , |/(z)| S M R , and |e #m *| = sin °, according 
to (150a). Hence there follows 

I Ir\ = | / e /"V(z) * | = r S2 e ~ mRSin ° d9 > 

where 0 g 6 0 < 0 X g 7r. Since the last integrand is positive, the right-hand 
member is not decreased if we take 0 O = 0 and 6 X = i r. Hence we have 

|y g JV»* Bsin8 d6 = 2RM k |; /2 e - mflsin6 dei. (156) 

This integral cannot be evaluated in terms of elementary functions of R. How¬ 
ever, in the range 0 ^ 0 ^ tt/2 the truth of the relation 

sin 0 S - 0 

7T 

is easily realized by comparing the graphs of y — sin x and y = Ix/it. Thus 
we have also, from (156), 

dd = - Affi (1 - mii ), (157) 

0 

and hence, if m > 0, tends to zero with M R as K -» oo, as was to be shown. 
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The other three parts of Theorem II are established by completely anal¬ 
ogous methods. 

To prove Theorem III we notice that the integrand is not greater than 
MJp in absolute value and the length of the path is merely ocp, where a is the 
subtended angle. Hence the integral tends to zero with M p , 

To establish Theorem IV, we notice that if/(z) has a simple pole at z = a 
we can write 

„ \ Res (a) , , x 

z — a 

where <p(z) is analytic, and hence bounded, in the neighborhood of z == a. 
Hence we have 

f /(z) dz = f RCS -^ dz -|- f <p(z) </z. 

•'Cp Jc p z — a Jc p 

On C p we can write z — a + pe i0 , where 0 varies from an initial value 0 o to 
d 0 + a. Hence the first integral on the right becomes 

C d ° +a oie i0 dO 

Res ( a ) -—— = i Res (a) dO — a/ Res (a). 

The second integral on the right tends to zero with p, in consequence of 
Theorem III, establishing the desired result. 

Several applications of these theorems are presented in the following 
section. 


10,15 . Indented contours. In many cases the presence of a pole or branch 
point may lead to the necessity of indenting a contour by introducing an arc 
of a circle of small radius p, to avoid integration through a singularity. The 
desired result is then obtained by considering a limit as p -> 0. 

In such cases we frequently encounter a new difficulty which can be 
explained best by considering what is meant by the Cauchy principal value of 
an improper real integral. To introduce this concept, we consider first the 

f 2 dx 

function y = 1 /x. As is well known, the integralJ — does not exist in the 

strict sense because of the strong infinity of the integrand at x = 0. We recall 
that the integral would exist, according to the conventional definition of an 
improper integral, only if the limit 


Urn 

W-l X 


+ 



were to exist, and have a unique value, as d 1 and d 2 independently approach 
zero (Figure 10.15). But since this limit is of the form 

lim (log <5x + log 2 - log <5 2 ) = lim (log 2 - log , 

Ji.aa-o a!.a 2 -o \ o x J 
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b 

it clearly does not exist unless (\ and d 2 tend to zero in such a way that — 

^1 

tends toward a nonzero limit, in which case the value to be assigned to the 
integral depends upon this limit. However, if b x and b 2 are taken to be equal , 
so that the gap around the infinity in Figure 
10.15 is symmetrical about x = 0, the limit 
is seen to be log 2. Incidentally, the same 
value would be obtained by formal substi- 
C b dx 

tution in the formula — = [ log |x| f r 

J (t X 

This limit is defined to be the Cauchy 
principal value of the improper integral, 
and we write 

rPi-Kt 

J-1 X 

the symbol P denoting a principal value. Figure 10.15 

More generally, if/(x) is not finite at 
a point x — A inside the interval of integration, we have the definition 

P jV(.x) dx = lim {£■' " f(x) dx -f J j +p /W dx], (158) 

if that limit exists. If the integral exists in the conventional sense, the true 
value necessarily agrees with the principal value so defined, and the symbol P 
may then be omitted. 

The consideration of principal values of this kind is frequently necessary 
in the process of evaluating proper integrals, as is seen in the following 
examples. Further, principal values of improper integrals are not infrequently 
of physical significance in applications. * Clearly, some care should be exercised 
in dealing with them in such cases. 



Example 4. In order to evaluate the integral 


I = 


f 00 sin x f 00 sin x 

— </jc = 2 —dx, 
J -oo x Jo x 


(159) 


we consider the result of integrating the function F(z) = e iz \z around the closed 
contour of Figure 10.16. As before, we replace the sine by a complex exponential 
to obtain satisfactory behavior on C R . In so doing, however, we obtain a function 
F(z) which then has a pole at the origin and hence must introduce the indentation 


* For example, they arise frequently in the aerodynamic theory of airfoils. In technical 
work, the symbol P is often omitted before such integrals. Also, the alternative notation 
j fix ) dx, in which a C is superimposed on the integral sign, is sometimes used. 
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C p . Since F(z) is analytic inside the contour, Cauchy’s residue theorem gives 

r-p e ix r e iz rR e ix r e iz 

I — dx + —dz + —dx + I — dz = 0 . (160) 

J-R x Jc p z Jp x J Cr z 

Since \\jz\ = l/R on C R , the fourth integral tends to zero as R -> oo, by Theorem 
II. 1 of Section 10.14. Also, since F(z) has a simple pole at z = 0, with Res (0) = 1, 

Theorem IV states that the second integral tends 
to —ni as p -+ 0 , the negative sign corresponding 
to the negative sense of C p . Thus, proceeding to 
the limit as p -+ 0 and R -+ oo, we have 



f r-p e ix r R e ix \ 

lim |J — dx 4 - J — dxj — ni = 0 . (161) 

•ome care n 
integralJ 


the i 


Some care must be taken at this stage, since 
. dx 

e ix — does not exist in the 
, x 

strict sense because of the fact that the integrand 
behaves like 1 lx near x = 0. However, we may notice that the limit in (161) is in fact 
the Cauchy principal value of this divergent integral , and hence (161) takes the form 


rco e ix 

> I —dx= ni. 

J — oo X 


By taking imaginary parts of both sides, we obtain the desired result 

sin x 
x 


r°° sin x 

J- CO X 


dx — : 


(162) 


(163) 


the symbol P now being omitted since this is a convergent integral, the integrand 
being finite at x = 0. However, the result of equating real parts of (162) should be 
written in the form 

cos x 

— 3 - dx = 0. (164) 

-00 V 


■/: 


Example 5. We next consider the integral 

cos* 


/: 


77-2 — 4*2 


dx , 


(165) 


noticing that since the integrand is finite at * = ±n\2 , the question of principal 
values does not arise in the definition of /. To evaluate the integral, we integrate 
F(z) = e iz l(n 2 — 4z 2 ) around the contour of Figure 10.17, taking into account the 
poles of F(z) on the real axis. Again making use of the results of Section 10.14, 
we obtain the result 





7T 2 -4jc* 


dx 


- ni Res ^ ^ + Res 


= 0 , 
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and hence there follows 


f® e ix 1 

L^jj dx = 2- 


By equating real parts of this equation, we obtain the desired result 


f 00 cos* 

J_oo 7 T 2 - 4; 


w dx = r 


(166) 


(167) 



Figure 10.17 Figure 10.18 


Example 6. In many cases a real integral can be transformed by contour integra¬ 
tion into a more tractable form. To illustrate this procedure and also to consider 
the treatment of a branch point, we evaluate the integral 

J ’ 00 cos x 

dx (0 < m < 1 ). ( 168 ) 

0 x 

For this purpose we integrate F(z ) = e iz jz 1 ~ m around the contour of Figure 10.18. 
The indentation is necessary to avoid the branch point at the origin. We must, of 
course, choose that branch of the multivalued function z l ~ m which is real on the 
positive real axis, that is, the principal branch. Cauchy’s theorem gives 



The integral along Cr vanishes as R-> oo, by Theorem II. 1, and that along C p 
vanishes as p -> 0, by Theorem III. Hence, proceeding to the limits, we have 

J *co e ix 

—- dx = i m e~ v y m ~ l dy (0 < m < 1 ), 

0 x m Jo 


(169) 
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where the principal value of i m must be taken, 

mn rriTT 

i m = e tmn/2 = cos — + / sin — . 


The integral on the right in (169) is recognized as that defining T(w). Thus we have 


X^n dx = r (w) COS — 


/: 

f 00 sin x 

Jo ^ 


mn 


sin x mn 

dx = IYm) sin — 

X*-~m 2 


(0 < m < 1 ). 


(170) 


We may nptice that the right-hand member of (169) is obtained formally if we 
replace x by a new (complex) variable iy in the left-hand member and do not concern 
ourselves with distinguishing between oo and oo//. The danger of using such a formal 
substitution without establishing its validity by contour integration (or otherwise) 
is illustrated by the consideration that by the same substitution in (168) we should 

deduce that / = i m J* y™ -1 cosh y dy. However, this integral does not exist l 


10.16. Conformal mapping. In order to represent geometrically the 
interpretation of a functional relationship w — f(z), it is conventional to 
employ two planes, in one of which (the z plane) the real and imaginary parts 
(jc and y) of the independent variable z are plotted as the point (x 9 y), and in 
the second of which (the w plane) the real and imaginary parts ( u and v) of the 
dependent variable w are plotted as the point ( u,v ). In this way a correspondence 
is set up, in general, between points, curves, and regions in one plane and their 
images in the other plane. We speak of such a correspondence as a mapping 
between the two planes. 

If the function f{z) is single-valued , then corresponding to each point z 
where f(z) is defined there exists one and only one value of w = u + iv 9 and 
hence one and only one point in the w plane. Otherwise, to a given point z 
there will, in general, correspond two or more points in the w plane. Usually, 
if f(z) is multiple-valued, we introduce suitable cuts in the z plane in such a 
way that a given branch of/(z) is single-valued in the cut plane. Then u and v 
are single-valued functions of x and y . However, the reverse may not be true, 
in the sense that two or more values of z = x + iy may correspond to the 
same point w = u + iv. To investigate this possibility, we notice that if we 
write 

W =f(z) =f x (x,y) + if 2 (x,y) = u + iv, (171) 

then there follows 

« = fi(x,y), v = f 2 (x,y). (172) 

Thus, to determine x and y in terms of u and v, we must solve Equations (172) 
for x and y. According to the results of Section 7.3, these equations can be 
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solved uniquely for x and y in some region about any point where (171) holds 
and where the Jacobian determinant 



Vi Vi 


du du 

d(/„/ 2 ) _ 

dx dy 


dx dy 

d(x,y) 

% 


dv dv 


dx dy 


dx dy 


is not zero. If f(z) is analytic at z Q = x 0 + iy 0 (and hence in a region including 
z 0 ), the Cauchy-Riemann equations are satisfied at z 0i and hence there then 
follows, from (64) and (65), 


rn — — (Ql\ 2 i /M 2 

z ° -dxdy dydx-zo -\3x/ Idx/ 


l/'(2 0 )l 2 . (173) 


Thus we conclude that if f(z) is analytic at a point z 0 and if f'(z 0 ) 0, then 
there exists a region including z 0 in the z plane and a region including w 0 = f(z 0 ) 
in the wplane such that the mapping w — f(z) gives a one-to-one correspondence 
between points in the two regions. 

To illustrate such a mapping, we consider the mapping function 

w =/(*) = ar 1 *. (174) 


Since f(z) is double-valued, it follows that to each point z = x + iy except the 
origin there correspond two points in the w plane. However, since the inverse 
function 

z - t\w) = IV 2 (175) 


is single-valued, we see that to each point w — u + iv there will correspond a 
unique point in the original z plane. To make the mapping one-to-one, we may 
cut the z plane along the negative real axis, as in Section 10.9, and consider 
the principal branch of z 1/2 , for which r 1/2 is real and positive when z is real and 
positive, 

w = /(z) = z m = vizi e ie ’ J2 (-77 <0p< 7r). (176) 

To investigate the nature of the mapping, we may introduce polar co¬ 
ordinates in the two planes by writing 

z = x + iy — re l ° , w = u + iv = pe ltf> . (177) 

Then (174) becomes pe i(p = Vr e'° rl , from which there follows 



(178) 


We see that as 0 varies from — tt to 7r, the angle (p varies from — 7 t/ 2 to n/l. 
Hence the entire z plane is mapped, by the branch of w = z l/2 which we have 
chosen, into only that half of the w plane for which u > 0. Equation (178) is 
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convenient for plotting the image in one plane of a given point in the other 
plane, or for mapping curves expressed in polar coordinates. 

If (175) is expressed in terms of real and imaginary parts, there follows 

x + iy = (u + iv) 2 = (w 2 — v 2 ) + /(2m?), 
and hence we have the relations 

x = u 2 — v\ y = 2 uv. (179) 

Thus it is seen that any straight line x — c x is mapped into that portion of the 
hyperbola u 2 — v 2 = c x for which u ^ 0, whereas the straight line y — c 2 is 
mapped into one branch of the hyperbola 2 uv = c 2 . The nature of correspond¬ 
ing regions is indicated in Figure 10.19. 
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Figure 10.19 
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If we imagine the z plane to consist of a sort of compressible material and 
think of the z plane as cut along the negative real axis and then pulled apart 
along the cut in such a way that the edges of the cut are each rotated through 
90 degrees, so that all the material is compressed into the region to the right 
of the y axis, then straight lines drawn on the plane may be expected to become 
distorted into the shapes assumed by the corresponding curves sketched in the 
w plane. 

We notice that the cut in the z plane is mapped into the t? axis, and that 
neighboring regions in the z plane are mapped into neighboring regions except 
for those regions which are separated by the cut , across which transition is 
prohibited. Also, the lower boundary of regions 7 and 8 maps into the positive 
v axis, whereas the upper boundary of regions 9 and 10 maps into the negative 
v axis. Any continuous curve in the z plane not crossing the cut maps into a 
continuous curve in the w plane. 

If neither the function f(z) nor its inverse is multiple-valued, it may happen 
that each plane maps as a whole into the other plane. If, as in the present case, 
f(z) is multiple-valued and its inverse is single-valued, a branch of f(z) may 
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map the z plane into only a portion of the w plane. The mapping w — z 2 would 
be described by interchanging the z and w planes in the above sketches. In this 
case f(z) is single-valued but its inverse is multiple-valued, and a portion of 
the z plane maps into the entire w plane. 

Since in the mapping (174) the derivative f'(z) is not zero for any finite 
value of z, the theorem proved above states that any point in the cut plane 
(that is, any point not on the cut) can be included in a region which is mapped 
into a region in the w plane under a one-to-one correspondence. It is seen, in 
fact, that any region not including points bn the cut can be so mapped in this 
case. 

If we indicate the inverse of w = /(r) by z = F(w), we notice that since 


dF _ dz_ _ J_1_ 

dw d\v dw /'(-)' 


(180) 


the condition/'(-„) # 0 ensures that z = F(»v) is analytic when iv = »v 0 if F(w) 
is single-valued. 

If/(-) is analytic at z = z 0 , and if f'(z 0 ) =/=■ 0, then to any curve C passing 
through z 0 in the z plane there corresponds a curve C' passing through the 
point m’ 0 = /(z 0 ) in the vv plane. If we consider a second point z t on C, and its 
image on C', and write 


Avv _ u’i — w u _ A/ 
Ac z x - : 0 Az ’ 


(181) 


we see that this ratio is a complex number whose modulus is the ratio of the 
lengths of the chords (w’oHi) and (z^) and whose argument is the angle 
between the directions of these chords. Thus in the limit as Azand Awapproach 
zero, the limiting argument is the angle between the directions of C and C' at 
corresponding points and the limiting modulus represents a local magnification 
factor in the neighborhood of z 0 . But since for an analytic function the ratio (181) 
tends to/'(^o)> independently of the direction of the chord (vt), it follows 
that if f(z) is analytic at z 0 , and if f'(z 0 ) ^ 0, all curves passing through z 0 are 
mapped into new curves passing through n 0 , all of which are (approximately) 
rotated through the same angle, with respect to the mapped curves, and are 
magnified in the same ratio \f\z 0 )\ in the neighborhood of w 0 . Thus relative 
angle and shape are preserved in such a mapping where f(z) is analytic, and 
the mapping is said to be conformal. That is, a small closed figure will map 
into a similar closed figure with a certain rotation and magnification. In 
particular, two curves intersecting at a right angle are in general mapped into 
two curves intersecting at the same angle. 

At points wher tf\z) = 0 the magnification factor is zero and the angle of 
rotation is indeterminate. Such points are often known as critical points of the 
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mapping. It should be noticed that a critical point z 0 corresponds to a point vv 0 
at which the inverse function z — F{w ) is not analytic. 

If we write 

W =f(z) = u + iv =-f x (x,y) + if 2 (x,y) (182) 

and notice that the straight lines u = constant and v = constant are orthog¬ 
onal in the w plane, we see that the curves u(x 9 y) = ffx 9 y) = constant and 
v(x 9 y) — f 2 (x 9 y) = constant in the z plane (of which these lines are the images) 
must be orthogonal at points where f\z) ^ 0. That is, if u(x 9 y) and v(x,y) are 
the real and imaginary parts of an analytic function f(z) 9 then the curves 
u = constant and v = constant are orthogonal at points of analyticity where 
f\z) ^ 0. At singular points of f{z) the u and v curves may or may not exist 
and, in any case, need not be orthogonal. Similarly, at points for which 
f\z) ^ 0 the inverse function z = F(w) is analytic (if single-valued), and the 
curve sets x — constant and y = constant in the z plane correspond to orthog¬ 
onal sets of curves in the w plane. Thus, in general, small rectangles bounded 
by coordinate lines in either plane correspond to small “curvilinear rectangles” 
in the other plane except near points where f\z) is zero or infinite. 


10.17. Application to two-dimensional fluid flow. Since the real part of an 
analytic function of z satisfies Laplace’s equation (Section 10.4), it represents 
the velocity potential of an ideal fluid flow in the xy plane. Thus, if we write 

0 ( 2 ') = (p(x 9 y) + i xp(x,y), (183) 


where <& is an analytic function of z 9 and consider y(x 9 y) as a velocity potential 
corresponding to a flow velocity with components V x and V y in the x and y 
directions at a point, we must have 




(184) 


Since the curves ip — constant are orthogonal to the equipotential lines 
<p = constant, they must be identified with the streamlines of the flow. In fact, 
since the Cauchy-Riemann equations give 


£v == _^ = _ k = ^ = v 

dx dy v ' dy 3x 


(185) 


itfollows [Section 6.19, Equation (175)] that f(x,y) can be taken as the stream 
function of the flow. That is, the difference between the values of \p at two 
points in the xy plane is numerically equal to the rate of mass flow of fluid 
with unit density across a curve joining these points. 

The complex function 3>(z) is sometimes called the complex potential , since 
its real part is the velocity potential and its imaginary part is the stream 
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function. We notice that, from Equation (64), we have also 


^(z) = -7- = — = 


V _ iV 
dx x 


The function ®'(*) is frequently called the complex velocity ; its real part is 
and its imaginary part — V y . It may be seen that the conjugate function 

®'(?) = v x + Wy can be considered as specifying the actual velocity vector . 

Now suppose that a second complex variable w ~ u + iv is defined as an 
analytic function of the complex variable z = x + iy by the relationship 


w =/(*) 


(187) 


and suppose that this mapping gives a one-to-one correspondence between 
points in a region 3# in the xy plane and a region in the uv plane. Then the 
equipotential lines and streamlines corresponding to a flow in the region 3ft 
will be mapped into a corresponding configuration in the region 3ft'. If we 
write the inverse of (187) in the form 


* =-■ m. 


(188) 


the original potential function ®(z) is then expressible as a function of w in the 
form ®[F(h>)]. Since we have 


d® _ </® dz ®'(^) 
dw dz dw f'{z ) 


(1S9) 


and since ®(z) and f(z) are analytic, it follows that ® is an analytic function of 
w except at points in the w plane which correspond to points in the z plane 
where/'(z) = 0. Hence, if we think of u and v as rectangular coordinates in 
the w plane, we see that the real and imaginary parts of ®[F(u)] satisfy 
Laplace’s equation in rectangular coordinates, and hence the new configura¬ 
tion in the w plane represents a new flow pattern of an ideal fluid. 

The complex velocity is of the form 



so that the absolute velocity at a point >r 0 in the w plane is obtained by dividing 
the absolute velocity at the corresponding point z 0 in the z plane by \f'(z 0 )\. 
Moreover, the actual (vector) velocities at the corresponding points will be 
equal if and only if f'(z 0 ) = 1. 



568 


Functions of a complex variable / chap . 10 


The streamlines ip(x 9 y) = constant and equipotential lines q>(x 9 y) = constant 
map into corresponding curves in the w plane, with equations obtained by 
replacing x and y by their equivalent expressions in terms of u and v 9 or deter¬ 
mined from the transformation (187) or (188). 

We may verify directly that the velocity potential and stream functions 
satisfy Laplace’s equation in rectangular uv coordinates as follows. Since u 
and v satisfy the Cauchy-Riemann equations, we have 


and hence 


a _ a , a 

dx x du x dv 



d_ 

dv ’ 


_ fl jty _ ?2 

ax x 3u v 3i> ’ 


a 2 y 

ax 2 


3a> 

du 


f/ A ?2 

3t; * 3x 3w 


3 3<p 

Wtf a^a^ 


899 

a« 


— 


^+u 2 
'0® x 


du 2 


— 2u„m. 


d 2 (p 

y fad~v 


, 2^ 2< P 

+ "'5? 


Similarly, we obtain 


d 2 (p dcp d<p 2 3 2 <p 3 2 <p 

3^ 3m 3u 3ir du dv 

Adding the last two results, there follows 


+ ul 


d 2 <p 

dv 2 


dw 

The coefficient of — vanishes, since u(x 9 y) satisfies Laplace’s equation in xy 

coordinates. Also, since u x — iu y = u x + iv x = f\z) there follows u 2 + m 2 = 

| f'(z)\ 2 , and we have 


d 2 <p d 2 cp 

3T 2 + ay 



(193) 


(See also Problem 87, Chapter 6.) Thus, unless f\z) = 0, the vanishing of the 
left-hand member implies the vanishing of the parenthesis on the right. The 
same result is evidently obtained if <p is replaced by ip. 


10.18. Basic flows. In this section we investigate the flows corresponding 
to a few elementary complex potential functions. 


Example 1. The potential 


® = Vqz, 


( 194 ) 
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with V 0 real, corresponds to the complex velocity 


V X - iVy 



V X - V 0 , Vy = 0, 

and hence represents uniform flow with velocity V 0 along the positive x direction 
(Figure 10.20). Similarly, if a is a real angle, the potential 

0 = V 0 e~i*z (195) 

corresponds to flow with velocity components 

V x = V, cos a, V y = V Q sin a, 

and hence represents uniform flow with velocity V 0 along a direction making an 
angle a with the positive x axis (Figure 10.21). 


y 


x 


Figure 10.20 



Example 2. For the potential 

k log z = £(log r + i*0), (196) 

with k real, the streamlines are 

xp = kd = constant. 

Hence the flow is radial, from a source at the origin (Figure 10.22). The strength of 
the source, defined as the rate of mass flow of fluid with unit density across a closed 
curve enclosing the source, is given by the increase in corresponding to a closed 
circuit about the origin, and hence has the value 2nk. The velocity is radial, with 
magnitude k/r at distance r from the source. Similarly, — k log (z — a) represents 
flow from a source at z = a. 


Example 3. For the potential 

# = —ik log z = k(6 - i log r), 
with k real, the streamlines are 

y> = —k log r constant. 


097 ) 
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Hence the flow is a circulation about the origin (Figure 10.23). The origin is known 
as a vortex of strength Ink. The velocity is circumferential, with magnitude k\r at 
distance r from the vortex. Similarly, 

® = -/A:log(z — a) 
represents flow about a vortex at z = a. 



Figure 10.22 


Figure 10.23 


Example 4. If a sink (negative source) of strength K is located at the origin and 
a source of strength K is located at a neighboring point z = a, the potential corre¬ 
sponding to the combination is given, according to Example 2, by 

K K z -a 

® a (*) = ^ [-log z + log (z - a)] = — log —. 


As the sink is brought into coincidence with the source, the two will cancel unless 
at the same time the strength K is continuously increased in inverse proportion to 
the separation \a\. If we write 


the potential can be put in the form 




m log z — log (z — a) a 
2tt a \a\ 


m in log z - log (z - a) 
2n e a 


Proceeding to the limit as a 


0, we obtain 


<D(z) = 


me ix 1 
27T z ’ 


(198) 


The limiting combination of source and sink is called a doublet of strength m. 
The angle a, measured from the positive real axis, denotes the direction along which 
the coincidence was effected, and is called the orientation of the doublet. If we write 
z = re ie . Equation (198) can be expressed in the form 
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Hence the streamlines are the circles 


m 


y> = — sin (0 - a) = constant. 
2nr 


The velocity at any point is of magnitude m/lnr 2 , where r is distance from the 
doublet (Figure 10.24). 


Example 5. By superimposing two or more of the basic flows described, various 
other flows of interest may be obtained. Thus, for example, if we superimpose upon 




Figure 10.24 


Figure 10.25 


a doublet with orientation a — n and strength m = 2nV { f 2 a uniform flow with 
velocity V 0 in the positive x direction, we obtain a potential of the form 


<D = 



099) 


In terms of real and imaginary parts we then have 


V V 

<p + iy> = ~ ( a 2 -1- r 2 ) cos 0 + i -y (r 2 — a 2 ) sin 0. 


The streamlines 


V 0 sin 6 

„-( r 2 _ a 2 ^ _ constant 

r 


are seen to include the circle r — a as well as the real axis sin 0 — 0. In fact, it is 
easily seen that we have obtained a representation of the flow of an initially uniform 
stream around a circular (cylindrical) barrier (Figure 10.25). The velocity is obtained 
in the form 

y x = y o(l - p COS 26 )> y v = y o ~2 sin 20 ’ 

_ y _ 

V = Vy 2 + Vy |0'(z)| = ~ 2a 2 r 2 cos 20 + a 4 . 
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At the points (r = a: 0 = 0, it) on the surface of the barrier, the velocity is zero. 
These points are known as stagnation points . By superimposing also a suitable 
circulation of type (197), we may obtain further flows in which the stream function 
ip is again constant along the circular boundary and in which the flow tends toward 
uniformity with large distances from the boundary, but in which the stagnation 
points are displaced and the flow is no longer symmetrical with respect to the x axis. 

We notice from the preceding examples that the presence of a logarithmic 
singularity in the complex potential function corresponds to the presence of a 
source (or sink) in the flow if the coefficient of the logarithmic term is real , and 
to the presence of a vortex if the coefficient is purely imaginary. Also, a simple 
pole at a point corresponds to a doublet at that point. If we recall (see Section 
10.10) that a function d>( 2 r) behaves near z^ just as 0(1 /t) behaves near t = 0, 
we see that the potential V 0 z , which represents uniform flow (“streaming”) in 
the finite plane, has a simple pole at z^, and hence this flow includes a doublet 
at z o0 . Similarly, the potential k log z represents a flow with a source at the 
origin and a sink of equal magnitude at z^ ; the potential ik log z indicates 
equal and opposite vortices at the origin and at z m ; and the potential c/z 
defines a flow with a doublet at the origin but with no singularity at z 

10.19. Other applications of conformal mapping. As has been seen in the 
preceding chapter, it is frequently necessary in various fields to determine a 
function of x and y which satisfies Laplace’s equation and which takes on 
prescribed values at points of a given curve C in the xy plane. Suppose that we 
have somehow obtained an analytic function w =f(z) = u + iv which maps 
the curve C onto the real axis (v — 0) of the uv plane. The same mapping 
relation will transform the prescribed values of tp along C to corresponding 
values at points along the u axis in the w plane. If now we can find in the w 
plane a solution of Laplace’s equation which takes on these values, this solu¬ 
tion can be transformed back into xy coordinates to give the solution of the 
original problem. Thus, once the proper transformation is known, the problem 
is reduced from the determination of a function taking on prescribed values at 
points of a curve to the determination of one which takes on prescribed values 
along a straight line . This latter problem is considerably less difficult and, as a 
matter of fact, has been solved in Section 9.14 [Equation (220)]. 

In the case of ideal fluid flow, the problem just discussed can be considered 
as essentially reducing to the determination of a stream function y>(x,y) which 
satisfies Laplace’s equation, takes on a constant value at points along a pre¬ 
scribed streamline, and behaves suitably at infinity. This is true since, once tp 
is known, its conjugate q>(x,y), the velocity potential, is determined by Equation 
(67a), Section 10.4, and the flow is completely determined. 

Similar problems involving steady-state temperature distributions, electro¬ 
static fields, and so on, are of frequent occurrence. 



sec. 10.19 I Other applications of conformal mapping 


573 


In general, the direct determination of a suitable mapping function is not 
easily accomplished. However, if the curve C is polygonal , that is, made up of 
straight line segments, such a mapping can be obtained by methods to be 
presented in the following section. 

In certain cases it may be more desirable to map the curve C instead onto 
the unit circle in the w plane and to solve the transformed problem by the 
methods of Section 9.4. As a single illustration we consider the mapping 
represented by the relation 


z 


1 

2 



( 200 ) 


[compare Equation (199)]. Here the mapping function is conveniently ex¬ 
pressed in a form solved for z. If we introduce polar coordinates ( p,q >) in the 
w plane by writing 


w — u + iv = pe i<p 
u — p cos cp, v = p sin (p 


( 201 ) 


Equation (200) becomes 

X + = 1 + 

so that we have 


x 


1 

2 



COS (p , 



( 202 ) 


By eliminating p and (p successively from these equations, there follows 



(203a,b) 


Thus it follows that the circles p — constant in the w plane correspond to the 
ellipses (203a), whereas the radial lines cp = constant correspond to the hyper¬ 
bolas (203b), as represented in Figure 10.26. In particular, we verify that the 
unit circle p= 1 in the w plane is flattened into a two-sided “slit” in the z 
plane between z = —1 and z = +1. The other circles in the w plane corre¬ 
spond to ellipses which decrease in flatness with increasing size. We notice that 
the entire cut z plane maps into the exterior of the unit circle. 

Now suppose that it is required to determine a harmonic function T(x,y\ 
say steady-state temperature, which takes on prescribed values along the 
upper and lower edges of the slit, say 


r(x,o+) =/i(*X T(x,o-) =f 2 (x) (-1 < x < i). 
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For points on the slit (202) gives 

p = 1, x = cos (p , 

where 0 < <p < tt for the upper edge of the slit and tt < (p < 2tt for the lower 
edge. Thus in the region p ^ 1 of the w plane we must determine a harmonic 
function T(p,<p) which reduces when p — 1 to/ x (cos rp) when 0 < cp < n and 
to / 2 (cos <p) when tt < (p < 2tt. This problem is solved in Section 9.4. The 


® 


X 


Figure 10.26 




value of T determined at any point {p,cp) is also the required value of T at the 
corresponding point (x,y), as determined by (202). 

10.20. The Schwarz-Christoffel transformation. In this section we describe 
and illustrate a method of determining a mapping which sets up a one-to-one 
correspondence between points on a polygonal boundary in the z plane and 
points on the real axis (v = 0) in the w plane. It will be convenient to think 
first of the mapping as transforming the w plane into the z plane. 

For this purpose, we consider the mapping z — F(w) for which 

— = C(w — Ul )*‘(w - u 2 ) k * • • • (w - u n )\ (204) 

aw 

where w 1? m 2 , ..., u n are any n points arranged in order along the real axis in 
the w plane (Figure 10.27), u x < u 2 < • • • < w n , and where the k's are real 
constants and C is a real or complex constant. By taking the logarithm of both 
sides. Equation (204) can be written in the form 

log = log C + k x log (w - « x ) + k 2 log (w - w 2 ) 4- 

aw 

+ k n log (w - u w ), (205) 

it being assumed that principal values of all logarithms are taken. We consider 
the mapping of the u axis onto the xy plane, remembering (see Section 10.9) 
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dz 

that the magnitude of — is the local magnification factor in the mapping from 

dz 

the w plane to the z plane, and that the angle of —, which can be expressed in 


the form 


dw 


4 


dz 

dw 


Im 



gives the angle through which a small portion of the mapped curve in the w plane 
is rotated in the mapping. Thus we may obtain from (205) the relation 

4 = 4C + ^4 (w — u x ) + k 2 4(w — w 2 ) + • • * 

dw 

+ k n 4(w - u n ) (206) 


by taking imaginary parts of both sides. 



Let the point at infinity in the w plane be mapped into the point z* in the 
z plane. Then, if we consider the image of a point w = u moving from an 
infinite distance toward the right along the negative real axis in the w plane, 
we notice that so long as w = u < u x the numbers w — u l9 w — u 2 ,..., 
w — u n , are all real and negative. Hence their angles are all constantly equal 
to 7 r in Equation (206), and so there follows 

* ^2. = *C + fa + *, + ••■ + k> (z = u < t/j). (207) 

dw 


Thus the portion of the u axis to the left of the point u x is mapped into a 
straight line segment , making the angle defined by (207) with the real axis in 
the z plane, and extending from z* to z l9 the image of w = u x (Figure 10.28). 

Now as the point w crosses the point u x on the real axis, the real number 
w — u x becomes positive, so that its angle abruptly changes from it to zero. 
dz 

Hence 2l abruptly decreases by an amount k x Tt and then remains constant 
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as w travels from u x toward u 2 . It follows that the image of the segment (u x u 2 ) 
is a line segment {z x z 2 ) in the z plane making an angle of —k^rr with the segment 
(z*z x ). 

Proceeding in this way, we see that each segment {u p u p + x ) is mapped into 
a line segment (z P z p+1 ) in the z plane, making an angle of — k p TT with the 
segment previously mapped. Thus, if the interior angle of the resultant 
polygonal contour at the point z p is to have the magnitude a p , we must set 
7T — OL p = kpTT or 

K = ~~ 1 ( 208 ) 

77 

in Equation (204). After an integration, we then conclude that the mapping 

z = C j w (w — Uif'iw — w 2 )*’ 2 • • • {w—u n ) kn dw + K , (209) 

where C and K are arbitrary {complex) constants , will map the real axis (v = 0) 
of the w plane into a polygonal boundary in the z plane in such a way that the 
vertices z l9 z 2 , ... , z n , with interior angles oq, a 2 ,..., a n , are the images of the 
points u l9 u 2 , . . ., u n . 

We notice that for the final segment (w = u > u n ) the numbers w — u { 
are all real and positive and hence possess zero angles, so that this segment is 
rotated through the angle 

2t —■ = 2lC (z = « > u n ). (210) 

dw 

For a closed polygon the sum of the interior angles is 
a i + a 2 + • • • + a n = (h — 2)t r, 

and hence also 

k x + k 2 H-h k n = — n = -2. 

7T 

Thus, according to Equations (207) and (210), the two infinite segments of the 
line v = 0 are rotated through the angles &C — 2n and 2l C, as is clearly 
necessary for a closed figure. 

If the constant C is written in the form C = ce ifi , we see that it comprises 
an arbitrary magnification factor c and a rotation and, in fact, that according 
to (210), the angle /3 is the angle through which the infinite segment to the 
right of w — u n is rotated when it is mapped (into a finite or infinite segment). 
If we write K = u 0 + iv 0 , we see that the additive constant K represents an 
arbitrary translation of the polygon, without rotation or distortion, through 
the vector u, + iv 0 . 

It can be shown that the numbers u lt u 2 ,, u n , and the complex constants 
C and K can always be chosen so that any prescribed polygon in the z plane is 
made to correspond point by point to the real axis (v = 0) in the w plane and, 
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in fact, that the correspondence can be set up in infinitely many ways, in that 
three of the numbers u l9 w 2 ,..., w n , can be determined arbitrarily. Further, 
the mapping can be shown to establish a one-to-one correspondence between 
points in the interior of the polygon in the z plane and points in the upper half 
of the w plane. 

Certain artifices may also be used in obtaining mappings involving the 
exterior of a polygon. As an example, suppose that we wish to investigate the 
effect of the barrier of quadrilateral section, 
sketched in Figure 10.29, on an initially uni¬ 
form flow of an ideal fluid. From the physical 
symmetry it is clear that one streamline will 
consist of the part of the x axis exterior to the 
polygonal section and, say, the upper half of 
the boundary. Thus we are led to consider a 
mapping which transforms this streamline into 
the u axis of the w plane, as is indicated in 
Figure 10.30. Here we map the region above 
the polygonal contour into the region v > 0, 
taking as the “interior angles” those indicated 
in the figure. The region may be considered as 
an infinite polygon having the contour as its finite boundary. Once the flow is 
determined in the upper half of the z plane (by mapping a uniform flow in 
the upper half of the w plane), the flow is determined in the lower half-plane 
by symmetry. 



Figure 10.29 



A similar procedure clearly can be applied in all analogous cases in which 
there is an axis of symmetry parallel to the direction of flow. 

Many illustrations of the Schwarz-Christoffel transformation (209) may be 
found in the literature. We here consider three such applications. 

Example 1 . As a simple example, we consider first the case in which the polygon 
is merely the interior of the sector of the z plane bounded by the positive x axis 
(0 = 0) and the line 0 = a (Figure 10.31). If we take the point u l9 corresponding to 
the single finite vertex at z = 0, at the origin (ui = 0), Equation (209) gives 

Cw 

z = C I w k dw 9 
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where k = (ol/tt) - 1 and C is an arbitrary constant. If, for convenience, we require 
that the point z = 1 map into the point w = 1, we find that C — k + 1, and there 
then follows 

Z — W = Z w l a (211) 

when a ^ 0, provided that proper branches of the mapping function and/or its 
inverse are taken when necessary. 

Suppose now that we require the solution T of Laplace’s equation in the infinite 
sector 0 ^ 0 ^ a for which T = 1 when 0 < x < 1 and T = 0 when x > 1, along 



the edge 0=0, and for which T = 0 everywhere along the edge 0 = a (Figure 
10.31). The mapping (211) transforms this problem to that of determining the solu¬ 
tion of Laplace’s equation in the half-plane v ^ 0 which reduces, when v = 0, to 
1 when 0 < u < 1 and to 0 otherwise. But the solution of this problem is given by 
Equation (220) of Section 9.14 in the form* 


i r 1 v d£ 

r -; J 0 » 2 +(«- «> 2 


or, in polar coordinates (p,<p), 



r = 



From Equation (211) there follows 

p - '■ w *, 



( 212 ) 


(213) 


* It is useful to notice that the standard conventions —w/2 ^ tan -1 x < w/2 and 
0 Si cot _1 x Si jt, when x is real, imply the relations 

f -cor 1 KAB - 1)/G4 + f?)] if X+JS0 
tan- 1 /( + tan" 1 B = <J tan" 1 [(A +B)I( 1 - ^5)1 if S 1 

I cot" 1 [(1 - AB)l(A +5)] if A + B^0 


when A and B are real. 
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and hence the required solution is 



(214) 


The more general case in which T is prescribed arbitrarily along the two radial 
boundaries clearly can be treated in the same way. 


V 0 


Example 2. As a second example, we investi- • 

gate the effect of a plane barrier of finite length 2a ^ 

on an initially uniform flow of an ideal fluid 
perpendicular to it (Figure 10.32). This is the 
limiting case of the problem discussed in connection 
with the barrier of Figure 10.29, when the interior 
angles of the quadrilateral tend to 0 and to 2tt. 

Thus we are led to consider the mapping of Figure 
10.33. Here we wish to map the negative x axis into 
the segment u < w^the left-hand edge of the barrier 
into the segment u x < u < u 2 , the right-hand edge 

of the barrier into the segment u 2 < a < w 3 , and the positive x axis into u > w 3 . 
For purposes of symmetry, we take u x = -b, u 2 ^ 0, u 2 = b , where b is as yet 


l 


Figure 10.32 



unspecified. With otj = a 3 = tt/ 2, a 2 -- 2 tt, there follows, from (208), k x ^ k 3 - £, 
k 2 — 1, and hence (209) gives 

rw w _ 

z = C = dw + K CvV - b 2 + K, (215) 

J Vw 2 - b 2 

where K, C, and b are yet to be determined. The desired correspondence 

w ^ -b <->z = 0, w -= 0<->z == ia, w — +b <->z = 0 (216) 

is then evidently obtained if we set 

K - 0, Cb - a, 


(217) 
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so that the mapping becomes 

2 = 7 V w 2 — h 2 , 
b 


w = 


- Vz 2 4- tf 2 . 
a 


(218) 


Finally we notice that w^, and hence if a uniform flow in the w plane is 

to be undistorted in the mapping at large distances from the barrier, we must have 
dw 

-—► 1 when z -+ z X9 or 
az 

dw ^ lb z 

d z )\z\=oo \ a y/z 2 + a 2 


J 


-i-.. 


b =a. 


(219) 


Thus the desired mapping becomes merely 

2 = vV - a 2 , w = Vz 2 + a 2 =/(z), (220) 

where principal values of the roots are to be taken. 

It is readily verified that this mapping gives the specified correspondence. In 
particular, points in the interior of a quadrant in one plane correspond to points 
inside the same quadrant in the other plane. 

A uniform flow O(w) = V 0 w in the upper half of the w plane then maps into the 
desired flow in the z plane, with complex potential 0[ f(z)] 9 or 

o = K 0 Vz 2 + d 2 = <p(x,y) + iy(x,y). (221) 

The streamlines and equipotential lines are obtained by equating to constants the 
real and imaginary parts <p and y. 

The complex velocity is given by 


' -iV - d<t> - VaZ Vo(X + W (222) 

* y dz Vz 2 + d 2 V(x 2 - f + a 2 ) -f i(2xy) 9 


where the sign of the radical is most conveniently determined by noticing that, for 
a given point 2 , the radical represents the corresponding point w. In particular, for 
points on the y axis there follows 


V x - iV v 



(223) 


with a proper choice of sign. At points on the right-hand edge of the barrier the 
radical is real and positive , since the corresponding points are on the positive u axis, 
and there follows 


V x - 0 , V y 


Vpy 

Va 2 — y 2 


whereas along the left-hand edge the sign is reversed. Along the remainder of the 
positive y axis (y > a) 9 we have 
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and hence here 


Voy 


Vy2 -a»’ 


V v = 0. 


The flow velocity is seen to be infinite at the ends of the barrier. 

Example 3. To illustrate additional features and techniques of the mapping, 
we consider the determination of the flow of an ideal fluid from a long channel with 


y 



Figure 10.34 

parallel walls. The width of the channel is denoted by 2nL, and the coordinate axes 
in the z plane are located as is indicated in Figure 10.34(a). We make use of the 
symmetry with respect to the x axis and consider only the flow in the upper half¬ 
plane. The polygonal boundary to be mapped can then be considered as the limit 


A 

Ci B 

(-L+iirL) 

c 2 

y ® 

A' B- c; 

v ® 

Ci D' 

-I 

D 

u 


X 


Figure 10.35 


of the boundary indicated in Figure 10.34(b) as the points A and C tend to infinity 
and the indicated angles tend to 2n and 0. We next attempt to accomplish the 
mapping of Figure 10.35, in which the point B is mapped (for convenience) into the 
point -1 in the w plane and the point (C^Cg) at infinity is mapped into the origin. 
We should notice, however, for future reference, that the desired flow around the 
barrier is in the direction C X BA, whereas that along the axis of symmetry is in the 
direction C 2 D. This condition suggests that we shall need to map a flow from a 
source at the origin in the w plane onto the z plane, rather than a uniform flow as in 
the preceding example. 
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With u x = — 1, u 2 = 0 and ^ = 1, k 2 = — 1, Equation (209) gives 


and hence there follows 


dz w -hi 

~T~ = C-, 

dw w 

z = C(w 4 - log w) + K , 


(224) 

(225) 


where A' is a constant of integration. Since log w is multivalued, we must select a 
particular branch of that function. It is convenient to deal with the principal branch, 
for which logz = log \z\ 4 - iO P , where here 0 ^ 0 P ^ n. We next determine the 
constants C and K. 

It is frequently convenient to obtain conditions determining unknown constants 
by essentially integrating the basic differential equation between corresponding 
limits. In illustration, we notice that transition from C x to C 2 in the z plane must 
correspond to transition from C[ to C 2 in the w plane. The transition in the w plane 
must be considered as taking place along a semicircle of vanishing radius around the 
branch point at w = 0. If the radius is denoted by p, then near w = 0 we have, from 
(224), 

w-f 1 dw 

dz — C - dw — C — (as \ w = p -> 0), 

w w 

and hence, on the small circle, 

ioe i(p dw 

dz~C — - r - = iC dtp . (226) 

pe l * 

Thus, in the limit as p 0, we have 


and hence 


c 2 

z 

Cl 



—h tL = —/VC, 


C = L. 


(227) 


In order that the point B:(—L + hL) correspond to £':( — 1), we must have, 
from (225), 

-L + irrL =L[~ 1 + log (-1)] + K = -L + hL + K, 

and hence 

K = 0. (228) 

(The position of the origin in the z plane was chosen in such a way that this 
convenient result would be obtained.) 

Hence the desired mapping is given by 

z = L{w 4 - log w). (229) 

To verify the correctness of this result, we may write w = pe i(f> . Then if q> = c, a 
simple calculation shows that z w L[(p 4- logp) 4-/(1 4- p)e] except for higher 
powers of e; and if 9 ? = n — €, there follows similarly z L{ —[p — log p] 4- i{n 4- 
(p — 1 ) 6 ]}. From these results it is easy to verify the correspondence between the 
upper boundary of the u axis (as e 0+) and the path ABC X C 2 D . 
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Next it is necessary to determine an appropriate flow in the w plane, for which 
C[B'A' and C' 2 D' are streamlines. Also it is necessary that the complex potential 

d O 

function O have the property that the velocity — shall reduce to a uniform velocity 

V 0 in the x direction at the point (QQ) in the z plane. These , however , are the only 
requirements to be satisfied. Although O can be determined from these conditions by 
purely direct methods, it is suggested that in the present case a flow from a source at 
the origin in the w plane will have the desired properties. Hence we write 


O = k log w 


d <D 

and attempt to determine k in such a way that the velocity — in the z plane 

tend to V 0 as z — (C X C 2 ) and, correspondingly, w -* 0. Making use of (224) 
(227), we obtain the general result 


will 

and 


dw d<!> 1 w d<b 

dz dz dw L w -V 1 dw ’ 

and hence, with $ = k log w, there follows 


d® k 1 

dz Lw + 1 


Setting w = 0, we obtain the condition 

k = LK 0 

so that the desired potential function takes the form 

O = LV 0 log w. (230) 

The corresponding potential function in the z plane is then to be obtained by 
eliminating w between Equations (230) and (229), and hence is the solution of the 
equation 

2 - L (e*l LV ° + • (231) 

Whereas cannot be expressed as a function of z in explicit closed form, we may 
write 

$ = (p + i v, (232) 

where, in consequence of (230) and the limitation of permissible values of the 
logarithm, 

0 <k(p < co, 0^y^ nLV 0 , (233) 

and Equation (231) thus is equivalent to the two real equations 



584 


Functions of a complex variable / chap. 10 


with the abbreviations 

«=2y o - P=Zv 0 (0 ga <; 00,0 S»). (235) 

These parametric equations are convenient in plotting the streamlines p = constant 
and the equipotential lines a = constant. It can be verified that the streamlines for 
which 0 ^ p ^ tt/ 2 extend indefinitely in the x direction, whereas on the remaining 
streamlines a maximum value of x exists, so that these streamlines turn back around 
the channel walls. 

In each of the preceding examples, the region enclosed by the polygonal 
boundary could instead be considered as a homogeneous conducting sheet 
carrying an electric current, or as a plane section of an electrostatic field 
between long plane or cylindrical conductors. The stream function y) and the 
streamlines y> = constant in the problem of fluid flow then would correspond 
to the potential function and to the equipotential lines in the problem of electro¬ 
statics, whereas the potential function <p and the equipotential lines in the flow 
problem would correspond to the stream function and to the lines of force in 
the electrostatic problem. 

In two-dimensional electrostatics, the negative gradient of the potential 
function is the electric field intensity E, whose tangential component must 
vanish on the surface of a perfect conductor. The normal component of E at 
such a surface is proportional to the surface charge density o. The stream 
function then has the property that the difference between its values at two 
points on the conducting boundary is proportional to the total charge q , per 
unit height of the conductor, on the portion of the conductor joining those 
points. (See Problems 121-126 and Reference 10.) 
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PROBLEMS 

Section 10.1 

1. Show that, if a complex number a 4 ib is written as a number pair ( a,b ), then 
for two such complex numbers the laws of combination take the form 


( d\yb \) 4 ( a 2 ,b 2 ) = ( a 1 4 a 2 , b x 4- b 2 ), 

( a iibi)(a 2 ,b 2 ) = (a x a 2 — b x b 2i aib 2 4- a 2 bj), 

(^2^2) /^1^2 “b ^1^2 ^1^2 ^2^1 \ 

(fliM \ «? + b\ * a? 4 6? /,“ 

2. (a) Show that, if the real and imaginary parts of a ss a + ib are the com¬ 
ponents of the vector v = ai 4- b], then the real and imaginary parts of oq ± a 2 are 
the components of the vector v x 4i v 2 , but that no such statement applies to 
multiplication (with reference to either the dot or the cross product of vectors) or 
to division. 

(b) Show, however, that oca = |a | 2 3 is equal to the dot product |v| 2 , 

and that a 1 a 2 + a. x <x 2 = 2v x • v 2 . (Notice that these quantities are real scalar 
numbers). 

3. Establish the following results: 

(a) Re (z x 4 z 2 ) = Re (z 2 ) 4 Re (z 2 ), but Re ( z x zj) 4 Re (zj) Re (z 2 ) in 
general; 

(b) Im (z x 4 z 2 ) = Im (z x ) 4 Im (z 2 ), but Im (z x z 2 ) * Im (z x ) Im (z 2 ) in 
general; 

(c) \ 2l z a \ = |zj| |z t |, but |z, + z 2 | + \z t \ + |z 2 | in general; 

(d) Zj + z 2 = zl + T a and ZjZ 2 = Zl z 2 . 
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4. Establish the following results: 

(a) z + z = 2 Re (z), 

(b) z — z = 2/ Im (z), 

(c) z^ + i> 2 = 2 Re ( Zl T 2 ) = 2 Re (FjZj), 

(d) Re (z) g |z|, 

(e) Im (z) ^ jzj, 

(f) \zj, + z^Zjj s 2 IziZj], 

(g) <kx| “ N> 2 - |*i + z 2| 2 ^ (l-z’il + N> 2 - 

Section 10.2 

5. Express the following quantities in the form a + ib, where a and b are real: 

(a) (1 + 1 ) 3 , (c) e vil \ 

(d) e 2+nili , (e) sin ^ + 2/j, (f) cosh ( 2 + 

6 . Prove that the functions sin z and cos z are periodic, with real period 2 t r, 
whereas e z , sinh z and cosh z are periodic, with pure imaginary period 2? n. What 
are the periods of the other circular and hyperbolic functions ? 

7. Use the series definitions to obtain expressions for the derivative of e z , sin z, 
cos z, sinh z, and cosh z. 

8 . Prove that e z possesses no zeros, that the zeros of sin z and cos z all lie on the 
real axis, and that those of sinh z and cosh z all lie on the imaginary axis. 

9. If/(z) = e iz , show that/(z) = e~ iz ,f(z ) = e*' 2 , and/(z) = /(z) == 

Section 10.3 

10. Show that the nth roots of unity are of the form a>* (k = 0,1,..., n — 1), 
where eo n = cos (27 t//i) + / sin (2?r/w). 

11. Determine all possible values of the following quantities in the form a 4- ib, 
and in each case give also the principal value: 

(a) log (1 +/), (b) (z) 3/4 , (c) (1 +P*. 

12. Express the roots of the equation z 4 + 2z 2 + 2 = 0 in the form a + ib. 

13. Express the function z” in the form given by Equation (47) and also find the 
principal value of this function when z = (1 + 01V2 , in the form a + ib. 

14. Derive Equations (55c) and (56a). 

15. Determine all possible values of the quantities 

(a) sin -1 2, (b) tan" 1 (2/). 
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16. (a) Verify that, if a is a positive real constant, 


coth -1 - 
a 



z + a 
z — a 


(b) Verify that 



+ i arg 



z + a _ (z + a)(z - a) |z| 2 - a 2 - 2ai Im (z) 
z - a (z - a)(z - a) ~ \z\ 2 + a 2 - 2a Re (z) * 

(c) Hence deduce that 


coth"" 1 - 
a 


1 V(x 2 + / - d 2 ) 2 + 4dy 

2 l0g (x - a) 2 + / 


+ - tan -1 


( 3 


2«y \ 

-* 2 


when a is real and positive, where an arbitrary additive integral multiple of v is 
implied in the imaginary part. 

17. (a) If (pi&x) are polar coordinates relative to the point (a,0)and (p 2 ,(p 2 ) are 
polar coordinates relative to the point (— a,0), show that 


z = a + Pie l(fl — — a + p 2 e w *. 


(b) Use the result of Problem 16(a) to show that 


, z 1 
coth -1 - =■= 
a 


2 ^+ 


where cp Y and (p 2 are each defined only within an arbitrary additive integral multiple 
of 2tt. 

18. (a) Suppose that the principal values of <Px and <p 2 are defined such that 
0 % (p 1P < 2 tt and 0 < (p 2P < 2 tt in Problem 17. Verify that, as the segment of the 
real axis between —a and a is crossed from above, the angle (p 2 — ^ changes 
abruptly by 2?r, whereas no such jump occurs at a crossing outside this segment, so 
that transition from one branch to another then can and must take place only across 
the finite segment joining the “branch points” z = ±a . 

(b) Suppose that the definitions 0 ^ <p 1P < 2-n and — n < (p 2P ^ +7r are 
adopted. Verify that <p 2 — (p x then is continuous across the finite segment joining 
the branch points, but that it changes abruptly by 2 t r as the real axis is crossed at any 
point external to this segment. 

Section 10.4 

19. (a) If 3 x 2 y - y 3 is the real part of an analytic function of z, determine the 
imaginary part. 

(b) Prove that xy 2 cannot be the real part of an analytic function of z. 

(c) Determine whether 2 xy + i(x 2 - /) is an analytic function of z. 

20. Let s represent distance in the counterclockwise direction around a closed 
curve C in the xy plane. 
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(a) If, at any point P on C, t represents the unit tangent vector in this direc¬ 
tion, and n represents the unit outward normal vector, show that 

t = i cos q> -f j sin and n = i sin q> — j cos <p> 
where <p is the slope angle. 

(b) If u(x,y) and v(x f y) are the real and imaginary parts of an analytic 
function of z in a region 0t including C, show that 

du dv du dv 

ds drt 9 dn ds 

a a 

at any point of C. [Recall that = t • V and — = n • V, and use (65a,b).] 


21. By applying the result of Problem 20 to a circle r = constant, obtain the 
Cauchy-Riemann equations in polar coordinates, in the form 

du 1 dv 1 du dv 

dr r d6’ r dd dr 


22. Show that the real and imaginary parts of any twice-differentiable func¬ 
tion of the form /(i) satisfy Laplace’s equation, but that such a function is 
nowhere an analytic function of z unless it is a constant. [Compare the values of 
df df 

lx and l(Jy) 1 


23. Show that f(\z\) is nowhere an analytic function of z unless it is a constant. 
(Consider the derivative of f in the 6 direction.) 


Section 10.5 

24. (a) Use the definition (68) to calculate directly the integral j* c z dz, where 
C is the unit circle x = cos t, y = sin t. 

(b) Use the definition (72) to calculate directly the integral ^log z dz, 
where C is the unit circle r = 1, taking the principal value of the logarithm. 


25. (a) Show that the value of the integral 



z + 1 


dz 


is —2 — ttj if the path is the upper half of the circle r = 1. [Write z = e i0 , where 0 
varies from n to 0, or from (2k 4- IV to 2far, where k is any integer.] 

(b) Show that the value is — 2 + ni if the path is the lower half of the same 

circle. 


26. Evaluate the integral 


£ 


Z + 1 , 

—r dz > 


where C is the circle r = 1, first by using the results of Problem 25, and second by 
using Equations (75) and (77). 
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27. (a) Prove that the integral 



is independent of the path, so long as that path does not pass through the origin. 
By integrating along any convenient path (say, around a semicircle and thence 
along the real axis) show that the value of the integral is -§. 

(b) Show that the real integral 



does not exist, but that the value given by formal substitution of limits in the 
indefinite integral agrees with that obtained in part (a). (Notice that, in spite of this 
fact, the integrand is never negative!) 

28. Let C represent a semicircle of radius R, with center at the origin, where 
R > 1, and consider the functions 

/i(z)- 2 *-l, / 2 (z) 

(a) Use (10) to show that on C there follows 

l/zW| ^ # + h g | /2 ( Z) | <; —Lj . 

(b) Deduce from (80) that 

| J c /itt to ^ -R(* 2 + 1), £/ 2 (z) dz £ . 

(c) Show also that 

f R 2 + 1 

J c /i( z )Mz) dz g *R - firz [ • 

Section 10.6 

29. (a) Use the results of Equations (78a,b) to verify Cauchy’s integral formula 
(85) when /(z) = z 2 . [Express/(a) in the form (a - z) 2 + 2z(a — z) + z 2 .] 

(b) Verify also the derivative formula (88) in this case. 

30. If F(z) = (z + 6)/(z 2 - 4), show that j> c F{z) dz is 0 if C is the circle 

x 2 + y 2 = 1, is 4 ?ri if C is the circle (x - 2) 2 + y 2 = 1, and is -2m if C is the circle 
(x + 2) 2 4- y 2 = 1. [Use (84) in the second and third cases, with the functions 
fiz) = (z + 6)/(z + 2) and /(z) =(z + 6)/(z - 2), respectively.] 

31. Let z 0 denote a point in a region 0t where /(z) is analytic, and let C denote 
any circle, with center at z 0 , which lies inside 0t. By writing a « z 0 + a e'* in 
Cauchy’s integral formula (85), show that 

1 f 2 " 

/(*°) == ^ J o f(z o + a e'*) d<p , 

and deduce that the value of an analytic function at any point z 0 is the average of its 
values on any circle , with z 0 as its center , which lies inside the region of analyticity. 
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32. By applying the inequality (80) to the result of Problem 31, deduce that the 
absolute value of an analytic function at a point z 0 cannot exceed the maximum 
absolute value of tkpt function along any circle , with center at z 0 , which lies inside the 
region of analyticity. 

Section 10.7 


33. If /(z) is analytic inside and on a circle C with center a and radius R , and if 
| /(z)| ^MonC, use (88) and (80) to show that 

- . . nl M 

l/ (n) («)| ^ 

(This result is known as Cauchy's inequality.) 

34. Suppose that, by any method, we have obtained a representation 


/(*) = ^ ° n(z ~ “T 


which converges to /(z) when |z — a\ < R. By making use of the fact that such a 
series can be differentiated term by term any number of times inside the circle of 
convergence, show that there must follow 

f Ui \a) — n\ a n (« = 0,1,2,...), 
so that this series necessarily is the Taylor series of/(z) in that circle. 

35. Obtain each of the following series expansions by any convenient method: 


sin z 

(a) -j- = 1 


f! fl 

3! + 5! 


2<- i)n 


(2 n + 1)! 


(|z| < oo). 


coshz — 1 1 z 2 z 4 

(b) ? = 2! + 4! + 6! + ''' 

e z 5 „ S . 

(c) —— = 1+2z + - z 2 + - z 3 + 


(2 n + 2)! 


(|*| < 1). 


(|*| < 


Section 10.8 

36. Expand the function/(z) = 1/(1 — z) in each of the following series: 

(a) a Taylor series of powers of z for |z| < 1; 

(b) a Laurent series of powers of z for |z| > 1; 

(c) a Taylor series of powers of z + 1 for I* + 11 < 2. first writing 
/(z) = (2 - (z + l)]- 1 = 111 - (z + l)/2] -1 ; 

(d) a Laurent series of powers of z + 1 for |z + 1| >2, first writing 
/(*) = -[1 /(* + 1)]/H - 2/(z + 1)]. 

37. Expand the function /(z) = l/[z(l — z)] in a Laurent (or Taylor) series 
which converges in each of the following regions: 

(a) 0 < |z| < 1, (b) |z| > 1, 

(c) 0 < |z — 1| < 1, (d) |z - 1| > 1, 

(e) |z + 1 < 1, (f) 1 < |z + 1| < 2, 

(g) |z + 1 >2. 
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38. Determine the first three nonzero terms in the Laurent expansion of f(z ) — 
esc z which is valid when 0 <M < ^t by first showing that the expansion must be 
of the form /(z) = a_ x z~ x -f a x z -b a z z z + • • *, then determining a_ l9 a l9 and a z 
from the condition 

i - (t + ^ + a * 23 + • •) ( 2 - i 23 +14 ■ 25 - •' *) ■■ 

Section 10.9 

39. (a) Show that the function w — A log (z ~ a) increases by 2mA after a 
single positive circuit around the point z = a, and is unchanged if the circuit does 
not include that point. 

(b) Show that the expression for w — tan -1 z can be written in the form 

w = tan” 1 z - l - log (z b i) - l - log (z - /) + *- log (-1). 

If the point z describes a single positive circuit, obtain the increase in w when the 
circuit includes z — i but excludes z = —and when the circuit includes z = — / 
but excludes z «= i. Thus verify that w is unchanged if the circuit surrounds both 
branch points. 

40. With the notation of Problem 17, show that 

z 1 p 2 i 

COth 1 - = r log- + - {<p 2 - 9Pj) 

Cl A pj Z 

defines a single-valued function in the plane cut along the real axis from —a to a if <p x 
and <p 2 are restricted such that 0 < <p ± < 2tt and 0 ^ <p 2 < 2t r, and a single-valued 
function in the plane cut by infinite rays extending from the points z = ±a along 
the real axis if 0 ^ <p x < 2n and — t t <<p 2 ^ +n. 

41. (a) With the notation of Problem 17, show that we may write 

(z 2 - a 2 ) 1/2 = (p lP2 ) 1/2 *«*i-h>i )/2 , 

and deduce that transition from one branch to the other can take place only if 
(<Pi + <p 2 )/2 changes abruptly by an odd integral multiple of tt. 

(b) Show that, with the restrictions 0 ^ tp x < 2n and 0 < <p 2 < 2-n, the 
angle Hr (p 2 )/2 has a jump of tt over the finite segment between —a and a, is 
continuous across the real axis to the left of —a, and has a jump of 2tt across the 
real axis to the right of +a, if a is real and positive. Deduce that a cut between -a 
and b a then is necessary and sufficient to make the function so defined single¬ 
valued. Show also that the branch so defined makes /(z) real and of the same sign 
as z when z is real and z 2 > a 2 . 

(c) In a similar way, show that cuts are needed along infinite rays from the 
branch points z = ±a if the restrictions 0 <y l < 2n and —n < q> 2 <; +tt are 
imposed. 

42. Locate and classify the singularities of the following functions: 

0)?Ti- w log ('+**>. 

(d) (z 2 -3z + 2) m , (e) tan z, (f) tan' 1 (z - 1). 



592 


Functions of a complex variable / chap . 10 


43. Show that the function 


/« = 


cosh z — 1 
sinh z — z 


has a simple pole at the origin. 


44. Show that the function /(z) = esc (1/z) has poles at the points z = l/(mr), 
where « is any integer other than zero, and deduce that /(z) has a nonisolated 
essential singularity at z = 0. 

45. Show that the function w = 1/(1 -f z 1/2 ) has a branch point at z = 0, and 
that if the principal branch of z 1/2 is chosen there is no other finite singularity, 
whereas if the second branch is taken there, is also a pole at z = 1. [Notice that we 
can write also w = (1 — z 1/2 )/( 1 - z); also that z 1/2 is +1 when z = 1 on the 
principal branch and is —1 when z = 1 on the second branch.] 

46. Using the convergence theorem stated on page 132, determine inside what 
real interval an infinite Frobenius series of the form 


y(x) = ^ A k xk *‘> 

ic=o 

satisfying each of the following differential equations, would converge [excluding the 
point x = 0 when Re ( s ) < 0]: 

(a) (1 - - 2 x/ + p(p + \)y = 0, 

(b) x(l + x 2 )y" + / + xy = 0, 

(c) x 2 y" *f xy' + (jt 2 — p 2 )y = 0, 

(d) y* sin x + / cos x + pip + 1)^ sin x = 0, 

(e) x(x 2 + 2x + 2)y" -/ +(x + 1 )y = 0, 

(f) x e^y" + y tan x =0. 


Section 10.10 

47. (a) If/(z) is analytic at z^, show that the real and imaginary parts of/(z) 
must each tend to constant limits (which may be zero) as V * 2 + y 2 -* oo 
in any way, and that these limits must be independent of the manner in 
which this limiting process takes place. 

(b) If/(z) has a simple pole at z^, show that the preceding statement applies 
instead to the real and imaginary parts of f'(z). 

48. (a) Show that \e z \ = eP. Hence deduce that e z -+ 0 if z -► z^ on any curve 
along which * -► - oo, that \e z \ -► oo along a curve for which x -*■ + oo, and that 
along a curve with an asymptote parallel to the y axis \e z \ tends to a finite limit 
whereas e z does not. 

(b) Obtain a corresponding result for each of the functions e~ z , e iz , and e~ iz . 

49. (a) Show that |sinh z \ = V sinh 2 x + sin 2 ^. Hence deduce that |sinh z| oo 
as z -> Zoo along any curve which is not asymptotic to (or coincident with) a 
line parallel to the imaginary axis, and that along any of the latter curves |sinh z| is 
bounded but does not tend to a limit. 

(b) Obtain a corresponding result for each of the functions cosh z, sin z, 
and cos z. 
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50. Determine the nature of the point zfor the following functions: 

(a) z 2 , (b) , (c) z sin 1, 

(d) (1 + z) 1 ' 2 , (e) (1 + z 2 ) 1 ' 2 , (f) log(l + z). 

51. Show that for the function w = sin -1 z + i log z [see (55a)] the point z* 
is a branch point only on those branches for which w does not remain finite as 
z —► z^. 

52. By considering the function/(z) = 1/z, show that the integral <t> f(z)dz 

J C co 

may not vanish even though/(z) is analytic at z M . [Notice that in this case C » is 
equivalent to any other contour enclosing the origin]. 


Section 10.11 


53. Prove that any polynomial of degree N, f(z) = a 0 + a x z + • • * H- a$z N 9 
has at least one zero unless it is constant. [Assume the contrary and apply Liouville’s 
theorem to F(z) = l//(z). This result is known as the fundamental theorem of algebra 
and is assumed in elementary courses.] 

54. (a) If /(z) has a pole of order n at z = a 1# show that 

/(z) = (z - a 1 )-"^ 1 (z), 

where g x (z) is analytic at z = ol x and at all points where/(z) is analytic. 

(b) If/(z) has a zero of order m at z ~ ft, show that 

/(z)=(z-ft)"ft(z), 

where h x (z) is analytic where /(z) is analytic and ft(ft) ^ 0. 

(c) Deduce that a function f(z) which is analytic except for a finite number 
of poles is determined except for a multiplicative constant by the position and order of 
its poles and zeros. 

55. Let/(z) be analytic inside and on a closed curve C except for a finite number 
of poles inside C, and suppose that /(z) ^ 0 on C. 

(a) Make use of the results of Problem 54 to show that 




where M is the number of zeros of/(z) inside C and N is the number of poles, poles 
or zeros of order k being counted k times. 

(b) Show that this result also can be expressed in the form 


M - N = — [A c amp/(z)]. 


where the bracketed expression denotes the change in the imaginary part of log/(z) 
corresponding to a counterclockwise circuit of C. 

56. Use Cauchy’s inequality (Problem 33) to give an alternative proof of Liou- 

00 

ville’s theorem. [Show that /(z) = ^ a n z n and that |a„| g MjR n , where M 

o 

is independent of R and where R may be increased without limit.] 
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Section 10.12 


57. Calculate the residues of the following functions at each of their finite 
poles, and in each case find also the sum of these residues: 


(a) 


e z 



sin z 

(c) z 2 > 


(d) 


sin z 


(e) 


1 + z 2 
z(z — l) 2 ’ 


(f) (z 2 + a 2 ) 2 ' 


58. Show that the substitution z = 1// transforms the circle |z| = R into the 
circle |/| = l/R in such a way that a positive circuit around one circle corresponds 
to a negative circuit around the other. [Write z = Re t0 , t = pe t<p and determine 
P,9? in terms of i£,0.] 


59. (a)‘Use the result of Problem 58 to show that 


1 * 1 -* 


1 \ dt 


= » J |t|-l/ll Ml t 


By letting R -+ oo, deduce that <> f(z)dz is given by 2ni times the residue of 


(b) Show that this result implies the result of Problem 52. 

(c) Use the result of part (a) to show that if z 2 f(z) is analytic at z m , then 

<£ f{z)dz = 0. 

J Coo 

60. It is conventional to define the residue of /(z) at z^, when z^ is an isolated 
singular point, by the equation 


j> c ^/(z) dz = -Ini Res (z w ), 

the negative sign corresponding to the fact that a positive circuit around C is 
described in a negative sense with respect to the exterior of the curve. 

(a) Use the result of Problem 59 to show that then 


Res{/( z );- -Res{i/Q;oj. 

(b) Use (108) to show that, with the given definition of Res (z w ), the sum 
of the residues off(z) at all finite points and at z^ is zero. [Notice that /(z) may have 
a nonzero residue at z^ even though/(z) is analytic at z^, if z 2 /(z) has a pole at z w .] 

61. Use the result of Problem 59(a) (or Problem 60) to evaluate the integral 

f a 2 — z 2 dz 

JctfTT 2 ! 9 

where C is any positive contour enclosing the points z = 0, ±ia, and check the 
result by calculating the residues at those poles. 
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62. (a) If f(z) can be represented by a Laurent series 

QO 

/Or) = 2 «"(* “ «>” 


when R < |z — a\ < oo, for some R, show that a_ x is the sum of the residues of 
/(z) at all singularities in the finite part of the plane, so that the number - a_ l is the 
residue of/(z) at z^. (See Problem 60.) 

(b) By expanding the integrand in increasing powers of 1/z, and identifying 
the coefficient of 1/z, show that 

C a 2 — z 2 dz 
% a 2 + z 2 z 2m 

if C is any closed curve enclosing the points z = 0 and z = ±ai. (Compare Problem 
61.) 

63. Determine the residue of each of the following functions at each singularity: 
(a) eV*, * (b) 


(c) cos 




(d) e z e 1 ! z . 


Section 10.13 

64. Verify the following evaluations by making use of appropriate results or 
procedures in Section 10.13: 


(a) 

(b) 

(c) 

(d) 


r 2 ir 
Jo 

r 

Jo 
f 00 x si 

Jo 

r°° cos 

Jo ^ + 


2tt 


A + B sin 0 V/l 2 — B 2 
dx 


(A> \B\). 


x 4 + 4 a 1 8 d s 
sin mx 

fl V = 

2 


I- x 2 
mx 


(a > 0), 

dx = - e~ am (a > 0, m > 0), 


M dx = — e _flm (cos -I- sin r/w) (a > 0, m > 0). 
4a 4 8o 3 


65. Use residue calculus to show that 

dO 


r 

Jo 


25- 16 cos 2 0 15’ 


and check the result by first making the change in variables 0 = y\2 and then using 
the result of Equation (138). 

66. Use residue calculus to show that 

x 2 dx * 


f 


, (x 2 + 1)(^ 2 - 2x cos w + 1) 2 I sin cu| 

if to is real and sin to 0. 
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67. Use residue calculus to show that 



cos mx J 


1 + am 
— 2 &~ 


e~<m 


(m ^ 0 , a > 0 ). 


68. It is required to evaluate 



cos 2 ax dx , 


by making use of the fact that 



e ~ x2 dx = Vtt. 


Show that, if x is formally replaced by x + ia in the known integral, there follows 
j_ ao e ~ {x + ia) * dx ~ e° a J -oD ^(cos 2tf* — / sin 2ffx) cfr = Vtt, 
and hence, since e ~ x2 sin 2ax is an odd function of *, 


cos 


lax dx — y/rre ~ a2 , 


(Notice, however, that the validity of such complex substitutions is not established 
by the familiar rules for real substitutions.) 

69. Investigate the validity of the procedure of Problem 68, by considering the 
integral of /(z) = e“* 2 over a closed rectangular path C including the segment of the 
real axis y = 0 from x = —A to x = +A and the segment of the line y = a from 
x = +A to x = — A. 

(a) Noticing that /(z) is analytic inside and on C, show that 

f e~ x * dx — [ e~ (rHa)2 4- f e~ z 2 */z + f e~* 2 dz = 0, 

J -A J-A JS t J S 2 

where S x is the line segment from 04,0) to {A,a) and S 2 is the line segment from 
(-A,a) to (-Afl). 

(b) Show that, on both S x and S 2 , there follows 

and, by noticing that the lengths of S x and S 2 are equal to 0 , deduce that the inte¬ 
grals along S x and S 2 tend to zero as A oo for any fixed value of a . Thus 
deduce that the relation 

T e^dx-f” e-^'dx 

J -co J -00 

is valid for any real value of a, and hence that the result obtained formally in 
Problem 68 is indeed correct. 
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70. Evaluate the integral 



1 + e x 


dx 


(0 < p < 1) 


by the following method : 

(a) Show that the result of integrating/(z) = e vz /( 1 + e z ) around a closed 
rectangular contour C, including the real axis from x = -A to * = -f A and the 

linfe y = 2tt from x = +A to x = —A, can be written in the form 

• 

C A e vx rA e px f f 

L rrp* - '■'"‘L rr?* + i/ w * + l/ w<fe 

- 2 " iR “|rTP ; ” , j- 


where S t and S 2 are the closing segments of the rectangle. (Notice that e z has the 
period Ini, and that f(z) has poles at the points ni 4: 2kni.) 

(b) Show that the integrals along Si and S 2 tend to zero as A -+ oo (if 
0 < p < 1), and hence deduce that 

f 00 / liri \ 

1- »dx=\- -— \{-e VlTl ) ==-- (0 < p < 1). 

J_oo 1 + e* \l - e lpnt ] sin/?7T r 


71. Show that the formula obtained in Problem 70 also is valid when p is com¬ 
plex, provided that 0 < Re (p) < 1. (Only the limits of the integrals along S x and 
S 2 need be reexamined.) 

Section 10.14 

72. By making the substitution x = iy , and noticing that then y -+ oo as 
x -► oo, we formally transform the integral 


into the integral 


1 


'o X 4 + 4 

r y 

Jo / +4 


dx 


<ty> 


which is the negative of the original integral, and hence are led to the conclusion 
that the value of the integral is zero. But the true value is found by elementary 
methods to be tt/8. What is the fallacy ? 

[Integrate /(z) = z/(z 4 + 4) around a contour consisting of the portions of 
the x and y axes for which 0 ^ x,y ^ R , and a quadrant of the circle \z\ = R , 
as R oo, and interpret the result.] 

73. Establish part 3 of Theorem II. 
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74. If/(z) is analytic everywhere on the imaginary axis and has no singularities 
to the left of that axis except for a finite number of poles at the points a l9 a 2 ,..., 
a n , and if/(z) tends to zero uniformly on the circle |z| = R as R -► oo in the third 
and fourth quadrants, show that 

n 

lim f 1 e mZ f(z) dz = 2tt/^ Res (e mZ /(z); c*.} (m > 0), 
r^~ iR 

where the integration is carried out along the imaginary axis. 

75. Suppose that, on a circular arc C R with radius R and center at the origin, 
lying in the sector —tt/4 ^ 0 ^ +tt/4, a function /(z) is such that 

\f(z)\ SRM r , lim Mr = 0, 

R-* oo 

where Mr is independent of 0 on Cr. Prove that 

lim f e~ mz2 f(z) dz =0 (w > 0). 

R-*oo JC R 


[If the integral along Cr is denoted by 4, show that 

\I R \ S J o " /4 e~ mR2 cos 20 </0, 

and set 0 = (tt — 29 ?)/ 4 .] 

76. Use the result of Problem 75 to prove that if \ p \ < rr\ 4 and if/(z) is analytic 
throughout the sector bounded by 0 = 0, 0 = p, and r = R, except for a finite 
number of interior poles, and if |/(z)| ^ RM r on the curved boundary, where 
M r is independent of 0 and M R -> 0 as R -»■ oo, then 

J o e~ mx2 f(x)dx e~ mz2 f(z)dz + Res {e~ mz * f(z); a k } (m > 0) 

(H A: 

where T is the radial line 0 = ft and where the points are the poles of /(z) inside 
the sector bounded by 0 = 0 and 0 = ft [Notice that hence the formal complex 
substitution x = t e ip in the first (real) integral generally would modify the value 
of the integral if/(z) were not analytic in the relevant sector.] 

77. (a) Show that the integrals 

C = jj° cos t 2 dt , S S3 sin f 2 

can be combined in the form 


C - iS =J" e-'* 2 <// =J" dt = e -1 '" 4 /” e”* 2 </z, 

<r> 


where T is the radial line 0 = tt/4. 

(b) From the result of Problem 76, deduce that 


f*cc 

/5 = e~ vi ^ 

Jo 


dx 


e 


v; 

T"’ 
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and hence also that 


n oo 

Jo 


cos t 2 dt 


f 00 1 

sin t 2 dt = - 
Jo 2 



Section 10.15 


78. By making use of integration around suitably indented contours in the 
complex plane, evaluate the following integrals: 


(a) 

(b) 



sin x 

x(x 2 + a 2 ) 


sin* 

x(v 2 - X 2 ) ^ 


(a > 0), 


79. Evaluate the integral 



x m~l 
X + 1 


dx 


(0 < m < 1) 


by integrating /(z) =z m ~ 1 /(z + 1) around the contour of Figure 10.36 and 
proceeding to the limit as the small radius tends to zero and the large radius tends 



to infinity. (Notice that if along the upper boundary of a cut along the positive real 
axis we write z = r, then along the lower boundary we must write z = re 2ni when 
calculating z w_1 .) Show that in the limit we have 



r m -1 ro ( re 2iriyn-l 

rn* + J„'7Tr 


fz m ~ 1 

dr = Ini Res {-- 

{z + 1 


-1 


or, equivalently, 

Hence obtain the result 


(1 - e 2imi )I = -2m e™. 


f 


* + 1 


dx 


sin mn 


(0 <m < 1 ). 
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80. Use the result of Problem 45, Chapter 2, to evaluate the integral of the 
preceding problem 79 in the form 

r 00 yWl- 1 

-- dx = T(m) r(l — m) (0 < m < 1), 

Jo * + 1 


and hence, by comparing the two results, deduce the relation 


T(m) T(1 -m) = -r^— (0 < m < 1). 

sm ixm 


[This relation was stated without proof in Equation (59), Chapter 2. Although the 
present proof is valid only when 0 < m < 1, the relation is generalized to all 
nonintegral values of m by making use of the recurrence formula for the Gamma 
function.] 

81. Suppose that z m /(z) tends uniformly to zero on the circle \z\ = R as 
R -*► oo, where m > 0, and that /(z) is analytic except for a finite number of poles 
a l9 a 2 , ..., a n , none of which is on the positive real axis or at the origin. 

(a) By proceeding as in Problem 79, show that 

r°° 2 tt/ x- 

x m -'fix) dx = T—^Ti > Res {z m 1 /(r); a*}, 

Jo 1 e k=l 

where z m_1 = r w_1 e*( w “D e , 0 ^ 6 < 2n, when z == r e id . 

(b) Show that this result can also be written in the form 

-00 n 

X™- 1 f(x) dx - -7^— V Res {(— z) m_1 /(z); 

Jo sm " Z7r /Ti 


with the definition (-z)” 1-1 = r m ~ l 0 <: d < 2rr, when z = r e i0 . 


82. Use the result of Problem 81 to obtain the following evaluations: 


(a) 

(b) 


J 'oo 

0 

f 


x m ~ l sin [(1 — w)tt/2] tt 

- 9 - — dx = tt -:- — —-- 

+ 1 sm rm 2 sm wtt/2 


Ar m ~ 1 _ (1 - m)TT 
(x + l) 2 sin mn 


(0 < m < 2 ). 


(0 < m < 2 ), 


83. Suppose that/(z) has a simple pole at a 0 on a closed curve C, but is analytic 
elsewhere inside and on C except for poles at a finite number of interior points 
a l9 a 2 ,, a n . If the contour C is indented at a 0 by a circular arc with center at a 0 , 
show that the limiting form of the integral of /(z) around the indented contour is 


n 

P j> c /(z) dz = tt/ Res (a 0 ) + 2ni ^ & es ( a k) 

k = 1 


as the radius of the indentation tends to zero, regardless of whether the indentation 
excludes or includes the point a 0 . 
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84. Obtain the evaluation 



cos ax - cos bx 
--j- dx = Tt{b - a). 


[Notice that/(r) = (e ia * - e ib *)lz 2 has a simple pole at the origin.] 
85. Obtain the evaluation 


/: 


sin (x + a) sin (x - a) tt 

- T~Z —i- dx = — sin 2a. 


x “ - a a 2 a 

[Notice that sin (x + a ) sin (a: - a) = £(cos 2a - cos 2x).] 
86 . (a) Obtain the evaluation 



dx = 7T cot prr 


(0 < p < 1 ), 


by proceeding as in Problem 70, but also introducing indentations at the poles 
z =0 and z = 2ni. 

(b) Deduce the result 



e vx _ e Q X 

1 -e x 


dx = 7 r(cOt pn — cot qn) 


if 0 < p < 1 and 0 < q < 1. (Notice that this integral is convergent, so that 
principal values are not involved.) 

(c) By replacing x by 2x and writing p = (co + l)/2 in the result of part (a), 
deduce that 



e wx 
sinh x 


dx 


TTO) 

tt tan — 
2 


( —1 < (o < 1 ). 


result 


(d) By replacing x by bx , where b > 0, and writing co — a/b , obtain the 




00 0 ax 


TT TTd 


• si dx = 7 tan -7 (b > Id). 
_ m s\nhbx b 2b 11 


(e) Deduce that 


f 00 

J-ooSi 


sinh ax n va , 

. r — dx = - tan — (6 > « )• 

sinh ^ 26 


/l consideration of Problems 87-94 may a 5 an introduction to methods of 
evaluating inverse Laplace transforms by contour integration. For further information , 
the references at the end of Chapter 2 may be consulted. 

87. (a) Show that for a piecewise differentiable function f(x) which vanishes 
when x < 0, the complex form of the Fourier integral representation of e~ cx f(x) is 
given, according to Equation (229a) of Section 5.14, by 
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for any value of the real constant c for which the integral 

/ = J>M/( 0 l* 


exists. Hence deduce the representation 

/(*) = ^ lim f e {iu+c)x f e~ {iu+c)i f(t)dt\du 
2tt jj-.* J _ jR Uo J 


for f(x), with the usual convention that, at a finite jump,/(;t) is to be assigned the 
average of its right- and left-hand limits. (Notice that this representation is more 
general than the Fourier integral representation, since here the constant c is at our 
disposal.) 

(b) With the substitution 

in + c = 5 , 


where s is a new (complex) variable of integration, show that this result becomes 
l rc+Ri r poo -i 

(c) By making appropriate changes in the notation of part (b), show that 
if we denote the Laplace transform of f(t) by F(s), 

F(s) - J“ e-“ f(t) dt, 

then/(f) is expressed in terms of its transform by the complex integral 

l Cc 4 - Ri 

fit)- — lim e tz F(z) dz. 

£TTl R ->00 Jc-Ri 

[This integral is taken along the infinite line x = c of Figure 10.37(a), parallel to 
the imaginary axis and c units to the right of it, where c is to be chosen sufficiently 
large that the integral I of part (a) exists, and is known as the Bromwich integral. It 
is usually to be evaluated by contour integration, as in the following problems.] 



c 

y 

B 


i 

'Bn 

i _\ 



d\ 

\ 


X 

V. 

, E 

i 

/ 

\ 

L 


(b) 


Figure 10.37 
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88. Suppose that F(z) is analytic except for a finite number of poles , all of which 
are to the left of some line x = c. Also, suppose that F(z ) tends uniformly to zero 
along the semicircle CDE and the segments BC and EA of Figure 10.37(b). 

(a) Show then that the integral of e tz F(z) around the closed boundary 
B r of Figure 10.37(b) tends to the Bromwich integral of Problem 87(c) as R oo, 
if t > 0, and hence that under the conditions stated there follows 


fit) = lim — I e tz F(z ) dz . 

2m J Br 

[Use Theorem II.3 of Section 10.14 to treat the semicircle. On each horizontal 
segment, notice that the length L of the path is constantly c and the modulus of e tz 
is not greater than e tc > while the modulus of F(z) tends to zero as R —► oo.] 

(b) Deduce that if the real function F(s) is such that the corresponding 
complex function F(z) satisfies the specified conditions, then F(s) is the Laplace 
transform of the function f(t) which is given by 

fit) = ^ Res { etz F i z )> a k}’ 

k 

where the points a k are the poles of F(z). 


89. Verify the preceding result by determining the inverse Laplace transforms of 
the following functions, and comparing with the formulas given in Table 1, Chapter 
2 : 


(a) 


1 

s + a ’ 


(b) 


s 2 4- a 1 


,2 ’ 


(C) 



s 

(e) (5 2 + a 2 ) 2 ’ 


(f) 


s 

s 4 + 4a 4 ' 


90. Suppose that F(z) satisfies the conditions of Problem 88, except that it also 
possesses a single finite branch point at z — 0. 

(a) By introducing a cut along the negative real axis, and considering the 
limit of the contour ABCDOEFA of Figure 10.38(a), show that we then have 

fit) = 2 Res {e u F(z); a k ) + L j F(z)dz, 

where the additional integral is carried out over the infinite "loop” L indicated in 
Figure 10.38(b). [The loop extends to the right along the lower edge of the cut, 
then around an arbitrarily small circle surrounding the branch point, and back 
along the upper edge of the cut. Notice that the cut could have been made along any 
ray (or curve extending from the origin to infinity) in the second or third quadrant.] 

(b) Suppose further that zFiz) tends uniformly to zero on the small circle 
surrounding the origin , as its radius tends to zero. Show then that the loop integral 
of part (a) becomes 

j L e u F(z) dz = J" e~ rt [Fire~ in ) - Fire”)] dr. 

(Use Theorem III of Section 10.14 to treat the integral around the circle of vanishing 
radius.) 
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(a) (b) 


Figure 10.38 


91. Use the result of Problem 90(b) to determine the inverse Laplace transform 
of 1 js m where 0 < m < 1 in the form 


sin 77-ra 

* Jo 


e~ rt r~ m dr (0 < m < 1) 


and show that this result is equivalent to the result t m ~ l IT(m) given in Table 1> 
Chapter 2, if rt is replaced by a new variable and account is taken of Equations 
(47) and (59) of Chapter 2. [Notice that F(z ) = z~ m has no finite singularities other 
than a branch point at z = 0, if 0 < m < 1, and that the conditions of Problem 
90 are satisfied. Thus the inverse transform is given entirely by the loop integral.] 

92. Use the result of Problem 90(a) to determine the inverse transform of 


F(s) = 


in the form 


1 C x 
*■ Jo 


tf>0) 




and, by referring to Equation (235) of Section 9.14, deduce that 


-(& 


(Notice that here the integration around the small circle in the loop integral con¬ 
tributes the quantity 

L lim <j) 

2nl P-0 J C p 2 

dz 

On the circle z = p e i0 there follows -j = i dB and, since the rest of the integrand is 
continuous at z = 0, it can be replaced by its limit unity as p -* 0.) 
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93 Obtain the inverse transforms 


(a) ST-* 



(b) 


y>-i { e -l>/*} = 2 - J " 


i . , P „ 2 ,,. 

sin udu = —= e~P l u t 
Vt 2vVf 3 


where p > 0. [Use Equation (230) of Section 9.14 in part (a) and differentiate 
that equation with respect to b to deal with part (b).] 

94. Solve, by use of Laplace transforms , the heat flow problem considered in 
Section 9.14, for which T(x,t) satisfies the differential equation 

a 2 r i ar 

dx 2 a 2 dt 

the initial condition T(x,0) = T 0 = constant, and the end condition 7(0, t) = 0, 
with r(oo,0 finite. [Show that the transform T then satisfies the equation 

an _ i t = -h. 

dx 2 a 2 a 2 

and hence must be of the form 

f - /«» e~ xVslx + B(s) e* v/ “ /a + — . 

s 

Determine A and B so that the end conditions are satisfied, and show that 

t - t - 

Thus, using the result of Problem 92, obtain the result 


in accordance with the result of Section 9.14.] 


Section 10.16 

95. Consider the mapping >v ^ az + b, where a and b are complex constants 
and a 0. 

(a) Show that the mapping is one-to-one everywhere. 

(b) Verify that the mapping consists of a rotation of the z plane about the 
origin through the angle arg a and a homogeneous magnification or stretching by a 
factor |a|, followed by a translation through the vector whose components are the 
real and imaginary parts of b. 

(c) Deduce, in particular, that circles map into circles, and straight lines 
into straight lines. 

96. Consider the mapping w - \ \z. 

(a) Show that the mapping is one-to-one everywhere when the points z 
and w Q o are included. 
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(b) With the notations w = pe i<r> and z = re id , show that p = 1/r and 
(p — —0, and deduce that the mapping consists of an inversion with respect to the 
unit circle combined with a reflection about the real axis. [Notice that the point 
(i rfi ) maps into the point (1/r,— 6).] 

(c) Show that the general straight line in the z plane has the polar equation 
r cos (0 — 0 O ) = p, where 0 O is the angle made by its normal with the positive x 
axis and p is its distance from the origin, and deduce that its image in the w plane is 
the curve pp = cos (y -f 0 O ), where p and <p are polar coordinates in the w plane. 

(d) Show that the general circle in the z plane, with center at the point with 
polar coordinates (r o ,0 o ) and radius R , has the polar equation 

r 2 - 2v cos (9 - 0 O ) + (r 2 - R 2 ) = 0, 


and deduce that its image in the w plane is the curve 

(rg - - 2 r oP cos (<p + 0 O ) + 1 = 0. 


(e) Deduce from the results of parts (c) and (d) that, under the mapping 
w = 1/z, circles and straight lines in the z plane not passing through the origin map 
into circles in the w plane, whereas circles and straight lines in the z plane passing 
through the origin map into straight lines in the w plane. 


97. Consider the mapping corresponding to the general linear fractional trans¬ 
formation 


w 


az + P 
yz + d 


(A = a<5 — py 0), 


where a, p t y, and <5 are complex constants. 

(a) Show that the mapping is one-to-one everywhere (when z^ and ^ are 
included) but could not be so if A = 0. (Notice that the z plane maps into a single 
point if A = 0.) 

(b) Verify that the mapping can be considered as the result of the three 
successive mappings 

1 A a 

z' = yz + 0, z" = — , w = — z* -\— 
z y y 

when y ^ 0, and is of the form 


when y = 0. 

(c) From the results of Problems 95 and 96, and the results of part (b), 
deduce that any linear fractional transformation always maps circles into circles , 
with the convention that straight lines are to be considered as limiting forms of 
circles. 


98. Mappings into a half-plane. In each of the following mappings, a specified 
region in the z plane is mapped into the upper half (v ^ 0) of the w plane, with an 
indicated correspondence of certain boundary points. Verify the correctness of each 

dw 

mapping and show also that — exists and is nonzero everywhere inside the mapped 
region. dz 
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(a) Infinite strip: 

(-00 < x < oo, 0 ^y g b). 

Mapping: w = 

Boundary points: 

(+ 00 , 6 )-(- 00 , 0 ), ( 0 , 6 )-(- 1 , 0 ), (- 00 ,^) -( 0 , 0 ), 

(0,0) — (1,0), ( + co ,0) — (+ oo,0). 

(b) Semi-infinite strip: 

(0 ^ x ^ a, 0 ^ y < oo). 

Mapping: w — —cos — . 

a 

Boundary points: 

(0,+ oo) - (-co,0), (0,0) - (-1,0), Qa, 0) -(0,0), 

(a,0) — (1,0), (a, + oo) — (-+ oo ,0). 

(c) Interior of circle: 

(M ^ R\ 

R-z 


Mapping: 


w = z • 


/? + z 

Boundary points: 

( -/?,0 -) - (- CO ,0), (0, - J ?) - ( -1,0), ( fl ,0) - (0,0), 

(0,/?) - (1,0), (-/?,0+) - (+ OO,0). 

(d) Interior of semicircle: 

(\z\ <R,y> 0). 

Mapping: H,= _i(i + *). 

Boundary points: 

(0+,0) — ( — co,0), (R,0) — ( — 1,0), (0,R) - (0,0), 
(—H,0) — (1,0), (0—,0) — ( + oo,0). 

(e) Half-plane indented by semicircle: 

(\z\ ^R,y^ 0). 


Mapping: 


+ 3 - 


Boundary points: 

(-oo,0)- (-oo,0), (-*,0)-(-l,0), (0,R) — (0,0), 
(/t,0) -* (1,0), ( + oo,0) - (+ oo,0). 
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99. Mappings of sectors. Verify each of the following mappings, showing also 
dw 

that — exists and is nonzero everywhere inside each specified mapped region, and 

assuming that principal values are to be taken in each case. 

(a) Circular sector into unit semicircle: 


(|z| ^ R, 0 ^ 0 ^ a) (|yv| ^ 1, 0 ^ q> ^ n). 

IT I Cl 

Mapping: 




Boundary points: 

0-*0, R-» 1, Re i0t l 2 -+i, R e ia - 1. 

(b) Circular sector into half-plane: 

(|z| ^ R, 0 ^ 6 ^ a) -> (v ^ 0). 


1 


rfcc / R \ ni a 


R + 




Mapping: w = - 

Boundary points: 

0^°->oo^, 7* e™ 1 ' 2 -> 0, /S* ia ->1, 0 <?*'*-* ooe* 0 . 


(c) Infinite sector into half-plane : 

(O^0^a)->(^ 0). 
Mapping: w = z^ a . 

Boundary points: 

oo —>- oo e iir , 0 —> 0, oo e i0 —> oo e i0 . 


Section 10.17 

100. With the notation of Section 6.18, show that the scale factors associated 
with the curvilinear coordinates defined by the relation u -f iv = f(x + iy) are 

WV 


given by h u = h v = 


\dz 


. Hence, by using the results of that section, deduce that 
( d <P , d <P \ 


V<p 


where u and v are unit vectors in the u and v directions, and also that 



where V 2 is the two-dimensional Laplacian operator, in accordance with the results 
of Section 10.17. 
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101. Bernoulli's equation [Equation (206) of Section 6.20] states that the pressure 
at a point in an incompressible fluid is given by 

p =Po -bv\ 

where p 0 is the equilibrium pressure, p is the density, and V = |V| is the absolute 
velocity at the point. 

(a) Show that the normal force per unit length, exerted by fluid flowing 
past a cylindrical surface whose cross section is bounded by a closed curve C in the 
z plane, has components 

r dy r dx 

— <V p-r ds and + CD /? —- ds 
Jc ds Jc 1 ds 

in the x and y directions, respectively, and show that these components are the real 
and imaginary parts of the complex quantity / t p dz. 

(b) By making use of Bernoulli’s equation, deduce the relation 

1 X d® 2 

— D + iL — — - ip CD — dz , 

2 Jc dz 

where <l> is the complex potential function, D is the drag component of the force 
due to pressure in the negative x direction, and L is the lift component in the 
positive y direction, this terminology implying that the preponderant flow is in the 
positive x direction. 

102. (a) Show that the complex potential <J> ^ Aw (A real and positive) 
corresponds to a steady flow, with velocity A in the positive u direction, in the w 
plane. 

(b) Use the result of Problem 98(e) to map the upper hdlf of the w plane 
into the upper half of the z plane, indented by a semicircle of radius a with center 
at the origin. 

(c) Show that the complex potential takes the form 



By noticing that the real axis in the w plane corresponds to the portion of the x 
axis outside the circle x 2 -f- y 2 — a 2 , and to the upper half of the boundary of that 
circle, deduce that the flow has this composite contour as a streamline. 

(d) Determine A in such a way that the velocity tends to V 0 at large 
distances from the origin, and hence obtain 



as the complex potential in the half-plane y > 0 of a flow, about a circular cylinder, 
which tends to a uniform flow in the positive x direction at large distances from the 
origin (see Figure 10.25). 
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103. For the flow obtained in Problem 102, show that the velocity components 
are of the form 


Vx = V 0 



a 2 (x 2 - y 2 )" 
(x 2 +/) 2 J’ 


Vy = 


2 a 2 xy 

v «WTf? 


and verify that, because of appropriate symmetry in these expressions, the flow 
is correctly specified by over the entire z plane. 


Section 10.18 

104. Suppose that two sources of equal strength m are present at the points 
z = ±a, where a is real and positive. 

(a) Show that the complex potential is given by 


and the complex velocity by 


O = ~ log (z 2 - a 2 ). 



(b) Show (by symmetry or otherwise) that the stream function is constant 
along the y axis, and deduce that O is also the complex potential in the half-plane 
x > 0 corresponding to a source at z = a and a fixed boundary along they axis. 

(c) Show that the velocity at a point on the boundary x = 0 is given by 
V v = (m/7r)[yl(y 2 + a 2 )], and at a point on the liney = 0 by V x = (m/7r)[x/(x 2 — a 2 )]. 

105. Suppose that a vortex of strength m is located at z = a, and that an equal 
and opposite vortex is at z = - a , where a is real and positive. 

(a) Show that the complex potential is given by 


m z — a 

O — — log-, 

2m 6 z 4- a 


and the complex velocity by 


v m - iVy 


m a 
777 z 2 — a 2 ' 


(b) Show that the vortex at z = -a may be replaced by a fixed boundary 
along the y axis in part (a), without affecting the flow. 

(c) Show that the velocity at a point of the boundary x = 0 is given by 
V v = ~(/w/7r)[a/(y 2 + a 2 )], and that the velocity at a point on the line y = 0 is 
given by V y = (mln)[al(x 2 - a 2 )]. 

106. Fluid is introduced at a steady rate m through a small opening at the origin 
into an infinite channel occupying the region ( — oo < x < + co, 0 < y < b) of the 
z plane. The flow pattern in the channel is required. 

(a) Use the mapping of Problem 98(a) to obtain a transformed problem in 
which fluid is introduced into the upper half of the w plane at the rate m at the 
point w = 1, and is withdrawn at the rate m/2 at the points w = 0 and w «>. 
Noticing that a source of strength 2m then must be present at w = 1, and a sink of 
strength m at w = 0 (as well as at w^), since only half the fluid enters the upper 
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half-plane from a source on its boundary, obtain the complex potential in the w 
plane in the form 

mV 1 “I 

® = “ M°g (w - 1 ) - - log w\ + constant 

= — log(>v 1/2 - w~ lf2 ) + constant. 

7T 


(b) Obtain the required complex potential in the form 

m 7 tz 

<D = — log sinh — , 

7T 2b 


neglecting an arbitrary additive constant. 

107. (a) Show that the velocity vector in Problem 106 is of the form 


V x + iV v = — coth 


<x - iy) 
2b ' 


and that the velocity along the boundary^ = bis given by V x = (m/2b) tanh (nx/2b), 
whereas the velocity along the boundary y = 0 is given by V x = (m)2b) coth (ttjc/2 b). 
(b) Show that the stream function is of the form 



and verify that \p increases by m as a small semicircle is traversed about the origin 
in the counterclockwise direction. Deduce also that the streamlines are the curves 


Try 7TX 

tan -7 = c tanh — . 
2b 2b 

108. (a) Show that the complex potential 


<D 


^°( z + t) + '■ 


m 

2tt 


log 2 


defines a flow past the circle |z| = a , in which the velocity tends to V 0 as |z| oo, 
for any constant real value of m. Notice that a positive value of m corresponds to 
the presence of a clockwise circulation. (See also Problem 36, Chapter 9.) 

(b) By making use of the result of Problem 101(b), show that the drag D 
and lift L , per unit length, exerted on a cylinder with \z\ = a as a cross section is 
then given by 


-Z) + /L= ip £ *o(l z2 ) 


+ i 


2i tz\ 


dz , 


where C is the circle |r| = a. 

(c) Show that the integral involved in part (b) can be expressed in the form 


(*2ir r |*2 "1 r /W 

J o V a (l - <r««) + i — [k 0 (1 - e~ M ) - i — e <# J /< 


ia e id dQ. 
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By noticing that all product terms of the form e ird will integrate to zero when r is 
an integer other than zero, and to 2n when r = 0 , obtain the value of the integral 
in the form —2 V 0 m. Hence deduce that 

D = 0, L = p V 0 m, 

where m is the circulation (positive in the clockwise direction). 


Section 10.19 

109. (a) Mapping of exterior of ellipse into exterior of circle. Verify that the 
transformation 


z 


W + Tw 


maps the exterior of the ellipse 

l! 

^2 


x 6 y 2 

, + Z2 =1 

a c b 2 


(a > b) 


into the exterior of the circle ]>v| = i(a + b), where c is the distance Va 2 — A 2 
from the center of the ellipse to each focus, in such a way that the mapping is not 
distorted or rotated at large distances from the ellipse. [Notice that the point 
w = \(a + b) e iq> corresponds to the point z = a cos 9 ? + ib sin <p .] 

(b) Mapping of plane with finite cut into exterior of circle. As a limiting 
case of part (a) as b -+ 0 , show that the transformation 


maps the z plane with a cut along the real axis from x = —a to jc = -\-a into the 
exterior of the circle \w\ — ajl, with no distortion or rotation at large distances 
from the cut. (Notice that the point w = \a e i<p corresponds to the point z = a cos .) 


110. Rotation of mappings of Problem 109. 

(a) Suppose that the ellipse defined in Problem 109(a) is rotated about its 
center through the angle a, where a is positive when the rotation is counterclockwise. 
By considering the result of replacing z by e~ ia z and w by e~ i<x w in the trans¬ 
formation of that problem, show that the exterior of the resultant ellipse is mapped 
into the exterior of the circle \w\ = -|(a + b) by the mapping 

c 2 e 2i(X 
z = w + ——, 


where again c 2 = a 2 - b 2 , without distortion or rotation at z { 

(b) In the limiting case b =0, show that the transformation 

a 2 e 2i<x 
z = w + —— 


maps the z plane, with a cut of length 2 a extending from the point —a e i<x to the 
point a e ia t into the exterior of the circle [^1 = a/ 2 , without distortion or rotation 
at Zoo. 
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(c) Verify that the point w ~ \{a 4 - b) ^ corresponds to the boundary 
point z = e ia (a cos p + ib sin P) in the transformation of part (a), and that the 
point w = \a e <(a+/,) corresponds to the point z = a e ict cos p on the cut in part (b). 

111. Show that the complex potential for an ideal fluid flow in the xy plane 
about a section of an elliptic cylinder, with center at the origin, with semi-major 
axis of length a along the line 6 = a, and with semi-minor axis of length b, which 
tends to a uniform flow with velocity V 0 in the positive x direction at large distances 
from the ellipse, is obtained by eliminating w between the two equations 


(a + b) 2 m 

= V 0 w> H- - - + i — log w, z — w 4- 

L 4w J 2 tt d 


(a 2 - b 2 ) e 2i * 
4vv ’ 


where m is the clockwise circulation. (Notice that the first equation defines the 
complex potential for the flow of Problem 108 in the w plane about a circle of radius 
\{a 4 - b\ and use the result of Problem 110.) 

112 . By specializing the result of Problem 111 when b = 0 and a = tt/ 2, deduce 
that, when no circulation is present, the complex potential for a steady flow about 
a plane barrier of width 2a, at right angles to the flow and with center at the origin, 
is of the form 

O - V 0 Vz 2 + a 2 . 


where V 0 is the limiting uniform velocity in the x direction. (An alternative deriva¬ 
tion of this result is given in Section 10.20). 


113. By using the result of Equation (220) of Section 9.14, show that the steady- 
state temperature distribution in the upper half of the w plane which reduces to 
unity along the u axis when |a| < 1 and to zero elsewhere along the u axis, is given 
by 




1 

- cot" 




(See footnote, page 578.) 

114 . The steady-state temperature distribution is required in the semi-infinite 
strip (0 ^ x ^ a, 0 ^ y < oo), subject to the requirements that it reduce to unity 
along the end y = 0 and to zero along the sides x = 0 and x = a. Use the results of 
Problems 98(b) and 113 to obtain this distribution in the form 

r = I cor^sinh* 2 _ sin* jl sin j sinh 2] = ? tan"* (sin ^/sinh . 

(Notice that the methods of Chapter 9 would give this solution in the form of an 
infinite series.) 

115 . The steady-state temperature is required in the semicircle bounded by the 
upper half of the circle x* + y 2 = R 2 and the * axis, subject to the requirements 
that it reduce to unity along the curved boundary and to zero along the straight 
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boundary. Use the results of Problems 98(d) and 113 to obtain the distribution in 
the form 



Section 10.20 

116. Derive the mapping of Problem 98(a). 

117. Derive the mapping of Problem 98(b). 

118. Obtain the transformation which maps the region in the z plane, above the 
line y = b when x < 0 and above the x axis when x > 0, into the upper half of the 
w plane, in the form 

z = -[(w 2 - 1) 1/2 + cosh -1 w], 

TT 

by making the point z = hi correspond to w = -1 and the point z = 0 correspond 
to w = +1. 


119. The infinite strip ( — oo < * < + oo, 0 ^y ^b) has a semi-infinite cut 
extending in the positive x direction from the point (0, bf 2). It is required to map 
this cut region into the upper half of the w plane, in such a way that the x axis maps 
into the segment u < - 1, the lower boundary of the cut into -1 < u < 0, the 
upper boundary of the cut into 0 < u <1, and the line y = b into the segment 
u> 1. 

(a) Show that the mapping must be such that 


dz Cw 
dw w 2 — 1 * 


z = j lo g (w 2 - 0 + K- 


(b) Show that the point z = /6/2 maps into w = 0 if and only if 


b 

2 


7rC 

= — i + K, 


and that the line z = x + ib maps into w = u, where u > 1, if and only if K = ib. 
Hence obtain the mapping in the form 

z = ib~Y log (w 2 — 1 ), w 2 — 1 + 


120. Suppose that the temperature is maintained at zero along the boundaries 
y = 0 and y = b of the strip of Problem 119, and at unity along the semi-infinite 
cut. Use the results of Problems 119 and 113 to show that the steady-state tempera¬ 
ture distribution T(x,y) in the strip is obtained by eliminating u and v from the 
relations 


T = - cot -1 


lu 2 + V 2 - 1 \ 

[ 2v }' 


u 2 — y 2 — 1 + cos , 2 uv = -e~~ 2nx/b sin . 

b b 
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121. Electrostatic fields about cylindrical conductors. In a region free of 
charges, in which an electrostatic field is independent of position normal to the xy 
plane, the electric field intensity vector E is the negative gradient of an electrostatic 
potential <p(x,y) which satisfies Laplace’s equation, 

E = ~V(p where V 2 <p = 0. 


(a) Show that the fact that the component of E tangential to a perfect 
conductor vanishes leads to the conclusion that y is constant along the boundary of a 
perfect conductor. 

(b) If y>(x t y) is the function conjugate to ?(*,>>), so that <p + np is an analytic 

function of x -f iy, show that the lines of force then are the curves for which 
V 9 = constant. ^ 

(c) The surface charge density a on a conductor is given by -K-r- f 

on 

where K is the electric inductive capacity. Show that the total charge q on a cylindri¬ 
cal conductor, per unit length normal to the xy plane, is given by 

i - £•* - -*£ 1 * - - -***■ 

where A B y> is the increment in tp corresponding to a counterclockwise circuit of the 
boundary B of the section of the conductor in the xy plane. [See Problem 20(b).] 

122. Capacity of a condenser. The capacity C, per unit length, of a condenser 
formed by two cylindrical conductors and £ 2 , is defined as the absolute value of 
the ratio of the total charge per unit length on either of the conductors to the 
potential difference between them. If O(z) - (p -I- np is analytic in the region between 
the conductors, and if (p is constant on each conductor, show that 


9 

_ Y 

\ n xf 

V Bl - Vb 2 

A 

( PB 2 “ < f ) B l 


123. By making appropriate use of the function 

O = <p -f hp = A log z -I- B , 


show that the electrostatic potential outside a circular cylindrical conductor 
given by 


<P = 


2nK 


log r + constant, 


is 


where r is distance from the axis of the cylinder and q is the charge per unit length 
on the cylinder, whereas the function v> is given by 

q 

w = ——— 6 + constant, 
v Ink 


where 0 is an angle measured around the axis of the cylinder. 

124. Show that the capacity, per unit length, of a condenser formed by concentric 
circular cylinders of radii R x and R 2 is given by 

2itK 

C = log {RtSRxY 
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125. (a) By making use of the results of Problems 109 and 123, show that the 
result of eliminating w between the relations 

a c l 

O = <p + iy = —-— log w 4- constant, z = w + — 

gives the potential q> and the function y> for the electrostatic field outside an 
elliptical cylinder with cross section 

jc 2 v 2 

“2 + 75 = 1 where a 2 - b 2 = c 2 , 
a 2 A 2 

with charge q per unit length. 

(b) Show that the elimination described in part (a) leads to the result 
q z 

(p + np = -—-cosh -1 - + constant. 

2nK c 

126. By combining the results of Problems 125 and 124, show that the capacity, 
per unit length, of a cylindrical condenser whose cross section consists of confocal 
ellipses with focal length c and semi-major axes a x and a 2 is given by 


Ink 2nK 



[Notice that the ellipse x 2 ja 2 + y 2 l(a 2 — c 2 ) = 1 corresponds to the circle 
\w\ — \(a + V a 2 — c 2 ) in the mapping z = w + c 2 /(4>v).] 
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Formulas for Roots of Equations Involving Bessel Functions f 

1. The wth root, in order of magnitude, of the equation 

Jfx) = 0 

is given by 


where 


+?LJ) 


C’l 4 c 2 32c 3 

A: 3/c 3 15/c 5 


A: = 27t(2/? +4/1 — 1), m = 4/> 2 , 
q = m — 1, c 2 = (m — l)(7m — 31), 
<* 3 = (w - l)(83m 2 - 982/w + 3779). 

2. The wth root, in order of magnitude, of the equation 


is given by 


where 


J'fx) = 0 


,. = 4 + 2£±i) 


c x 4 c 2 32c 3 
k ~ 3k 3 ~15k s 


k = 2-n{2p +4n + l), m = 4/> 2 , 


c x = m + 3, c 2 = 7m 2 + 82m — 9, 


c 3 = 83/m 3 + 2075/m 2 - 3039/m + 3537. 


3. The Mth root, in order of magnitude, of the equation 


is given by 


x 


n 


J P (x) Y v (ax) — Jjiax) Y P (x) = 0 (a > 1) 
M7r Ci . c 2 Cj c 3 4 c x c 2 + 2cj ! 

"rr; + r + _ i?- + i? + 


t See J. McMahon, “On the Roots of the Bessel and Certain Related Functions,” 
Annals of Mathematics, Vol. 9, p. 23 (1895). In certain cases the indicated series may 
converge slowly for small values of n. 
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where 



m = 4 p\ 


m - 1 4(m - l)(m - 25)(a 3 - 1) 

Cl 8a C * 3(8a) 3 (a — 1) 

32(m - l)(m g - 114w + 1073)(a 8 - 1) 
5(8af(a - 1) 

4. The nth root, in order of magnitude, of the equation 

J' p (x) Yp(ax) — J' P (ax) Y p '(x) = 0 (a > 1) 
is given by formula 3, except that here 

m + 3 . 4(m 2 + 46m - 63)(a* - 1) 

Cl " ——Co ' i 

8a 2 3(8a) 3 (a - 1) 

= 32(m 3 + 185m 2 - 2053 m + 1899)(a 5 - 1) 

° 3 5(8a) 5 (a - 1) 



Appendix B 


Table I. Values of T(x) — (x — 1)! 


X 

.00 

.01 

.02 

.03 

.04 

.05 

.06 

.07 

.08 

.09 

1.0 

1.0000 

.9943 

.9888 

.9835 

.9784 

.9735 

.9687 

.9642 

.9597 

.9555 

.1 

.9514 

.9474 

.9436 

.9399 

.9364 

.9330 

.9298 

.9267 

.9237 

.9209 

.2 

.9182 

.9156 

.9131 

.9108 

.9085 

.9064 

.9044 

.9025 

.9007 

.8990 

.3 

.8975 

.8960 

.8946 

.8934 

.8922 

.8912' 

.8902 

.8893 

.8885 

.8879 

.4 

.8873 

.8868 

.8864 

.8860 

.8858 

.8857 

.8856 

.8856 

.8857 

.8859 

.5 

.8862 

.8866 

.8870 

.8876 

.8882 

.8889 

.8896 

.8905 

.8914 

.8924 

.6 

.8935 

.8947 

.8959 

.8972 

.8986 

.9001 

.9017 

.9033 

.9050 

.9068 

.7 

.9086 

.9106 

.9126 

.9147 

.9168 

.9191 

.9214 

.9238 

.9262 

.9288 

.8 

.9314 

.9341 

.9368 

.9397 

.9426 

.9456 

.9487 

.9518 

.9551 

.9584 

.9 

.9618 

.9652 

.9688 

.9724 

.9761 

.9799 

.9837 

.9877 

.9917 

.9958 


Table II. Zeros of Bessel Functions: J„(a n ) = 0 


#i 

o 

II 

P = 1 

P ~2 

II 

CX. 

P = 4 

H 

1 

2.405 

3.832 

5.135 

6.379 ! 

7.586 

8.780 

2 

5.520 

7.016 

8.417 

9.760 

11.064 

12.339 

3 

8.654 

10.173 

11.620 

13.017 

14.373 

15.700 

4 

11.792 

13.323 

14.796 

16.224 

17.616 

18.982 

5 

14.931 

16.470 

17.960 

19.410 

20.827 

22.220 
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Answers to Problems 


Chapter I 


1. (a) / - y = 0. 

(b) / - 2xy = 2 - 4x 2 . 

(c) y' - y 2 = 0. 

(d) xy' - y logy = 0. 

(e) yy' + x = 0. 

(f) x 2 /* = (4y + l)(xy'-y). 

2. (a) y" — y = 0. 

(b) / - 2/ + y = 0. 

(c) / + y = 0. 

(d) yy" -/* = 0. 

(e) ( 7 - 1)/ - 2y' 2 = 0. 

(0 /* = ( 1 + / 2 ) 3 . 

3. (a)y = Ce* 3 . _ 

(b) x - C= Vl -y 2 ,y = ±1. 

(c) (y - l)(x - 1) = C(y + l)(x H- 1). 

(d) Vl — y 2 — Vl — x 2 = C, x = ±l,y = ±1- 

13. (a) y = x 2 /(2 - *) + Cx* if A: V 2;y = ac 2 log ac + Cac 2 if k = 2. 

(b) y = ac tan x + 1 + C sec x. 

(c) y = sin x + C cos x. 

(d) y = 2 sin x — 2 + C e~ 8ln *. 

(e) y = (x + l)(x + C)/(x — 1). 

(0 y = (Cx — l)/(x logx). 

(g) y* = x(x + C). 

(h) ac = y<y + C). 

17. (a) y = Ci e~* + c 8 e". 

(b) y - c, e- + (c, + c,x) e*. 

(c) y = e*(c, cos x + c, sin x). 

(d) y = e*(ci + c*x + c 3 cos x + c 4 sin x). 

(e) y = Ci «* + e -I/, [ci cos (V 3x/2) + c a sin (V3x/2)]. 

(0 y — Ci e a+il * + c, c -a+n *. 



622 


Answers to problems 


18 . (a) 7 = Ci *?** -f c a e~ kx 4 - c 3 cos kx 4 - c 4 sin kx. 

(b) y — cos kx -f c 2 sin kx) -f e~ kx (c z cos kx + c 4 sin kx). 

(c) y = e* x (c! + c 2 x) 4- e _fcc (c 3 4- c 4 x). 


19. (a) y = Ci cos Acx 4 - c a sin Acx 4- (sin x)/(k 2 — 1) if Ac 2 ^ 0, 1. 

(b) = Ci cos x 4 - c 2 sin x — 4 * cos a:. 

(c) y = c 4 c* 4- c 2 c~* — 4 sin x. 

(d) y = Ci e* 4- c a e~* + 4* 

(e) ^ = ci e* + c a e~ x 4- i(x 2 — a:) e*. 

(0 J = ^*(ci cos x 4- c 2 sin x) 4- 4(2 cos x 4- sin x). 

(g) y = cos x 4 - c a sin x) — 4ac e* cos x. 

(h) y = Cj e 4 * 4- c a e B * 4- ( 2 a: 2 4 - 6 a: 4 - 7 ) e* x . 

(i) y = Cx e 2 * 4- c a e~ x — a: e _x — 3 sin x 4- cos x + 2x — 

20 . (a) y = CiAf* 4 - c 2 x~ k if k # 0 ; y = c t 4 - c a log x if k — 0 . 

(b) .y = Af(ci cos log x 4 - c 2 sin log x). 

(c) y = c y x 2 4 - c 2 x -1 . 

(d) y = x(ci 4 - c 2 log x). 

(e) y = CxAr 1 4- x(c 2 4- c 3 log a:). 

(f) y = ^x" + c 2 x~ n ~ x . 

(g) y^cix 4- CjjAc " 1 4- 4x 2 . 

(h) y = Cn* 4- c 2 ac -1 4- 4* log ac. 

(i) 7 = CiX z 4- c 2 ac 2 4 - 3x 4 - 2. 

26. ac = cd 4* c 2 , y = —4^ir 2 - (Ci 4- c 2 )t 4- c 3 . 

27. (a) ac = Cj c 2 ‘ 4- c 2 c*, j = — c x c 2 ‘ 4- c 2 

(b) ac = Ci c* 4- c 2 cos t 4- c 3 sin f, 

^ = 2(c x - 1 ) e* 4 - (c 2 - c 3 ) cos / 4 - (c 2 4 - c 3 ) sin f. 

(c) ac = c*(c! 4- c 2 0 4- c 3 c - 3 ‘/ 2 - 4/, 

y - e'{6c 2 - 2 c x - 2 c a /> - 4 c 3 e " 3 " 2 - 4 - 

(d) ac = Ci cos w x kt 4 - c 2 sin a) x kt 4 - c 3 cos co 2 kt 4 - c 4 sin a) 2 kt 9 

y — ^2(Ci cos cojAc/ 4- c 2 sin a) x kt — c 3 cos a) 2 kt — c 4 sin co 2 Acf), 

where o) x = V 2 + V 2 and to a = V 2 - VI 

(e) ac = c 2< 4- 1,7 = c 2t — 1. 

(f) x — c x e~ 2t ,y = 5ci c -2< 4 - c 2 e~ l . 

(g) ac — Cj c 2t , 7 = Jc r c 2t 4- c 2 c~ 2f , z = -|Ci c 2 ‘ - fc 2 e~ 2t 4- c 3 e 3t . 


28. (a) x = c x t + c 2 t 2 , 7 = c t / - c a f 2 . 

(b) x = c x t 2 >y = icif 2 4- c 2 r 2 , z = -fcj/ 2 - fc 2 r 2 4 - c 8 r s . 

29. (a) py — J ph dx 4- c where p — e! a i dx . 

(b) y = c x cos x 4- c 2 sin x 4- (sin x) log (tan 4x). 

(c) y = c x cos x 4- c 2 sin x 4- (cos x) log (cos x) 4- x sin x. 

(d) y = c x cos x 4- c a sin x 4- f sin (x — £) log f df. 


(e) 

(0 


y = e*[c! cos x 4 - c 2 sin x — (cos x) log (sec x 4 - tan x)]. 

a . 1 , 3 f sin x j 2 f sin ^ , 

y = c x x 3 4- c 2 x 2 4- x 3 —dx — x 2 -dx. 


(g) J = c,x 4- CaX 2 - x log x - 4xr(Iog x) 2 . 
31 . y = c x x + c 2 e? 4 - 1 . 


32 . y = Ci(l 4- ac tan x) 4- c 2 tan x. 

33 . y = cix + c, ^ log ~ l) + ^ (** + 1). 
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42. U\ = Kcosh x 4- cos x), u % = i(sinh a: + sin x), 
</ 8 = i(cosh x - cos x\ w 4 = i(sinh x - sin x). 

43. (a) k = mr/a, a a nonzero integer. 

(b) k ^ /W7r/a, m an odd integer. 

44. (a) x 2 y 8 4- xy - y 2 = c. 

(b) x 3 y — xy 8 = c. 

(c) y e* 4- x e v = c. 

45. (a) y 2 4- 2xy — x 2 = c. 

(b) y 2 4- x y = cx. 

(c) y 4- Vx a + y 2 = c. 

(d) y = x sin" 1 (cx). 

46. (a) xy = c CI . 

(b) x s — 3xy = c. 

(c) y 8 — 3xy = c. 

(d) (y - 2)* 4- 2(x - 1 )(y - 2) - (x - l) 2 - c. 

(e) xy(x + c) = 1. 

(f) (x 2 4- l) 2 (2y 2 - 1) = c. 

47. (a) y = log (x 4- c t ) 4- c 2 . 

(b) y = Ci tan* 1 (c x x) 4- c 2 . 

(c) y 2 = CiX 4- c 2 . 

(d) y = c 2 — [1 - (x - cO 2 ] 1 / 2 . 

(e) y = C! cos x 4- c a sin x. 

(f) x = 2p* 4- p 4- c lf y = f/? 4 4- £/> 2 4- c 2 . 


Chapter 2 


3. (a) (s - a)H(s - a) 2 + * 2 ]. 

(b) n\l(s 4- a) n+1 . 

(c) (1 4- e-*)/(* 2 4- 1). 

(d) (e-** - e-*)/s. 

4. (a) 6/s 4 . (b) 2/(s 4- 3) 3 . (c) a(s 2 - 2a 2 )/(s 4 + 4a 4 ). 

(d) 4(j - 1 )/(j 2 - 2j 4- 5) 2 . (e) (6a* 2 - 2a 3 )/(s 8 4- a 2 ) 3 , 

(f) (5 - a)/[(s - a) 2 - 6 a ]. 

5. (a) i J /(i) - s*/(0) - */'(<>) -/'(0). (b) -f'(s - 1). 

N N 

(«> 2 

n =0 n^O 

1(1. (tanh Jaj)/s 2 . 


(«! (d) 2""^’ + **>• 


/* /* f # 

1M« 1 -irji + JTs! ~t!V. + " 

Ort 1 + + 

1 ' (l!) 2 (2 !)* (3!) 2 


22. (a) (1 — cos at)/a. (b) (e 01 — 1 — a/)/a 2 . 

(d) (6 sin a/ — a sin £/)/(6 2 — « f ). 


(c) (e° ( - )l(a - b). 


2«. (a) e 8 * - e*. (b) e* cos It 4- W sin It. 

(c) sin rsinh T + (sin Tcosh T - cos Tsinh D/V2 where r = t/V 2. 
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(d) (1 + 2e~* - 3e~ 2t )/2. (e) t - sin /. 

(f) e~ lt ~ 1) when t > 1; 0 when 0 ^ / < 1. 

29. (a) (sin at -f at cos at)/(2a). (b) (sinh at + at cosh at)/(2a). 

(c) —e~* -f Se~ 2t — 4e~ 2t . 

(d) [e-“ - e«'/ 2 (cos jVJ at - V3 sin iVj af)]/(3a 2 ). 

(e) 1 when 0 ^ / < 1; 0 when / > 1. 

(f) (6 sin at — a sin bt)/[ab(b 2 — a 2 )] if b 2 ^ a 2 ; (sin at — at cos at)/(2a 3 ) if b — a. 

30. (a) er x cos /. (b) (sin at cosh at + cos at sinh at)/(2a). 

(c) 0 when 0 ^ t ^ n; —sin / when t ^ n. (d) £(2 — 4a/ + a 2 / 2 ) e“ a *. 

(e) i[(3 — t 2 ) sin / — 3/ cos /]. (f) i[(3 + t 2 ) sinh t — 3/ cosh /]. 


31. (a) j = e- kt . (b) y - (1 - cr**)/*. 

(c) ^ = e~ kt when 0 ^/<l;^ = (l + e k ) e~ kt when t > 1 . 

(d) y = «-« [ 7 , +£/(«) . 

32. (a) y = e - * cos /. (b) y — 1 — e~ l cos /. 

(c) y — e~ l cos / when 0 ^ ^ 1 ; 

y = e~ l cos / 4 - sin (/ — 1 ) when t ^ 1 . 

(d) y = e~ l [* cos / + (y 0 + yi) sin / + j^/(w) sin (/ — u) du 

33. (a) y — J(sin / cosh t — cost sinh /). 

(b) ^ — 1 — cos / cosh /. 


34. y = —[sin / sin (6 — a)]/(sin A) when 0 ^ t < a; 
^ = —[sin a sin (b — /)]/(sin £) when a <: t <b. 


35. (b) x [l - e~ a ‘ (cos fit + | sin /9rjJ (0* = a> 0 2 - a 2 > 0), 

x=4 # [l-(l+a t)e-«‘) (a = a> 0 ), 
k 

X = h _ 1+2 e -(«-vn + iz2 e -.a+'/nl ( r * = a 2 - coj > 0). 

k L 2y 2 y J 

(c) x — a e~ a< ^cos fit + - sin /9/j (/? 2 - cu 2 — a 2 > 0), 

x = a e~ a *(l 4- a/) (a = cu 0 ), 

x = a [ _ i__Z e -«x+y.<J ( y * = a 2 - £ 0 $ > 0). 


36. x = —e~*(cos / 4- sin /), j — e- l (\ + sin /). 

38. (a) Vff/2. (b) 1.54. (c) 3.33. (d) 1.43. (e) -4.33. (f) 3VV/4. 

41. (a) 0 when a > 0; 1 when a = 0; no finite limit when a < 0. 

(b) i/VZ 


Chapter 3 

14. ^(O.l) «*> 0.9949,7(0.2) ** 0.9785. 

17. Rounded true values: (a) 1.5527; (b) 1.5841; (c) 0.07842; (d) 1.6082. 

19. Rounded true values: (a) 0.3152; (b) 0.3121. 

24. Rounded true values: (a) 1.4049; (b) 1.4333; (c) 0.07096; (d) 0.07024; (e) 2.8394; 
(0 5.6856. 
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Chapter 4 

1. (a) All values of *. (b) -3 < x < l. (c) 1 - V 3 g x < 1 + V 3 

(d) -1 <x < 1; also x = -1 if A < 1 and* = +1 if* <0. 

(e) All values of jc. (f) x = 0. 

(g) a - 1 < x < a + 1; also x - a + 1 if a > 1 and x = a - 1 if a > 0. 

(h) —4 < x < 4. (i) x > 1 and jc ^ — 1. (j) .* > _i. 


3. (a) y = c 


/ x 3 

‘( 1+ ~3 


(c> y = + Yi + Ti + ‘" 

= Ci cosh x 2 + c 2 sinh jc 2 . 


2*3 2 • 3 • 5 • 6 + 

“j + c s 

x 3 x* 1 • 3x« 1 

• 3 • 5jc 8 

2! 4! + 6! 

8 ! 

X* X* \ ( 

X 9 

t - . + — + * * * | 4- c 2 1 

x 2 4- — 

2! 4! } \ 

, 3! 


jc 4-b - 

\ 3*4^3 


+ *••) + c 2 *. 


"4^7+ ")' 


4.(.i..)+^( Jr _|! + n_.). 

(b)7 = /l„^l - |x* + ix’+ - j +44,^x-ix J + Jl x * + •••)• 


(b) y = A 0 (\ — ^ X s + ^ x 3 


(c) y = A 


•( ,+ H 


+ AiX. 


my-A.{, +x + r > + -y 

Wj.-4‘+Ji + 5 + —) 

(0 y = a 0 . 

5. (a) No singular points. (b) No singular points. 

(c) Regular singular points at x = ±V2. 

(d) Irregular singular point at x = 0. 

(e) Regular singular points at x = 0 and x = — 1. 

(f) Irregular singular point at x = 0. 

6. (a) y = cjl + x + y, + + '' •) 


/ 2x (2x) 2 (2x) 3 , \ 

+ c«x 1 '*^l 4- |"7j ’^ 1 .3.5"^i-3-5-7"^"'j 

(coefficient of c 1 is e*). 

<b> > - - f! + jj - " ) + - 51 + ?!-) 


= jc ~ 1 /*(c 1 cos jc + c t sin x) 


<c) j-eyr‘^I - J ! +Jj + -”) + c *( 1 _ fr + ?! ) 


= x _1 (ci cos x 4- c 2 sin x). 
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(d) y — Cx(l + x + x*) + Ca* 8 (l + x 4- x* + x* -}-) 

= c x (l + x + x*) + c a x*/(l ~ x) (|*| < 1) 

= (Ci + C*x*)/(1 - x) (|*| < 1). 


7. (a) >- = Cl *^l + J] + Jj + • • •) + c »**( l + JT + J\ + '' ')• 
(b) y = c,^l + jx* +^x* + • • + e,x. 


(d) y 


- 4 ~ 4 + ') + 4 '“^ + ")• 

«(c + 1 )(a + 2) • • • (a + k - 1) x* 


8. M(a , c; x) = 1 -f 


2 


c(c 4- l)(c + 2) • • • (c H- A: — 1) /f! 


, , a a(a + 1 ) ** , 

==1+ ^ + c77TT)2! + ' 

00 


*■ (»“'«-2 (W-- 


*=0 


-( 


3 o 11 

J * + 4* + m5* + ' 


, 1 + i i , 1 +i + i a, 

(!!)•* + C-F* + “(3!)^* + 


(d) *(*) 

—W 

00 

“ <l, >* w - 2 (rnb- 

fc = 1 

i.x 

v X* X* X* X 7 

!Ma).V = 2!+3j+g!+7} + -- -- 

... ** 3x‘ 3 • 6 jc“ 3 • 6 • 9* n 

<W), - 2 i- 5 r + -«i-— + 


•} 


, 2(1) + I . . 2(1 + » + » . . 


(c) 7 = 


+ ; 


2(1!)* 3(2!)* 4(3!)* 5(4!)* 


+ 1 




15. y = + c 9 [«i(x) log x - y(jc)]. 


X* X* 

where «,(*) = 1 + x + — + — + ••• 

= «*, 

* (i+:+-+i 

L_ x + 3 , + “ 

s 

4 : 

il 

? 
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16. ^ = Ci«i(*) + c t [ Ul (x) log* 4- 1 — »(*)], 


where « 2 (*) = *(l + * + £ +1’ + •. = **«, 


v(x) 


00 

-2 


/ 1 

1 \ 

1 +- + • 

• H-1 

\ 2 



*- 2 


0 k - 1)! 


x *=x* + lx> + £x* + 


19. (a) 0.1483. (b) -1.081. (c) 0.1924. (d) 0.1357. 

(e) 0.9900 - 1.081/. (f) 0.4539. 

20. * = c,/ 0 (0 + c, r 0 (r), y = c, r/,(/) + c, / y,(f). 

21. y — c, J„(Ax + B) + c 2 Y 0 (Ax + B). 

22. (a) V 2/r(f). (b) -2 /tt. (c) 2. (d) l/(2"«!). (e) 2 

31. (a) y = Jt*[c,/ 1 (*) + c„ r 2 (*)]. 

(b) y = *[ Cl /,„(**) + c,7_i„(**)] = C,cos** + C 2 sin**. 

(c) y — Ci /i/ 2 (*) + c 2 /-i/ 2 (*) = *-V*(C, cosh * + C 2 sinh *). 

(d) y = e~*{CiUx) + c 2 y,(*)]. 

(e) y = *[C| 7 t (*) + c, *,(*)]. 

(f) y = Ci x cos (a/*) + c 2 * sin ( a/x ). 

(g) y = c, **'* /i/i(**/2) + c 2 *>/* /_i/ 4 (**/2). 

(h) ^ = Ci c~* 7 0 (*) + c 2 e- x X„(*). 

(i) _y = C! e**J 0 (x) + c 2 c~ x * y 0 (*). 

32. y = *-*7,(2*). 

33. y = c 2 /i(*) - iP K,(*). 

34. (a) y = *’’Z P (*/L), where /> = (1 - «)/2. 

(b) _y = x” Z v (x’ILs), where y? = (1 — n)/(2 — n) and s = (2 — n)/2, n ^ 2. 

(c) y = *-‘/*(c, + c 2 log*). 

35. (a) 0.9844. (b) 0.2496. (c) 1.016. (d) 0.2483. 

39. U = r"[c, P„(cos 8) 4- c , Q„(cos 8)]. 

47. (a) y = c, + c 2 ^l + + 2 !~i + '' ) “ c ‘ + c »« l/ * 

(b) y = c .^1 - — + — j + c 2 ^- - 3775 + 5 7 ^ ) 

1 , .1 

= Ci cos - 4- c 2 sin - . 
x x 

«. > = c l (i--L +J 7l - -)+c 2 (*-^ + ^-- -) 

. 1 1 

= c x x sm - + c 2 x cos - . 

X X 

Chapter 5 


2. k = m t/L, where n is any integer other than zero. 
4. y = CJ^M'x) where/ 0 (A 1/8 fl) = 0. 


8. eo n 


£7^1 • 

— t; > where cos /*• 
p L% 

sinh fi n (x/L) - sin fi n (x/L ) 
sinh //„ — sin fi n 


sech /*„; 

cosh ju n (x/L) — cos UnixjL) 
cosh fl n — COS fin 
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Symmetrical modes: tan (jaJ 2) = — tanh (juJ2), 
cosh jinix/L) cos ju n (xlL) 

cp n — ■ . ■ — — '■ , 

cosh (ft,/ 2) cos (jiJ2) 

Antisymmetrical modes: tan (/<„/2) — +tanh (ji n /2), 
= sinh n„(x/L) _ sin fi„(x/L) 

<tn sinh <jiJ2) sin (jiJ2) ' 

17. Exact value rounds to 6.55. 

20. (a) (xyy + (x‘ + Xx)y = 0. 

(b) (y’ sin x)' + Ay sin x = 0. 

(c) («•*/)' + e^(b + X)y =-- 0. 

(d) (x c e- x y')' + x c ~ l e~ x (-a + X)y - 0. 

25. (a) A „ = 2(1 — cos mr)l(nn). 

(b) A n = (-1)”«2 In. 


(c) A„ = (l -cos^j/^). 


27. 1 = ^ / 4» s * n /'» — (0 < x < i), where tan = —oc/r„ 
cos /O 2(1 - cos //„) 


-4.= 


n -1 

2(1 


,«» - 1 sin 2/i„ /<„(! + a cos 2 /i„)' 


34. (a) 


3nx 

: sin — + ■ 

Ld 


1 — COS (/frr/2) . ttnx 

4-sin — + 

n L 


8L 8 /l . irx 1 . 3tt* 1 . 5rrx \ 

^ (“■ s,n T + ? sin T + ^ sm "T + " ■ j • 

4i,/l , TTX 1.3 TTX 1 . 5 TTX \ 

(b) _^_ sl n ___ sln _ + _ s ,n _-...j. 

2/ . TTX . 2t TX 1 . 

(c) -(sin + sm — 4- - su 

ir\ L L 3 

00 

w-T 

7T Z—4 

n — 1 

1 , ttx 2 n cos (utt/2) . nnx 1 . nx 4 V s 

(e) - sin--> —r :— sin — — - sin —- -f- - > 

2 JL 7T Z* n* — 1 £ 2 £ tt Z* 

00 

«!Z 


»=1 


w=2 
1 — COS (fine/L) 
tie 


(—l) m+1 rn 
4m 8 - 1 


sin 


35. (a) 


(b) 


L* 4L 8 / 1 2ttx 1 4tta: 
—--1 — cos —-!- — cos — 


"•* \2* 008 ' L 


. 1 6rrx 

+ _ c ° S _ +rt C0S _ + , 


L _ 8L/j_ 
4 7T* \2 8 


2lTX 1 &1TX 1 107TJf 
cos _ + _ c ° s _ + _ cos — + 




/l 7TJC 

1 

37TJC 

, 1 

5ttx \ 

-cos — 

— — 

cos —- 

4- T cos 

........ — • • * I 


3 

L 

5 

L ) 


2rmrx 

"T~ * 
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2 1 - V 1 tl7rx 

7T Z, 4« 2 - 1 L 


(e) I 1 + cos^ + 2 V "-H n(wff/2) -! cos ™ 
7T L Z-* n* ~ 1 L 


1 . , 2 L V sin ( mre/L) nnx 

- 1 H-> - COS- . 

L n Z—t rte L 

n~l 

jjl 2L 2 /1 2nx 1 4 ttx 1 6nx \ 

12 w*"(? C0S X + ? C0S T ^ 6 ^ C0S X + " •)' 

4L 2 / 1 . 7 TJC 1 . 377 .x; 1 . 57 TX \ 

+ ^ [ T , s,n T + F 3 sin T + r> s,n t + • • 7 • 

L 4L/l 2ttx l Gttx 1 107r,v \ 

i“^(? cos T + ? cos — + To-3 cos — + • • 7 

2 L/l . 7ri 1 . 37tjc 1 . 57rx \ 

+ sm T _ 3* sm IT + ? sin T j' 

3 1 /1 7T.v 1 3 ttx 1 57ta: \ 

4 7t\1 L 3 L 5 L J 

1 / . ttx . 2nx 1 . 37 TX 

-1 sin --sin — + - sin H- 

tt\ L L 3 L 

cos (mr/2) — cos (mr) . mix \ 

+-sin — + •••). 

n L } 


1 2nx 1 4tix 1 6t tx 

? C 0 S T + ? C 0 S T + r 3 cos T 


3 1 /1 7 tx 1 37t.x 1 57ta: 

(c) t + -1 T cos — - - cos — + - cos — 

4 77 \ 1 L 3 L 5 L 


cos (mr/ 2 ) — cos (mi 


,.. 8 V' (-1 ) n+1 n . mrx 

(d) ;Z4^T s '"T' 

71 = 1 


, . 1 / 7T* 7T 7Tx\ 

( e ) _^ + cos _ + _ sln _j 

1 V 1 f/ . rnr . \ rurX 

_l— y - ( n sin-1 I cos —- 

^ 7T Zw « 2 — 1 L\ 2 1 L 

1 1 1 f /177-e rtTTX /, . W7rx"| 

®2i + s2;L"““ , ~ + l ~/” T J' 

n = l L 

, / M>\ bPl\ . 2nx 1 . 4ttx 1 6wx \ 

41. (a) |a + —j - —|j sin — + - sin — + - sin — + • • j. 

(b) - -f -A- sin ttx H- - sin 3 ttx -f - sin 5nx 4- * • •) • 

2 7T \ 1 3 5 / 


— n cos — sin - 


1 2/1 . 
2 f ;\i sl 

2 4/1 

—U c< 

n 7 r \3 

3 1/1 . 
2 w\T sl 


1 1 
cos 2 x + — cos 4x + * * * + __ j cos 2n * 


sin 27rx + ^ sin 4rrx 7- r sin 6 ttx + * * *) 
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46. x v = 2L* 


00 »f 3 

2 ; 

n = l 


M 

,^ + l(«n) 


, where /,(ot„) = 0. 


47. x” = 2L* V 


/x„LJy +l (jx n L) 

Z ML'- p')[J t (p„LW ^" X) 

n=l 

- 2i * 2 ^7^fzS wherey ^". L) ~ o> when ^ * °- 

n = 1 

When p = 0, expansion is 1 = 1. 

51. /(x) = iP„(x) + l/>,(x) + &P,(x) + • • •. 

52. /(0) = iP 0 (cos 6) + iP i(cos 6) + ^.(cos 6) + • • •. 


67. A(u) 


_ 2f“ 
w Jo 


/(*) sin ux dx. 


Chapter 6 

1. 3;(f, 

2. c = (na 4- mb)/(m 4- /i). 

6 . (a) 4:(i, *, -f). (b) ±«i 4- f j - Sk). 

8 . (a) J. (b) cos - 1 &. 

9. f. 

12. 45°. 

13. (a) ±<V2/10X4i - 3j_- 5k). (b) 5^2/2. 

14. (a) ±( 2 i - j - k)/V 6 . (b) V 6 / 2 . 

15. Vito. 

16. -5. 

20. i 

21. ±(i - k)/V 2 . 

„ _ dV d> F 

25. F • — x —. 

dt dt 3 

26. (a) v = — co a sin wt + co b cos wt; r x v = co(a X b). 
(b) a = —o>*r. 

32. (c) u = (—ai sin t 4- a\ cos t 4- ck)/Va a 4 - c a , 
n = —(i cos / 4- j sin /), 
b = (ci sin t — cj cos f 4 - ak)lVa* 4 - c a . 

39. (a) ±(1,1,1)/VT; 2 V 3 . (b) -f. 

sin 6 cos 0 

40. grad r = i cos 6 4* j sin 6; grad 6 — —i-h j-. 


41. 1) = (?v,?>„<?>,)/V<pJ + 

42. ±(2i - j + 2k)/3. 

45. (a) 2/x 4- 2my 4- 2nz. (b) 2lx i 4- 2my j 4- 2nz k. 

52. (a) No solution. (b) <p = x % y 4- y % z 4- z 4- C. 

53. (a) -±. (b) 3. 

54. (a) 0. (b) 0. 

58. }. 

59. tt/2. 

60. 24. 

61. 0. 
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75. Both sides of Equation (129) reduce to n 

76. -7r. 

90. (a) u e lr. (b) n /•»-» u„ ( c ) u Jr. (d) 0. (e) 3 cos 0. (f) 0. 

92. (a) u T /r. (b) u e /(r sin <p). (c) 0. (d) 0. 

96. 0. 

97. in. 

99. (b) V = 3(x 2 - /)i -6xyi ; V = 3(x 2 + y 2 ). 

(c) y> — 3 x 3 y — y 3 ; 3 x 3 y — y 3 = constant. 

(d) 14p. 

103. (b) V = -2r u r + 4z k; V = 2V> + 4z 2 . 

(c) v = 2r 2 z + c. 


Chapter 7 

1. (a) cos 0. (b) r sin 0. (c) sin 0. (d) r cos 0. 

(e) cos 0. (f) sin 0. (g) -r~ l sin 0. (h) r" 1 cos 0. 

2. (a) -cot 0. (b) -tan 0. (c) tan 0. (d) cot 0. 

(e) r tan 0. (f) /- 1 cot 0. (g) -rcot0. (h)~i-‘tan0. 

10. (a) ^ 0, A, # 0. 

(e) r x = 4x 3 — 4 jcj 8 — 2jc, z y = 6y 5 — 6x 2 y 2 — 3 y 2 . 

16. Yes. 

17. Yes. 

23. 1 4- x 4- y + bx* 4- xy + by 2 4- * * *. 

24. 1 — x -r y + x 2 — 2xy 4- y 2 4- ■ * ■. 

26. 0.906. 

27. (a) Min at (0,0) if b 2 < 1, saddle point at (0,0) if b 2 > 1; min along line y = — x if 

6 = 1; min along line/= x if 6 = —1. 

(b) Min at (1,0). 

(c) Rel. max at (0,0); saddle points at (1,1), (1,-1), (—1,1), (-1,-1). 

(d) Saddle point at (1,1). 

28. (a) Min at (0,0). 

(b) Min at (1,-1). 

(c) Min along lines y = ±x. 

(d) Max at (1,-1); min along circle (x — l) 2 4- (y 4- l) 2 = 2. 

29. (a) Min at (0,0). 

(b) Min along lines ^ ±x. 

(c) Saddle point at (0,0). 

(d) Min at (0,0). 

30. Max = 3 at (-1,0); min = -f at (i, ± * VI), 

31. Min at (1,1), (-1,-1). 

32. Max at (1,1), (-1,-1); min at (1,-1), (-1,1). 

33. (a) Min = 12 when x 3 = 4 ,y 3 = 1, z* = i- 

(b) Min = 4 when x 3 = 2, y 3 = i, z = 0. 

(c) Min = 1 at (1,0,0). 

34. Furthest at (1,0,0); nearest at (J,§,0). 

35. (a) (p/y + qy = f. (b) (Ay'Y + (B' - C)y = E — D'. 

36. (a) (Aui)' + (Bu' t Y = 0, (S«0' + (Cu’ t Y = 0. 

(b) (a u «0' + («n«i)' = *u«i + *n"i> 

(«,.«;)' + (««««)' = *u“i + *««"•• „ . . 

37. (a) z = c,0 + c,. (b) 0 = c»z + c 4 . (c) z = c.r + c„ 0 = c,f + c,. 

[Here a geodesic is either a helix, a circular arc, or a straight line. Part (a) ignores the 
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straight lines 6 = constant and part (b) ignores the circles z — constant, while part (c) 
includes all possibilities.] 

38. 6 = sin -1 (c A cot q>) 4- c % . 

39. Value of integral always 

41. 7 r*, corresponding to y = V2 sin mx with /i = 1. 

46. Vn/ 2. 

47. y'" = /r, y(a) = /(«) = f(a) = 0. 

48. 2.0945515. 

49. 4.493. 

50. 3.927. 

51. x == 1.01941, y == 1.03062. 

Chapter 8 

1. (a) (x - y)(z* - z v ) - 2z = 0. 

(b) W z xx — (at/ 4- 6c)z xv 4- ac z vv = 0. 

(c) 6* z xx — lab z xv -f a % z vv — 0. 

5. (a) z = cy/b +f(bx - ay) (6 # 0). 

(b) z = e cxla f(bx — ay) (a ^ 0). 

(c) z = /(x 2 + y 2 ). 

(d) z - e~ x 'f(y - x). 

(e) z = x/(xy). 

(f) z _1 = x* 1 4- /(x -1 — y -1 ). 

6. (b) z = /(2x 4- y) 4- x 2 4- x 4- 

11. z = (x 4- y) 2 . 

12. (a) z = Vx 4- y/(x - y) 4- 1. 

(b) z = £x 2 y 4-/(y). 

(c) z 2 = xy 4- /O/x). 

13. (a) z = [(6 — c)x 4- (c - a)y]l(b — a) (b =£ a); 

z = x 4- /(x — y) where /(0) = 0 if a = b = c. 

(b) z = e el v - K)llb - a) (bx - ay)/(b -a) (b * a). 

(c) z = V(*» + y 2 )/2. 

(d) No solution. 

(e) z — x. 

(f) z = xj\\ + x/^^jj where/(0) = 0. 

14. (a) z = [(fee - ay)l(b - 2a)] 2 + c(y - 2x)/(6 - 2a) (6 # 2a). 

(b) z = e^-^'^-^'Kbx - ay)l(b - 2a)] 1 . 

(c) z = Kx* + y’)- 

(d) z=<y-*) ! e* , »- 2 * 1 . 

(e) z = (ix'y) 1 ". 

(f) z = (x*y*)/(4x* — 8xy + 4y* — xy 1 4- 2x 2 y). 

19. (a) z = /(3x 4-y) +g(x-y). 

(b) <P =fix +y + ix)+gix+y - ix). 

(c) <p = fix 4-y) + giy). 

(d) r'w — fir + ct) 4 - gir — ct) (c ^ 0). 

(e) <p =/[x —{V+ U)t]+g[x 4 -iV- U)t] iV # 0). 

(f) flJ =/ t (x 4- 7 ) 4-/>(x - y) 4-/,(x 4- iy) 4-/*(x - /y). 

(g) z =/i(x 4-y) 4- x/,(x 4- y) 4-/,(x - y) 4- x/,(x - y). 

(h) <p —fiix + iy) 4-/,(x - iy) 4- x/,(x 4- iy) 4- x/,(x - iy). 

23. (a) z =/(y 4- x) +^(y - x) 4- ix*. 

(b) z =/(y 4- x) -Vgiy 4- 2x) - icosy. 
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25. (a) z —fiy — jc) + i*y. 

(b) z=f(x + iy) + g(x- iy) + ±,x* + $ x *y. 

(c) z =/(y + x) + g(y - x) + + 1). 

(d) z =f(y + x) + xg(y + x) + + -J y\ 

27. <p = + c’r* + c~' cos x sin ct. 


Chapter 9 

_ 400 -sr' sinh (tiny1100) . mrx 

II. (a) r = — > -r-f- sin — . 

7r Zw /i smh W7T 100 


(b) Exact value is 25°. 

18. T = a, + (a, - a,)| + ft)' + (ft - ft) j- e ~™' L sin — 

J T n==1 

L . mrx 2 

fix) sin — dx -(a, - a 2 cos tin). 

0 L mr 

2 1 

19. T = - (r 2 - 100) sin 0 + - (400 - r 2 ) cos 0. 
r 2 r 

20. (a) T = \ + - V - sin nO (r ^ 1). 

2 7 T Zw /I 

nodd 

1 2 V r~ n 

(b) T = - + - > — sin nO (r ^ 1). 

2 n Z—i n 
n odd 

V / A nir/a nn Q 2 f« rind 

21. (a) T— y >4„(— I sin—, where/4„ — - I /(0)sin — dd. 

n 4i W a a Jo a 

27. (a) T- r„|l - ^ cos j. 

(b) r=r 0 ^ + ^ftCcos?>) - ^^ j iVcos?>) + •■• . 

oo oo 

^ x V s . . mirx ■ nn y . 

41. (b) w = > > /} mn sin— sm sinetW, 

7W — 1 71 — 1 

4 r* r 1, mw*. m y, j 

where b mn =-- v(x,y) sin — sin — dx dy. 

<*>mnL 2 J 0 Jo L L 


w, ‘ sin — 


27. (a) r*=r.| 


, lm 200 ^ 1 

= 100 — x -> - 

it x—t m 


sin— «r>»W250o. 

it Z-i m 50 
111 — 1 


(a) Tt, v = bn cos ^ e - nW ‘l L * (n = 0.1 ,2. 3....). 

L 

nodd 

52. (a) r = r.|i sin«« + ^r£r*( cosw ' + S 

71 = 1 


cos 0 )t + — Sin ft)/ — C" 
n 2 


.A . mrx 
jsin— . 
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m. v - 1 + \ ( e[ * ~ (if * + a),] + e[A: + - w}. 

- = 1 +17 («l* - + W - «I* + - tO»l). 

Po K { I 


Chapter 10 


5. (a) -2 4- 2/. (b) 0 + /. (c) 0 + /. 


(d) — + — /. 
V 2 V 2 


, v cosh 2 sinh 2 
(e) - r= -1--=r- I. 

a/2 V 2 


cosh 2 sinh 2 

(0 —7=r- + —/. 

V 2 V 2 


6. sin z, cosz, seer, and esez have period 2n; tan z and cotz have period it; sinhz, 
cosh z, sech z, and csch z have period 2ni; tanh z and coth z have period rri. 

11. (a) log V2 + 4- 2Jctt j , where k is any integer; 

principal value is log V2 4- . 

(b) cos ~ (l 4- 4k) + i sin ~ (l 4- 4 k), where k = 0, 1, 2, 3; 

8 8 


. . 37T . 37T 

principal value is cos — 4- i sin — . 

8 8 


(c) ^2 


(1 4- 8 k) 4-1 sin - (1 -4- 8Ar) |, where k = 0, 1; 
8 




principal value is $2 ^cos ^ 4- / sin . 


12. z = W 2(cos a 4-i sin a), where a = 


3tt 5tt 11it 13tt 


8 * 8 * 8 * 8 ‘ 


7 T 77* 

13. z n = r ff [cos 7r(0p 4- 2k-n) + i sin 7r(0p 4- 2 Attt)], where z = re i0 ; cos-f- i sin — . 

4 4 

15. (a) 4- 2&7 t^ ± i log (2 4- ^3), where k is any integer. 

(b) (2 k 4* 1) ^ 4* / log V 3 , where k is any integer. 

19. (a) 3xy* — x* 4- C. (c) It is not an analytic function. 

24. (a) 0. (b) 2 tt/. 

36. (a) 1 4- z 4- z a 4- • • • 4- z* 4- • • •. 


1 1 1 

z z % z 9 



, , 1 , Z + 1 , (Z 4 1) 1 , 
(C) 2 + “2*“ + "2* + 


(ZjMT , 
2 n+l 


(d) - 


1 

z 4- 1 


2 2 a 
(z 4- D* (z + D* 


2 n-l 

(* 4 - 1 r 
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37. (a) - 4- 1 + z + z 2 + • • • 4- z* + ' 
z 


(b) 


1 1 1 


1 

T n 


(C) - 

(d) 


1 


z - 1 

1 


+ 1 - (z - 1) + (z - 1)2 


+ (“!)"(* “ I)" + 


, + 


1 


(z - D 2 (z - i) 3 (z - 1 y 


1 +■ ■• + (-iy+ i — 1 — + ' 


(z - D n 


(e) -h - i (Z 4- 1) - l(z + 1)2 - 

1 1 


(0 


(g) - 


(z + 1)» 


4- ■ 


4- 


(z + l) 2 


+ 


1 


(1 - 2-"- 1 )(z 4- l) n - 

1 1 z + 1 

-1-1- 

z + 1 2 2 2 

2 3 

2"' 1 - 1 


(z + l) 2 (z 4- l) 3 (z 4- l) 4 


(z 4- D" 


1 1 7 

38. - 4- - z 4- — z 3 4- ■ 
z 6 360 


42. (a) Simple poles at z = ±i. 

(b) Simple poles at z = — 1, z — 10 Hr. |V 3). 

(c) Branch points at z — ±i. 

(d) Branch points at z = 1, z = 2. 

(e) Simple poles at z - (2k 4- 1)tt/ 2, where k is any integer. 

(f) Branch points at z — 1 ± i. 

46. (a) |*| < 1. (b) 0 < |*| < 1. (c) |*| > 0. 

(d) 0 < |*| < tt. (e) 0 < |*| < Vi (f) 0 < |*| < W2. 

50. (a) Pole of order two. (b) Regular point. (c) Regular point, 
(d) Branch point. (e) Simple pole. (f) Branch point. 

57. (a) Res(±<w) = ±e± ai l2ai ; sum = (sin a)/a. 

(b) Res (±a) - db 1 /4a 3 , Res (±ai) = ±//4fl 3 ; sum = 0. 

(c) Res (0) = 1. 

(d) Res (0) - 0. 

(e) Res (0) = 1, Res (1) = 0; sum = 1. 

(f) Res (4 zai) = ±l/4« 3 /; sum = 0. 

61. —2777. 


63. (a) Res (0) = 1. 

(b) Res (0) = 0. 

(c) Res (?r) = 0. 

(d) Res (0) = M2) [See (95), Chapter 4.] 

78. (a) 7r(l - e-«)/a 2 (a ^ 0). 

(b) 2/rr. 

1 1 . u 

89. (a) e- at . (b) - sin at. (c) - sinh at. 

a a 

(d) -t>. (e) b t sin at. (f) ~ sin at sinh at. 

6 2 a 


(z + 1)« 

2«+i ' 
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(Italicized figures in parentheses refer to problem numbers.) 


Abel’s formula, 29, 31, 42 (S), 47 (30, 
36) 

Absolute value, 509 
Acceleration, 273 
normal, 274 

in polar coordinates, 319 ( 31) 
tangential, 274 
Acoustics, 427 
Adams’ method, 96 
modified, 100 
Admissible function, 355 
Algebra, fundamental theorem of, 593 
(53) 

Alternating series, 120 
Amplitude, of complex number, 511 
Analytic continuation, 531 
Analytic function, 521, 535 
residues of, 547, 594 ((50), 595 (62) 
singularities of, 535 
Angle, between vectors, 265 
Angular velocity vector, 267, 294 
Approximate solution of differential 
equations: 

by graphical methods, 93 
by numerical methods, 93 
Arc length, differential of, 273, 300 
on surface, 371 (22) 

Area, differential of, 300, 347, 370 (21) 
Argument, of complex number, 511 
Ascending differences, 112 


Associated Legendre functions, 165 
Associative law, 263 
Asymptotic approximation: 
for Bessel functions, 151 
for Gamma function, 81 
Asymptotic expansion, 170 
of Bessel functions, 170 
Average value, 217 
Axial load, 198 

Backward differences, 108 

Base curve, characteristic, 395, 404 

Beam: 

bending of, 193 
buckling of, 198 
rotating, 193 
vibrating, 244 (70) 

Bending moment, 194, 320 (38) 
Bending stiffness, 320 (38) 
ber and bei functions, 156 

asymptotic approximations for, 181 
(57) 

derivative formulas for, 181 (38) 
Bernoulli’s differential equation, 37, 43 
(14) 

Bernoulli’s equation, 314, 609 (101) 
Bessel functions: 

asymptotic approximations for, 151 
asymptotic expansions of, 170 
derivative formulas for, 151 
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Bessel functions ( Cont .): 

differential equations satisfied by, 155 
expansions in, 226, 448 
of first kind, 143 

integral formulas for, 178 (26, 27), 
254 (45) 

integrals of, 177 (24) 
modified, 150 
of order n + Vi, 77, 153 
of second kind, 147 
of third kind, 149 
Wronskian of, 179 (29) 
zeros of, 154, 617, 619 
Beta function, 91 (43) 

Bi-Laplacian equation, 326 (73), 427 
Binormal vector, 274 
Boundary-value problem: 

for ordinary differential equation, 187 
nonhomogeneous, 213 
for partial differential equations, 469 
Branch, 516, 535 
Branch point, 132, 516, 535, 540 
Bromwich integral, 602 (87) 

Buckling, of long column, 198, 246 (15) 
Buckling mode, 199 

Calculus of variations, 355 
Capacity, of condenser, 615 (122) 
Cauchy principal value, 558 
Cauchy-Riemann equations, 522, 587 
( 20 ) 

Cauchy’s inequality, 590 (33) 

Cauchy’s integral formula, 528 
Cauchy’s integral theorem, 524 
Cauchy’s residue theorem, 551 
Central differences, 112 
Central force, 317 (27) 

Chain rules, 335 

Characteristic base curve, 395, 404 
Characteristic curve, 380. 394, 400, 404, 
410 

Characteristic cylinder, 395, 404 
Characteristic equation, 8 
Characteristic functions, 188 
expansions in series of, 210 
orthogonality of, 206 
Characteristics, 404, 411 
Characteristic strip, 404 
Characteristic values, 188 
Charge density 584 , 615 ( 121 ) 
Chebyshev polynomials. 142 


Circle of convergence, 512, 530 
Circular cylindrical coordinates, 298, 303 
Circular functions, 512 
Circulation, 284, 490 (37), 570 
Column, buckling of, 198, 246 (15) 
Commutative law, 17, 263, 265, 266 
Compatibility, equation of, 404 
Complementary solution, 7, 388 
Completeness, 212 
Complete solution, 4 
Complex number, 509 
Complex plane, 509 
extended, 542 
Complex potential, 566 
Complex variable, function of, 509 
Complex velocity, 567 
Components, of vector, 263 
Compressible fluid, flow of, 309, 409, 475 
Condenser, capacity of, 615 (122) 
Conductor, 584, 615. (121) 

Confluent hypergeometric function, 141, 
169, 174 (8) 

Conformal mapping, 562 
Conjugate complex numbers, 509 
Conjugate flows, 307 
Conjugate functions, 523 
Conservative force, 285 
Constraints, 352, 359 
Continuity, equation of, 310 
Contour integration, 551, 558 
Convergence, of series, 119, 511, 530 
Convolution, 62 
Coordinates: 

circular cylindrical, 298, 303 
curvilinear, 298, 346 
nonorthogonal, 346 
orthogonal, 298 
elliptical cylindrical, 327 (82) 
parabolic cylindrical, 328 (84) 
spherical, 304 

Cosine-integral function, 32 
Cramer’s rule, 20 

Critical length, of column, 246 (16) 
Critical load, for column, 199 
Critical speed: 
of rotating shaft, 197 
of rotating string, 191 
Crosscut, 525 
Cross product, 266 
Curl, 277, 294 

in curvilinear coordinates, 303 
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Curl theorem, 325 (67) 

Curvature, 195, 273 
of beam, 195 
radius of, 273 

Curvilinear coordinates, 298, 346, 480 (7) 
arc length, 300 
curl, 303 

del, 301, 608 (100) 
divergence, 302 
gradient, 301 
Laplacian operator, 302 
nonorthogonal, 346 
orthogonal, 298, 480 (7) 
surface area element, 300, 370 (21) 
volume element, 300, 346 
Cut, 536 

d’Alembert’s solution, 392, 454 
Damping, 88 (J5) 

Dashpot, 88 (35) 

Definite integrals, evaluation of: 
by calculus of residues, 551, 558 
by Laplace transforms, 83 (12) 
Deflection: 
of beam, 193 
of membrane, 446 
of string, 189 
Del, 277 

in curvilinear coordinates, 301, 608 
( 100 ) 

Delta function, 64 
De Moivre’s theorem, 513 
Dependence: 
functional, 344 
linear, 3 
Derivative: 

of complex function, 520 
of vector function, 270, 278 
Descending differences, 112 
Differences: 
ascending, 112 
backward, 108 
central, 112 
descending, 112 
forward, 98, 108 
Differential distance vector, 281 
Differential equation: 

Bernoulli, 37, 43 (14) 

Bessel (see Bessel functions) 
Cauchy-Riemann, 522, 587 (20) 
complementary solution of, 7, 388 


Differential equation (Cont.): 
complete solution of, 4 
confluent hypergeometric, 144, 169, 
174 (8) 

equidimensional, 13 
exact, 34 
Hermit, 176 (18) 
homogeneous, 35, 37 
homogeneous solution of, 7 
hypergeometric, 165 
Jacobi, 184 (45) 

Laguerre, 176 (17) 

Legendre (see Legendre functions) 

linear, 1, 7, 8, 388, 392 

nonlinear, 2, 33 

numerical solution of, 93 

order of, 2 

ordinary, 2 

partial, 2, 376 

classification of, 388 
normal form of, 406 
quasi-linear, 376 
Riccati, 50 (48) 
separable, 33, 36 
series solutions of, 119 
Differential surface area vector, 288, 300, 
370 (21) 

Differentiation: 

of integral containing parameter, 359 
numerical. 111 
of vector, 270, 278 
Diffusion, 427 
Diffusivity, 429 
Digamma function, 90 (42) 

Dirac delta function, 64 
Directional derivative, 276 
Direction cosines, 264 
Direction ratios, 264 
Dirichlet problem, 430 
Discontinuity, finite, 54 
Distributions, theory of, 65 
Distributive law, 17, 265, 266, 279 
Divergence, 277 
in curvilinear coordinates, 302 
theorem, 290, 324 (65) 

Division, of series, 122 
Dot product, 265 
Double Fourier series, 442 
Doublet, 65, 570 
orientation of, 570 
strength of, 570 
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Doublet function, 65 
Drag force, 609 (101) 

Duhamel’s integral (see Superposition 
integral) 

Duplication formula, for Gamma func¬ 
tion, 92 (48) 

Eigenfunction (see Characteristic func¬ 
tion) 

Eigenvalue (see Characteristic value) 
Elastic end support, 195 
Electric field intensity, 615 (121) 
Electromagnetic theory, 427 
Electrostatic potential, 426, 584, 615 
( 121 ) 

Elementary functions, 511 
Elliptical cylindrical coordinates, 327 
(82) 

Elliptic integrals, 192 
Elliptic partial differential equation, 388, 
409, 469 

normal form of, 406 
Entire function, 547 
Envelope, of curves, 34 
Equations of motion, for fluids, 310 
Equidimensional differential equation, 13 
Equipotential line, 306 
Equipotential surface, 286 
Equivalent contours, 527 
Error function, 464 
Essential singularity, 540 
nonisolated, 541 
Euler equation, 357 
Euler load, of column, 199 
Euler’s constant, 90 (42), 146 
Euler’s differential equation (see Equidi¬ 
mensional differential equation) 
Euler’s equations, of fluid motion, 310 
Euler’s formula, 10, 513 
Even function, 218 
Exact differential equation, 34 
Expansion: 
asymptotic, 170 

in series of characteristic functions, 210 
Exponent, of differential equation, 131 
Exponential function, 512 
generalized, 518 

Exponential-integral function, 32 
Exponential order, function of, 54 
Extrapolation, 108 
Extremal. 358 


Factorial function (see Gamma func¬ 
tion) 

Factorization, of operators, 17 
Faltung (see Convolution) 

Family, 11 

Field intensity vector, 615 (121) 

Fixed end support, 195 
Fluid flow, 305, 566 
from channel, 581 
compressible, 309, 409, 475 
about cylinder, 489 (36-38), 571, 609 
(702), 611 (108) 
about plate, 579, 613 (112) 
about sphere, 443 
supersonic, 312, 475 
Fluid pressure, 309, 609 (707) 

Flux, 292, 480 (7) 

Force, 281 

conservative, 285 
Forced vibration, 68 
Force potential, 285 
Formulation of problems, 469 
Forward differences, 98 
Fourier-Bessel integral, 242 
Fourier-Bessel series, 226 
Fourier-Bessel transforms, 242 
Fourier cosine integral, 238 
Fourier cosine series, 220 
Fourier integral, 236 
applications of, 460 
complex form of, 239 
Fourier series, 216, 221 
complex form, 253 (43) 
double, 442 

Fourier sine integral, 238 
Fourier sine series, 217 
double, 442 

Fourier transforms, 240 
Free end condition, 190, 195 
Free vibration: 
of beam, 244 (70) 
of membrane, 446 
of string, 244 (7) 

Frenet formulas, 274 
Frequency, natural, 69, 244 (7, 70) 
Fresnel integrals, 598 (77) 

Frobenius, method of, 129 
exceptional cases, 135 
Functional dependence, 344 
Functions: 
analytic, 521 
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Functions ( Cont .): 

Bessel (see Bessel functions) 

Beta, 91 (43) 
circular, 512 

confluent hypergeometric, 141, 169, 
174 (8) 
conjugate, 523 
cosine-integral, 32 
Digamma, 90 (42) 
doublet, 65 
elementary, 511 
error, 464 
even, 218 

exponential, 512, 518 
exponential-integral, 32 
Gamma, 73 
homogeneous, 35 
hyperbolic, 43 (/5), 513 
Laguerre, 82 (6), 142, 176 (17) 
Legendre, 161 
logarithmic, 514 
multivalued, 536 
odd, 218 
potential, 284 
sine-integral, 32 
single-valued, 283 
singularity, 63 
square-wave, 83 (9) 
stream, 307 

triangular-wave, 83 (10) 
unit impulse, 64 

Fundamental set, of solutions, 48 (39) 
Fundamental theorem, of algebra, 593 
{53) 

Gamma function, 73 
asymptotic approximation for, 81 
duplication formula for, 92 (48) 
table of, 619 

Gauss’s hypergeometric function, 165 
Gauss’s interpolation formula, 117 (22) 
Gauss’s test, for infinite series, 120 
Generalized factorial function (see 
Gamma function) 

Generating function: 
for J n (x), 179 (28) 
for P w (x), 182 (42) 

Geodesics, 373 (37) 

Geometry, of space curve, 271 
Gradient, 275 

in curvilinear coordinates, 301 


Gradient theorem, 325 (67) 

Graphical integration, of differential 
equations, 93 

Gravitational potential, 426 
Green’s theorem: 
first form, 293 
second form, 293 
in the plane, 297 

Gregory’s backward difference formula, 
110 

Grounded line, 465 

Hankel functions, 149, 457 
Harmonic functions, 295 
Harmonics, 217 
Heat flow, 428 
in column, 488 (33-35) 
in cylinder, 487 (30-32) 
in plate, 430, 433, 460 
in rectangular parallelepiped, 441 
in rod, 449, 462 

with radiation, 479 (6) 
in sphere, 439 
Heat-flow equation, 427 
Heaviside unit step function, 87 (27) 
Helix, 319 (32) 

Helmholtz equation, 394, 420 (31-34), 
496 (57) 

Hermite polynomials, 142, 176 (18) 
Hinged end support, 195 
Homogeneous boundary condition, 187, 
431 

Homogeneous differential equation: 
of first order, 35, 37 
linear, 5, 389 
partial, 389 

Homogeneous function, 35 
Homogeneous solution, 7 
Hyperbolic functions, 43 (15), 513 
Hyperbolic partial differential equation, 
388, 409, 469 
normal form of, 406 
Hypergeometric function, 165 
confluent, 141, 169, 174 (5) 
Hypergeometric series, 165 

Imaginary number, 509 
Imaginary part, of complex quantity, 438, 
509 

Imaginary unit, 509 
Implicit functions, 340 
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Improper integral, principal value of, 558 
Impulse functions, 64 
Incompressible fluid, 291 
Indented contours, 558 
Independence: 
functional, 344 
linear, 3 

Indicial equation, 131 
Infinite series (see Series) 

Infinity: 

point at, 542 

residue at, 594 (60), 595 (62) 

Initial conditions, 32, 384 
Initial-value problem, 32, 386, 394, 400, 
409, 469 

Inner product, 265 

Insulated boundary, 483 (16), 492 (44) 
Integral: 

of differential equation, 379 
elliptic, 192 
improper, 558 

principal value of, 558 
line, 281, 523 
surface, 287 

Integral equation, 86 (24) 

Integral function, 547 
Integral power function, 511 
Integral surface, 380 
Integral transcendental function, 547 
Integrating factor, 7, 37 
Integration, numerical. 111, 116 (18), 
117 (23, 25), 118 (27) 
Intermediate variable, 336 
Interpolation, 110, 117 (22) 

Interval of convergence, 120 
Inverse circular functions, 519 
Inverse hyperbolic functions, 519 
Inverse Laplace transform, 60, 601 (87- 
94) 

Inverse tangent, addition formula for, 
578 

Inversion, of plane, 606 (95) 

Irregular singular point, of differential 
equation, 128, 168 
Irrotational flow, 294 
Isoclines, 93 

Isolated singular point, 538 
Iteration, methods of: 

Newton-Raphson method, 362 
Picard's method, 106 
in solving transcendental equations, 
193 


Iteration, methods of ( Cont .): 
Stodola-Vianello method, 200, 214 

Jacobian determinants, 340, 346 
Jacobi polynomials, 142, 184 (46) 
Jacobi's differential equation, 184 (45) 
Jordan’s lemma, 556 

ker and kei functions, 158 

asymptotic approximations for, 181 
(37) 

derivative formulas for, 181 (38) 

Kutta (see Runge-Kutta method) 

Lagrange, identity of, 270 
Lagrange multipliers, 352, 359 
Laguerre polynomials, 82 (6), 142, 176 
(17) 

associated, 142 

Laplace’s equation, 295, 426, 429, 523 
polynomial solutions of, 484 (17) 
Laplace transforms, 51, 464 

inversion of, by contour integration, 
601 (87-94) 
table of, 74 

Laplacian operator, 280 

in curvilinear coordinates, 302, 608 
( 100 ) 

Laurent series, 531 

Least squares, method of, 252 (39), 256 
(53) 

Legendre functions, 159 
associated, 165 
recurrence formula for, 162 
of second kind, 162 
Legendre polynomials, 161 
Legendre series, 231, 440 
Leibnitz’s rule, 360 
Lerch’s theorem, 61 
Lift force, 609 (101), 611 (108) 
Limiting contours, 555 
Linear combination, 3 
nontrivial, 3 
Linear dependence, 3 
Linear differential equations (see Differ¬ 
ential equations) 

Linear fractional transformation, 606 
(97) 

Line integral, 281, 523 
of a complex function, 523 
independent of path, 284, 524 
Lines of flow, 306 
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Lines of force, 584, 615 (72/) 

Liouville’s theorem, 545, 593 (56) 
Logarithm, complex, 514 
Long line, equations for, 464 
Loop integral, 603 (90) 

Mach number, 312, 475 
Mapping, conformal, 562 
Maxima and minima: 
absolute, 352 
of functions, 351 
of integrals, 355 
relative, 351 

Maxwell's equations, 326 (77) 

Mean value (see Average value) 
Membrane: 

deflection of, 446 
vibration of, 446 
Minimax, 351 

Modified Bessel functions, 150 
Modulus, of complex number, 509 
Moment: 

bending, 194, 320 (38) 
of momentum vector, 317 (27) 
vector, 267 

Momentum vector, 317 (27) 

Multiple products, of vectors, 268 
Multiplication, of series, 122 
Multivalued function, 536 

Natural boundary, 541 
Natural frequencies: 

of vibrating beam, 244 (10) 
of vibrating membrane, 449, 491 (42) 
of vibrating string, 244 (7) 

Natural mode, of vibration, 244 (7, 10) 
Neumann problem, 430, 443 
Neumann's function, 146 
Newton-Gauss formula, 117 (22) 
Newton-Raphson method, 362 
Newton’s backward difference formula, 
110 

Newton’s law, of cooling, 474, 492 (45, 
46) 

Newton’s method, 362 
Nodal lines, of membrane, 491 (42) 
Normal acceleration, 274 
Normal derivative, 293 
Normal form, of partial differential equa¬ 
tion, 406 

Normalization, of characteristic func¬ 
tions, 209 


Normalizing factor, 210 
Normal plane, 275 
Normal vector, 287 
Numerical methods: 
of differentiation, 111 
of integration, 111, 116 (18), 117 (23, 
25), 118 (27) 

of interpolation, 110, 116 (21, 22) 
of solving differential equations, 93 
characteristic-value problems, 200 
of solving nonlinear equations, 193, 
362 

Odd function, 218 
Odd-harmonic function, 226 
Open line, 465 

Operational calculus (see Laplace trans¬ 
forms) 

Operator, linear dfferential, 5, 16, 339 
Order: 

of differential equation, 2 
of pole, 538 

Ordinary differential equation, 2 
Ordinary point, of differential equation, 
127, 168 

Orthogonal coordinates, 298 
Orthogonal functions, 206 
expansions in series of, 210 
Orthogonal set, of functions, 206 
Orthonormal set, of functions, 209 
Osculating plane, 275 
Outer product* 266 

Parabolic cylindrical coordinates, 328 
(84) 

Parabolic partial differential equation, 
388, 409, 470 
normal form of, 406 
Parabolic rule, 118 (27) 

Paraboloidal coordinates, 329 (85) 
Parseval equalities, 252 (42.) 

Partial derivative, 335 

Partial differential equation, 376, 426 

Partial fractions, 67, 84 (15) 

Particular solution, 6, 388 
Picard’s method, 106 
Picard’s theorem, 541 
Piecewise continuity, 54 
Piecewise smooth curve, 281 
Piecewise smooth surface, 288 
Plane, equation of, 315 (10) 

Plasticity, 412 
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Poisson's equation, 426 
Poisson's integral, 437 
Pole, 132, 538 
order of, 538 
residue at, 548 
simple, 539 

Polygonal mapping (see Schwarz-Chris- 
toffel transformation) 

Polynomial, 511, 546 
existence of zero of, 593 (53) 
Polynomials: 

Chebyshev, 142 
Hermite, 142, 176 (18) 

Jacobi, 142, 184 (45) 

Laguerre, 82 (6), 142, 176 (17) 
Legendre, 161 
Position vector, 272 
derivative of, 272 
Potential, 284 
complex, 566 

electrostatic, 426, 584, 615 (121) 
existence of, 285 
gravitational, 426 
velocity, 305, 566 
velocity deviation, 311 
Potential energy, 285 
Power function: 
generalized, 516 
integral, 511 

Power series, 119, 511, 528 
convergence of, 119, 511, 529 
operations with, 122, 512 
solutions of differential equations, 
119 

Pressure, fluid, 309 
Principal normal vector, 273 
Principal value: 
of improper integral, 558 
of logarithm, 515 
of power function, 518 
Proper strip, 403 
Pulsating cylinder, 458 
Pulsating sphere: 
steady-state solution, 498 (62) 
transient solution, 505 (80) 

Pure imaginary number, 509 

Quasi-linear equations, 357, 376, 388 
characteristics of, 380 
classification of, 388 


Raabe’s test, for infinite series, 120 
Radiation, from rod, 479 (6) 

Radius: 

of convergence, 120, 512, 530 
of curvature, 273 
of torsion, 274 

Rational function, 123, 511, 538, 543, 
546 

Ratio test, 119, 511 
Real number, 509 

Real part, of complex quantity, 438, 509 
Rectifying plane, 275 
Recurrence formula: 
for Bessel functions, 152 
in Frobenius method, 131 
for Gamma function, 79 
for Legendre functions, 162 
Reducible curve, 287 
Reduction of order, of differential equa¬ 
tion, 29 
Reflection: 
of plane, 606 (96) 
of waves, 469 
Regular function, 122 
Regular singular point, of differential 
equation, 128, 168 
Removable singular point, 538 
Residue, 547 

at infinity, 594 (60), 595 (62) 
at pole, 548 

Resistive force, 88 (55), 497 (60) 
Resonance, 70, 499 (64) 

Riccati’s equation, 50 (48) 

Riemann surface, 537 

Right-handed coordinate system, 299 

Rod, deformation of, 320 (38) 

Rodrigues’ formula, 164, 182 (41), 232 

Rotating shaft, 193 

Rotating string, 189 

Rotation: 

of axes, 318 (29), 329 (86), 605 (95) 
of fluid, 294 

Rouch6's theorem, 593 (55) 

Runge-Kutta method, 102 

Saddle point, 351 
Scalar, 262 
Scalar product, 265 
Scale factor, 299 

Schwarz-Christoffel transformation, 574 
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Semiconvergent series, 171 
Separable differential equation, 33, 36, 
433 

Separation constant, 433 
Separation of variables, 1, 428, 430 
Series: 

asymptotic, 170 
Fourier (see Fourier series) 
Fourier-Bessel, 226 
Frobenius, 129 
geometric, 166 
hypergeometric, 165 
power, 119 
semiconvergent, 171 
Taylor, 94, 122, 348 
Shaft, rotating, 193 
Shearing force, 194, 320 (JS) 

Shear lines, 412 
Simple pole, 548 
Simple region, 284 
Simply connected region, 284 
Simpson’s Rule, 117 (25), 118 (26, 27) 
Simultaneous differential equations, 19 
Sine-integral function, 32 
Single-valued function, 283, 521 
Singular curve, on integral surface, 
406 

Singularities, of analytic functions: 
branch point, 132, 516, 535, 540 
essential, 540, 541 
at infinity, 542 
isolated, 538 
pole, 132, 538 
removable, 538 
significance of, 545 
Singularity functions, 63 
Singular point, of differential equation, 
127, 168 

Singular solution, 5, 34 
Sink, 291 

Sliding clamped end support, 195 
Smooth curve, 281 
Smooth surface, 288 
Solution, of differential equation, 1 
complementary, 7, 388 
complete, 4 
homogeneous, 7 
particular, 6, 388 
singular, 5, 34 
Sonic velocity, 311 


Source, 291, 569 
strength of, 569 

Source function, in heat flow, 501 (77), 
503 (75) 

Space curve, 271 
Specific heat, 428 
Speed, 273 

Spherical coordinates, 304 
Spherical waves, 455 
Spring constant, 68 
Square-wave function, 83 (9) 

Stability, 199 

Stagnation point, 490 (38), 572 
Standard form, of linear ordinary differ¬ 
ential equation: 
first order, 4 
second order, 127 
Steady state, 429 
Stirling’s formula, 81, 90 (40) 
Stodola-Vianello method, 200, 214 
Stokes’s theorem, 295 
Straight line, equations of, 315 (5) 
Stream function, 307, 480 (7), 566 
Streaming, 572 

Streamline, 306, 480 (7), 566 
Stress function, 427 
Stretching, of plane, 605 (95) 

String: 

deflection of, 189 
rotating, 189 
vibrating, 244 (7) 

Strip, 401 

characteristic, 404 
proper, 403 
Strip condition, 401 

Sturm-Liouville problem, 208, 373 (40) 
proper, 209 

Substantial derivative, 310 
Superposition integral, 451 
Supersonic fluid flow, 312, 475 
Surface: 
conical, 384 
cylindrical, 383 
equation of, 287 
equipotential, 286 
normal to, 287 
Riemann, 537 

Surface area, 288, 300, 370 (21) 

Surface charge, 584, 615 (121) 

Surface integral, 287 
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Table: 

of Bessel functions of order n -f Vi, 
77 

of Gamma function, 619 
of Laplace transforms, 74 
of zeros of Bessel functions, 619 
Tangential acceleration, 274 
Tangent vector, 272 
Taylor series, 94, 122, 348, 528 
with remainder, 123, 349 
uniqueness of, 590 (34) 

Telegraph equations, 427, 464 
Temperature, steady state: 
inside circle, 436 
outside circle, 437 
in circular annulus, 433 
in circular cylinder, 487 (30-32), 488 
(34) 

in half-plane, 460 
in rectangle, 430 

in rectangular parallelepiped, 441, 488 
(33) 

in rod, 450 
in sphere, 439 

Tension, 189, 320 (38), 446 
Thermal conductivity, 428 
Thermal diffusivity, 429 
Torsion, 274 
radius of, 274 

Torsional stiffness, 320 (55) 

Total differential, 335 
Transform: 

Fourier, 240 
Fourier-Bessel, 242 
Laplace, 51 

Transient solution, heat flow, 450 
Translation, of axes, 329 (56), 605 (95) 
Translation properties, of Laplace trans¬ 
forms, 59 

Traveling waves, 454 
Triangular-wave function, 83 (10) 
Trigonometric functions, 512 
Triple scalar product, 268 
Twisting moment, 320 (38) 


Undetermined coefficients, method of, 
11, 19 

Unit doublet function, 65 
Unit impulse function, 64 
Unit step function, 87 (27) 

Unit vector, 263 

Variation, 356 
of parameters, 25 
Vectors, 262 
algebra of, 262 
differentiation of, 270, 278 
products of, 265 
Velocity, 273 

Velocity deviation potential, 311 
Velocity potential, 305, 566 
Vianello (see Stodola-Vianello method) 
Vibrating beam, 244 (10) 

Vibrating membrane, 446 
Vibrating string, 244 (7) 

Vibration, 68 

natural modes of, 70 
Viscosity, coefficient of, 334 (105) 
Viscous fluid, 334 (105) 

Volume, element of, 300, 346 
Vortex, 305, 570 
strength of, 570 

Wave equation, 327 (78), 391, 427, 446, 
464 

Waves, 454 
standing, 496 (58) 

Weber’s function, 146 
Weighting function, 206 
Work, 281 

Wronskian determinant, 4, 27, 29, 31, 41 
(7), 179 (29), 370 (20) 

Young’s modulus, 194 

Zeros, of Bessel functions, 154, 617 
table of, 619 
Zero vector, 263 




